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INTRODUCTION 


Modern industrial technology involving sophisticated 
machinery, flexible automatic production lines, and wide-scale 
robotization presents system technologists and industrial managers 
with a number of new problems. They can be solved only on the con- 
dition that the functional capabilities of available automatic control 
systems be further expanded and the systems themselves acquire the 
quality of rapid adaptation to varying environmental and operation- 
al conditions including those brought about by the properties of the 
plant being controlled. Wide-scale implementation of such control 
systems would alleviate many labor consuming problems of system 
design, adjustment, and operation. 

At present the development of automatic control systems is a 
complicated multistage process involving the expert skill of 
analysts at each stage. As a rule, a development begins with an 
analysis of the object of automation. A mathematical model of the 
process is built on the basis of the pertinent laws of natural sciences. 
This evolves as a manifold of cause-effect relationships. The prin- 
cipal difficulties facing the analyst at this stage consist in deciding 
on to what degree of detail the model should be elaborated. No 
ready recipes exist for selection of optimum model size. One may 
devote much time to problem evaluation and arrive at a very soph- 
isticated model reflecting many subtle features of the plant. Such 
a model will considerably complicate the subsequent stages of control 
system development while the contribution of the fine features to 
the final result may prove insignificant. Conversely, a relatively 
simple mathematical model may be rapidly built and bring about 
good results. 

Choosing a model, therefore, is a nonformal creative stage, 
and what comes out of it must be consistent with the overall object- 
ive. The model size should take into account the technical means 
available in the implementation of the control system concerned. 
In any case, the model mirrors to some approximation the behavior 
of the physical system. It is generated as a set of equations and 
relations between the physical variables (or their functions) whose 
time variations are essential for solving the control problem at hand. 
Other variables either remain unrepresented in the mathematical 
description of the controlled system or enter this description as 
parameters. The latter not only define the nature and ranges of 
parameter variations with time but also give the degree of uncer- 
tainty under which the model will have to be handled as the vari- 
ation laws for these variables are not known exactly. This implies 
that the analyst working out control laws has to tackle uncertain 
(ill-defined) dynamic systems. 
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The second stage of development of such acontrol system is there- 
fore concerned with the elimination of this uncertainty. Here the 
designer strives to identify the model parameters, establish their 
time variation laws or if impossible estimate the variation ranges 
for these parameters. For many important applications the identi- 
fication problem has to be solved not only at the design phase but 
in system operation as well, either intermittently or consistently 
(on line). The identification problem is critical and complicated. 
Its solution is pivotal for system performance as a whole. 

The next stage of system development concerns itself with the 
choice of a feedback law. First, the general form of control law is 
determined from the mathematical model and the objectives of 
control, then the solutions to the identification problem are incor- 
porated to compute the parameters of the chosen law. In some applic- 
ations, now rather rare, the solution of problems occurring at this 
stage may turn out relatively simple. Other situations necessitate 
solving auxiliary problems involving large amount of computational 
work, and even additional investigations. The procedure can be 
improved to a certain degree by invoking computer aided design 
(CAD) systems. It is quite obvious that a nonstationary plant requires 
that the control law parameters be corrected consistently, and this 
correction be set on line by skilled personnel. 

Once the problems of the previous stage have been solved, the 
general structure of automatic control system becomes clear enough 
to be realized by technical means. The latter naturally can perform 
the necessary functions to some accuracy, thus introducing additional 
constraints and interferences into system performance. Allowance 
for these constraints is not always possible at the preceding stages 
hence a simulation experiment is needed. This experiment is carried 
out with all, oraconsiderable part, of equipment being the same as 
that expected to be in the actual system, while the plant and some 
measuring and actuating devices are represented by simulation mo- 
dels. The objective of this experiment is to test the designed system 
for compliance with the performance specifications and, if necessary, 
to introduce corrections into the settings of controller's parame- 
ters. 

The final stage of development is devoted to performance tests 
of the control system. Some final adjustments are introduced 
into the control system on site as needed occasionally by actual 
operation and effected by the maintenance personnel. 

The list of problems as given above is typical of control system 
development. The solution to these problems requires the efforts 
of many skilled designers. Under the conditions of large-scale auto- 
mation the need for such experts increases sharply and may be a 
stumbling block on the way to extensive automation in the indu- 
strial and social milieus. 
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A possible solution to this problem may be the creationf{of a con-. 
trol theory which would be capable of handling ill-defined plants, 
accounting for actual constraints on the variables, parameters, and 
controls intrinsic to the plant and technical means, excluding the 
need for exact identification of model parameters and ensuring 
efficient plant operation at arbitrary variation of circuit parameters: 
over wide ranges. The respective control algorithms, of course, may 
become rather sophisticated and require considerable computer ca- 
pacities for their implementation. However the progress in computing: 
achieved in the last decades has provided a strong foundation for prac- 
tical implementation of the new approach to automation. The reli- 
able, cheap, and eificient microprocessor hardware has changed 
drastically the idea of the technical means of automation and has 
eliminated many traditional limitations associated with the hard- 
ships of implementation and the reliability of controllers. 

All the aforementioned ideas and facts indicate that control 
system designers are faced with new problems and at a new level 
of possibilities in the implementation of control algorithms. New 
methods, principles and procedures of control system development 
are therefore highly desirable. A new theory of automatic control 
outlined in this volume is an answer to this appeal. It is devised to 
tackle the problems of automation outlined in the preceding para- 
graphs. More specifically it develops new methods of analysis and 
synthesis for essentially nonlinear systems. The theory is advantage- 
ous in that it reduces the amount of necessary prior data and is con- 
tent with variation ranges instead of the exact characteristics of the 
plant. 

The theory yields a final set of control algorithms each of which 
is efficient in the control of a wide class of plants. A simple recursive 
rule of control system buildup is another feature of the theory which 
in fact is a natural extension of classical control theory. Experience 
with simulation and application of control systems developed in this. 
way has verified that they can be implemented easily and most. 
efficiently on the basis of computer logic, specifically microproces- 
sor technology. 


i] Binary Systems 
of Automatic Control: 
Motivation, Definitions 
and Conceptualization 


This part outlines the basic principles and definitions 
of binary dynamic systems. It describes how the error-closure control 
principle and binary system concepts are used in the development 
of automatic control systems for ill-defined dynamic processes or 
plants operated under uncertainty. The principal properties and 
features of binary control systems are emphasized and compared 


with traditional control systems devised to solve the same control 
problem. 


1 Basie Principles and Definitions 


1.1 Functional Diagrams 
of Control Systems in Classical 
Control Theory Setting 


Functional block diagrams are widely used in different 
disciplines to convey the principal features of processes and pheno- 
mena under study. Block diagrams are convenient means of graphica 
representation indicating in a straightforward manner the presence 
and character of interactions between different processes in compli- 
cated systems. They are appealing to the analyst’s intuition and 
facilitate the system reappraisal and alteration to change its beha- 
vior in the desired direction. The block-diagram representation 
has proved efficient in solving many a problem including those of 
automatic control for systems with lumped |1, 2, 4-6] and distri- 
buted [1, 7-10] parameters. 

In classical control theory, functional block diagrams a variable, 
or coordinate, is represented by an arrow (Fig. 1.1a), while a dyna- 
mic element, or operator, which defines a transformation of the 
input into output variables, is represented by a block as in Fig. 1.10. 
Each block diagram picturing a control system contains a certain 
number of operators and connecting coordinate paths between them. 
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Figure 1.1 


A particular type of block diagram depends upon many circumstanc- 
es, specifically upon the concept of operator being employed— 
whether the operator represents an individual component or some 
subsystem constituted by elementary components. Examples of the 
latter types are the generalized block diagrams given in Fig. 1.2. 
These block diagrams have received numerous detailed treatments in 
texts on classical control theory [1-7] and reflect the three basic 
principles of control, viz. compensation (a), feedback (b), and com- 
bined control (c). 

In the block diagrams of Fig. 1.2, y” (¢) is the reference input (or 
setpoint) which is to be reproduced by the controlled variable y (0), 
with zx (t) being the error signal, and f (¢) an exterior disturbance 
acting on the system. The black sector in the summing point shows 
that the incoming signal arrives with an inverted phase, i.e. has 
a minus sign. 

In classical control theory, the major problem is to appropriately 
choose operator D, representing the controller, time invariant 


Figure 1.2 
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Figure 1.3 


as a rule. There is a variety of techniques enabling this choice, dis- 
similar in many aspects and depending on many factors, specifically 
on the information that can be employed in the controller to form 
the control, or manipulated, variable for the controlled plant. 
Normally, operator D, is constituted by elementary components 
(operators), representing different correcting elements, filters, etc. 
linked in some arrangement. This arrangement is reflected by the 
block diagram schematizing the network of operators and different 
(feedforward, feedback, positive, negative) coordinate paths. An 
example of such a block diagram, borrowed from Ref. 11, is given 
in Fig. 1.3. 

Classical control theory may be said to deal with systems which 
can be represented by block diagrams constructed essentially with 
the use of two basic elements, or concepts, namely, the operator and 
the variable, or coordinate. 


1.2 Block Diagrams 
of Adaptive Control Systems 


The theory of adaptive control has expanded the possi- 
bilities of automatic systems. Methodologically this expansion has 
been due to the acquisition of a new basic element—the variable- 
parameter operator; its conventional graphical symbol is depicted 
in Fig. 1.4. The incoming signal e (¢) represents a function governing 
the variation of parameters of operator D [11-14]. 


x (t) , u(t) 


Figure 1.4 
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(c) 


Figure 1.5 


Numerous reports on the subject have demonstrated that the in- 
corporation of such an element widens the class of feasible controllers 
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and enables the designer to develop systems capable of efficient 
control over an entire class of plants. 

By way of example, we take up three generalized block diagrams 
of adaptive control systems which have been studied in sufficient 
depth. The networks are dissimilar in the way they use the element 
presented in Fig. 1.4. In the block diagram of Fig. 1.5a this element 
(D,) represents an algorithm of coordinate control [11, 12]. In the 
diagram at (b) this element (D,) is used to change some parameters 
of the plant [13, 15-18]. Finally, the adaptive control network shown 
at (c) realizes both these possibilities [43]. 

The problem of adaptive control synthesis reduces, therefore, to 
the choice of a coordinate-control operator D, and an operator D, 
(D,) which defines the adaptation algorithm. A popular approach 
given the circumstances is as follows. The analyst selects at first an 
invariable operator D, ensuring the desired quality of control at 
some fixed parameters of the plant corresponding to its most typical 
operating mode, and then synthesizes an operator D, which will 
correct the parameters of D, to bring the actual closed-loop system 
characteristics in correspondence with the specified values. 

To sum up, the adaptive control systems may be said to correspond 
to block diagrams constructed with the three basic elements, namely, 
Operators, variable parameter operators, and coordinate paths bet- 
ween them [13, 19-23]. 


1.3 The Concept of Operator- Variable 
and the Binary Principle 


In what follows we develop a new methodological basis 
for constructing block diagrams with the aim to widen the capabi- 
lities of automatic control systems handling dynamic plants under 
uncertainty. This methodology relies on the concept of operator- 
variable, or operator-signal. In block diagrams, this variable will 
be represented by a double-shafted arrow (Fig. 1.6). 


operator — signal 


Dit} 
Figure 1.6 


The operator-variable, or operator-signal, formally represents 
a transformation applied to variables (coordinates). The concept of 
operator-signal enables us to introduce a new, for control theory, 
element depicted in Fig. 1.7. This element graphically represents 
the fact that the transformation of coordinate z (t) into y (é) is 
governed by an external operator-signal D (t). 
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(a) (4) 
Figure 1.7 


It would be proper to note here that D (t) may be an ordinary 
signal which undergoes various transformations, that is, performs 
as a coordinate. Thisimplies, specifically, that sucha variable may be 
included in the set of system variables where each generic element 
of the set can be either a coordinate or an operator. The particular 
label is decided by the role the element assumes in a specific trans- 
formation. 

The need for the new element has arisen from the fact that many 
problems involve on-line alterations of data processing algorithms. 
Physically, such an element can be implemented in many ways. 
For example, the type of transformation may be changed paramet- 
rically; the element concerned is then identical with the one employ- 
ed in adaptive networks (see Fig. 1.4). Another way consists in using 
a multiplication of signals. The element then assumes the form 
represented graphically in Fig. 1.8a. The operator-signal may also 
assume a logic form. Figure 1.8b illustrates, for example, how the 
choice of certain D,, D,, ..., Dy is governed by the operator- 
signal D (t). It will be noted that the logic method of varying the 
transformation operators is widely used in control systems with. 
variable structure [24, 25]. 
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In practice, certain signals are responsible for changing the type 
of transformation, therefore, it would be natural to introduce for 
them a distinct nomenclature. They will be referred to as operator- 
variables, or variant-operators, and denoted by Greek letters shown 
next to double-shafted arrows (Fig. 1.9). The distinction between 


operator—variable 


pact) 
Figure 1.9 


variables referred to as coordinates and operator-variables is merely 
conditional. For a casual reader unaware of the aforementioned dis- 
tinction of variables, these are essentially the same—the variables 
of the nonlinear dynamic system under consideration. The inter- 
pretation of these variables is a methodological means whose elfi- 
ciency in system synthesis and analysis is yet to be demonstrated. 
In view of the importance of the concepts being introduced for our 
further consideration, we would like to emphasize once again that the- 
re isno formal difference between coordinates and operator-variables. 
The difference is conditional and associated with the way in which 
the variable participates in specific local transformations. 

We shall call a variable the coordinate if it is subjected to some 
transformation. The same variable will be called the operator when 
it determines the type of transformation performed over a coordinate. 
This interpretation of state variables of a nonlinear dynamic system 
will be referred to as the binary principle. Dynamic systems built 


on this principle will, accordingly, be called binary dynamic sys- 
fems. 


1.4 Generalized Elements 
of Binary Dynamic Systems 


Here we are content to define the conceptual framework 
that will be necessary in constructing a theory of binary control 
systems. Like any variable, the operator-variable may be subjected 
to a transformation and if the output of such a transformation 
performs itself as an operator, then this mapping will be referred 
to as the operator transformation. It is represented in block diagrams 
as shown in Fig. 1.10a. If, on the other hand, the output is to be sub- 
jected to another transformation on its downstream way, then the 
former mapping will be referred to as an operator-coordinate transform- 
ation and will be schematized as indicated at (b). Similar definitions 
hold for the coordinate-operator type (c) and coordinate type (d) trans- 
formations. The last one is an ordinary transformatien, it coincides 
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with that represented in Fig. 1.1b. Mixed type transformations are 
also possible (Fig. 1.11). Because some variables can take part in 
several transformations and in different capacity, it would be worth 
introducing the identity (direct and reverse) transformation of a 
variable, illustrated graphically in Fig. 1.42. 

The concepts and definitions introduced above may be combined 
with various principles of control theory to yield a great variety 
of functional block diagrams for binary control systems. 

In this work we shall exploit only the principle of error-closing 
control in our design of binary control systems for essentially non- 
stationary dynamic processes operating under parametric uncertain- 
ty. 


1.5 New Types of Feedback 


In what follows we shall denote by the letters P, R, and 
C the operators representing, respectively, the plant to be controlled, 
reference input, and controller. Specific subscripts will indicate the 
output variable of these operators. Now, simple closed-loop dynamic 
systems receive different types of feedback as a result of using the 
principle of error-closing control and a variety of the aforementioned 
operators. Figure 1.13a shows the control system with coordinate 
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Figure 1.13 


feedback (CFB); the diagram at (b), the system with coordinate- 
operator feedback (COFB); at (c), the system with operator feedback 
(OFB); and at (d), the system with operator-coordinate feedback 
(OCFB). 


2 The Principles 
of Control Under Uncertainty 


2.1 Three Principles of Control 
for Solving Control Problems 


Consider one of the principal control problems in which 
the controlled plant, represented in Fig. 2.1 by the operator P,, 
is subjected to a control action (manipulated variable) u (¢) which 
is to be formed such that the plant output (controlled variables) 
y (t) will reproduce certain time functions y" (t) generated by the 
reference (setpoint) input R,. Given initial mismatch is eliminated, 
the error xz (t) = y’ (t) — y (t) is to be varied in transients in some 
desired manner. For definiteness, here and below we assume that 
the controlled plant is described by linear ordinary differential 
equations. As a rule, the solution to this problem is to be achieved 


2 The Principles of Control Under Uncertainty 19 


Figure 2.2 


for the plant subjected to various disturbances, which can be of 
operator type (specifically, parametric), a (¢), and of coordinate type, 
f (t). The former disturbances are represented in Fig. 2.1 by a double- 
shafted arrow, the latter by a single-line arrow. What this distinction 
in the exterior disturbances and their designations means will be 
clear from the following representation of the plant operator P,: 


y (t) = P, la (t), f@), u OI 
= Pyla(t)lu(t) + Py la @®lf @ (2.1) 


The additive part independent of control wu (¢) is seen to relate to 
coordinate disturbances, whereas the disturbances that cannot be 
singled out in this way and affect only the type of transform oper- 
ators are seen to relate to operator disturbances. 

In some situations it is advantageous to evaluate in the plant 
operator its invariable part, represented by C, in Fig. 2.2. Com- 
monly this part is taken to be the actuator; then z (¢) represents its 
output coordinates which can be treated as the known functions 
of time. 

In handling this problem, the generation of the control function 
u (t) is relegated to the automatic controller, represented in Fig. 2.3 
by the operator C,. 

Control theory has devised a number of approaches to the synthesis 
of C,,. A specific approach and the properties of the control system 
with a particular controller depend basically on the information 
available to form the control signal, constraints due to the system 
operational environment, principal capabilities of the approach 
concerned, and, finally, performance specifications the control sys- 
tem is to comply. 
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Figure 2.4 


Without aiming at a coverage of all techniques in use we take up 
only some of them. Given a complete information on the plant opera- 
tor P,, the function a (¢) describing its variation in time, values 
and properties of coordinate disturbances f (¢), and reference input 
y’ (t), the appropriate form of control function wu (¢) may be achieved 
on the lines of the open-loop control principle, which can be imple- 
mented as illustrated in the generalized block diagram of Fig. 2.4 
[1-3]. An important feature of this control arrangement is that the 
function wu (¢) results from the transformations—generally speaking 
dynamic—of the known functions of time, viz. a(t), f(t), and 
y’ (¢), and is independent of the behavior of the controlled coordinates 
y (t). Speaking another way, the control is given as a program which 
remains unvariable over the entire period of control. It is quite clear 
that the absence of at least a part of data necessary for the realization 
of this control, may render the system inefficient and even inoper- 
able. This limits the area of open-loop control applications. 

A greater flexibility is demonstrated by the control based on the 
information about the current, i.e. actual, status of the controlled 
system. This type of control is normally formed with the use of the 
error-closing control principle [1, 4, 5], or error-closing control and 
open-loop control principles used in conjunction [3, 6]. The closed-loop 
dynamic systems or feedback control systems that occur in the first case 
may be represented by the block diagram shown in Fig. 2.5. 

The closed-loop systems are seen to differ from open-loop systems 
primarily in that here the control function directly depends only 
on the deviation or error. The form of control signal at each instant 
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Figure 2.5 


is determined automatically as a result of, generally dynamic, trans- 
formation of the error signal [26-28] 


u (t) = u [a (t), t] = C, (k) z (8) (2.2) 


where C,, is the operator of ordinary or coordinate feedback, and k 
stands for the type of operator C,,. For example, if & represents the 
parameters of C,, then C, (k) implies a parametric family of oper- 
ators. 

In closed-loop control systems, the value of control action at each 
instant is generated automatically by the feedback operator C,, 
in accord with the actual behavior of the plant. This salient feature 
of feedback systems predetermines their fundamental properties. 

Feedback systems are well documented at present time. The key 
problem for these systems concerns the choice of an appropriate feed- 
back operator C ,,—as a rule remaining invariant afterwards—which 
provides the desired properties for the closed-loop system, defined 
by (2.1) and (2.2). 

The fundamental result established in control theory for feedback 
systems is as follows. Under some rather general assumptions and 
the absence of constraints on the system coordinates—lifted by a 
suitable choice of the feedback operator C,, with, generally, variable 
but bounded parameters—the properties of closed-loop system 
(Fig. 2.5) may be specified at will. The dependences of the controlled 
coordinates on the coordinate disturbances f (t), which are not 
measured directly but belong to a known class of functions, may be 
driven to any desirable form. Specifically, independence of all, or 
part of, controlled variables (coordinates) of the coordinate distur- 
bances f (¢) can be achieved for all ¢ or for t — oo [27-42]. 

In this connection it would be appropriate to emphasize that for 
an invariant plant operator P,, i.e. for a (¢t) = constant, the operator 
C,, is also invariant, being uniquely determined by P, and the class 
of exterior disturbances. For a variant P,, i.e. for variable a (2), 
C,, also becomes time variable. This fact may be represented by 
assuming the operator-type functions k be time functions of the 
form k (t) = k (a (t)). The immediate implication is that the con- 
version from open-loop to closed-loop systems enables one to defy 
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Figure 2.6 


the direct incorporation of information on coordinate disturbances 
f (t), i.e. feedforward for f (t), but to retain the feedforward for 
operator disturbances a (¢), as shown in Fig. 2.6. In other words, the 
coordinate feedback is an efficient means for dissolving uncertainty 
in the behavior of the “transparent” plant as caused by the action of 
unmeasurable coordinate disturbances f (t) belonging to a known 
class of time functions. 

Another level of uncertainty arises when the plant operator varies 
under the influence of unknown operator disturbances a (¢), which 
can be either variable or constant and take on any value from a 
certain set. In such circumstances, the feedforward in operator dis- 
turbances, shown in Fig. 2.6, cannot be realized. When the operator 
P, varies only insignificantly under the influence of operator dis- 
turbances, the control problem, as a rule, can be handled to advant- 
age in terms of using coordinate feedback at a fixed C,. Considerable 
changes in the plant operator P, due to operator disturbances a (tf) 
markedly complicate the choice of a suitable feedback in the dia- 
eram of Fig. 2.0. Under these conditions, a constant coordinate 
feedback with a bounded operator prevents a straightforward solut- 
ion to the control problem, and there is a need for using at various 
a (t) individual laws of coordinate control, which may differ not 
only in the form but also in the type of operator C,, involved. 

It should be noted that a theoretically exhaustive solution to the 
problem concerned—for f (¢) non-measured and a (¢) being arbitrary, 
bounded, parametric disturbances—is attainable with large amount 
of feedback [43-45]. The desired result may be achieved in the limit 
by letting the feedback gain in (2.2) go to infinity. In practical 
applications, controllers derived in this way, as a rule, cannot 
ensure closed-loop system stability. With physical constraints on the 
coordinates of the control system, the closed loop receives oscillations 
which may also be interpreted as instability of the required control 
mode. 
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The main cause of instability in systems with large feedback gain 
is due to the principal difference between the equations describing 
the actual controlled plant and those constituting the mathematical 
model used in choosing the feedback law and computing its para- 
meters. Indeed, the state space dimensionality of an actual process 
is always larger than that of its model. When the gain parameters 
in (2.2) are increasing, then starting with some values the afore- 
mentioned difference becomes significant and the data used in 
generating the control signal wu (¢t) is no longer sufficient to secure 
stability. Another familiar cause limiting the practical usage of 
large gain is due to the physical constraints on the value of control 
signal, system’s state variables, and feedback loop gains. 

Concluding this discussion on the properties of closed-loop sys- 
tems we should recognize that at least in the framework of linear 
control laws, coordinate feedback applied in large amount is an 
efficient means of suppressing the negative effects of exterior or 
coordinate disturbances f (t) on system performance. Practical appli- 
cations of this feedback to compensate for the effects of operator 
(parametric) disturbances a (t) are, however, fairly limited. 


2.2 Methods of Control 
for Ill-Defined Dynamic Systems 


The concept of adaptive control has evolved from the con- 
straints on feedback loop gains in ill-defined dynamic systems. The 
control theory for systems of this class has been extensively developed 
during a few last decades and now possesses a substantial arsenal 
of methods handling large class of nonstationary systems operating 
under uncertainty [12-23, 35, 36, 42, 46-67]. One principal approach 
widely used in adaptive control consists in estimating, directly or 
indirectly, the time variable characteristics of the plant related in 
some manner to plant’s parameters and using the derived estimates 
to change the operator C, in (2.2) and/or, if possible, also the pro- 
perties of the plant such that the properties of the closed system are 
sustained invariable or close to those desired. 

Figures 2.7-2.13 represent some block diagrams of adaptive sys- 
tems, which graphically reflect various methods within the afore- 
mentioned approach. The diagrams are borrowed from Ref. 10 and 
depicted with the conventional symbols adopted in this work. We 
would like to pinpoint the general traits that will be noted in exa- 
mining these diagrams. All the adaptive systems concerned either 
employ a model of the controlled system (Figs. 2.7-2.9) or use fre- 
quency response techniques (Figs. 2.10-2.13) with a test-signal gene- 
rator to estimate the plant gain ky or its deviation from the specified 
law. The data derived in this way are employed to correct the con- 
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Figure 2.7 


Figure 2.8 


Figure 2.10 


troller gain k, (¢). We may, accordingly, conclude that at least the 
indicated adaptive systems are constructed on two principles of 
control used in conjunction, namely, error closing control involved 
in the primary coordinate control loop, and parametric disturbance 
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control (more specifically disturbance estimate control) involved 
in handling the parameters of the main loop control law. Such 
adaptive systems use disturbance control in conjunction with esti- 
mation of plant parameters to compensate the effect of parameter 
variation on the controlled process. 

The above conclusion holds not for all adaptive control systems 
in the same extent as for the block diagrams shown in Figs. 2.7-2.13. 
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The majority of adaptive systems, however, are characteristic 
of the dual nature of control actions, as it has been noted, e.g., in 
Refs. 14, 19. This would justify the application of adaptation tech- 
niques to nonstationary system control, in general, only when the 
plant’s characteristics vary “slowly”; this fact is usually formulated 
as the conditions of quasistationarity [12, 13, 19, 60, 66]. Not in 
all applications these conditions are readily identifiable, even if 
they do hold. It should be stressed, however, that these conditions 
are of much essence not for all adaptive control systems. Frequently, 
they are merely consequence of the techniques used in adaptation 
loop synthesis [12, 13]. 

Now we would like to look at the difference between the adaptive 
control systems and systems involving high coordinate-feedback 
gains from a different aspect. Both approaches are usable for synthes- 
is of the control system operating under uncertainty caused, say, 
by variation of plant’s characteristics. Control systems with large 
gains are designed without any information on plant parameters 
and external forces, therefore in order to ensure stability as the gains 
approach infinity the control should receive, generally speaking, 
an infinite amount of data on the plant. 

Adaptive control systems, on the other hand, are built with finite 
gains in the main loop, therefore control may be effected with the 
adopted mathematical model and finite amount of data on the sys- 
tem status defined by system’s dimensionality. This advantage is 
gained at the cost of having to obtain some information on the vari- 
able parameters of the plant on line. The time taken to derive this 
information leads to the quasistationary conditions. As a rule, the 
adaptive approach is preferred when the designer is faced with a high 
state-space dimensionality. 

It will be in order to dwell also on some other methods of handling 
nonstationary dynamic systems, specifically those based on inva- 
riance theory [3, 6, 69-75], on intentional generation of some self- 
sustaining modes in the control loop [63, 64, 66, 80-82], and on the 
use of discontinuous controls [24, 25, 83]. 

The methods of invariance theory either suggest an indirect usage 
of large gain, or with system parameter varying over large range 
solve the control problem only in conjunction with an adaptation 
technique. As a result, their practical application also faces limit- 
ations peculiar to adaptive systems and systems with high gain in 
the main loop. 

In self-sustaining mode systems usually implemented within the 
block diagram shown in Fig. 2.14, the dependence of the processes 
being controlled on disturbances is diminished by introducing into 
the closed loop a suitable nonlinear element (NLE) which ensures 
generation of self-sustaining oscillations. The characteristics of 
oscillations generated in this way depend on disturbances applied 
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Figure 2.14 


to the system and vary along with them. The nonlinearity should be 
selected such that the characteristics of the oscillations change in 
the direction where a partial compensation of the disturbances is 
achieved. The application area for such systems is limited by the 
presence of intentionally generated oscillations of the processes being 
controlled, the fact that an asymptotic solution for the control pro- 
blem is unattainable, a usually insignificant range of compensated 
parametric variations, and considerable difficulties encountered in 
analysis of such systems. 

In relay (bang-bang) control systems and systems with variable 
structure operating with plant parameters arbitrarily variable within 
a limited range and subjected to coordinate disturbances belonging 
to a sufficiently wide class of functions, the required system behavior 
and desired response to disturbances can be ensured, as a rule, only 
when the so-called sliding modes occur in the closed loop. In those 
situations where the sliding mode is an allowable mode for the 
primary loop, discontinuous control is an efficient proposition. At 
the same time, some applications are hard to implement sliding 
modes in the primary loop, or else the operating conditions of the 
plant and actuators defy sliding modes altogether. 

The consideration given above to the problem of control for ill- 
defined dynamic systems subjected to uncontrolled operator and 
coordinate disturbances suggests that it is far from being solved and 
therefore arises considerable theoretical and practical interest. The 
research efforts in this field have received a new impetus from the 
rapidly expanding robotic applications and flexible automated flow 
lines. As has already been mentioned in the introduction, those 
solutions are more attractive which take account of the actual con- 
straints imposed on the controlled variables, control action, and 
gains in various data transmission channels, and allow for continuous 
control in the primary loop. 
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o Generalized Block Diagrams 
of Binary Control Systems 


This chapter will illustrate how the concepts introduced 
above can be implemented in the structural synthesis of an auto- 
matic control system. This system is to handle a nonstationary 
dynamic process in an uncertain environment which is caused by the 
action of various types of uncontrolled disturbance, both coordinate 
and parametric. Each new type of feedback will be directed to over- 
coming one or another type of uncertainty in controlled system 
behavior, which is essentially the main purpose of each feedback. 


3.4 Constructing Binary Control Systems 


The approach on which we shall dwell below has grown 
largely from the ideas outlined in Refs. 84-88. The problem of con- 
trol for an ill-defined dynamic system may not be solvable with 
a fixed linear feedback operator. This exactly will be the focus of 
our concern in the ensuing text. According to the problem formulat- 
ion, the feedback operator must be a linear nonstable operator or 
nonlinear one. No regular methods exist for building such feedback 
loops. It would then be natural to ask ourselves whether we could 
forgo the choice of the coordinate feedback (CFB) operator C,, alto- 
gether at the system design stage, confining ourselves instead to 
specifying a certain class of feedback operators and selecting a spe- 
cific representative within this class with the help of error-closing 
feedback. By deviation or error we naturally mean a quantity reflect- 
ing the deviation of the actual properties from the system perform- 
ance specifications. In this case the instantaneous value of the feed- 
back operator would be determined by the actual state of the control 
system depending, of course, on all the disturbances imposed on the 
system. 

Changing from the fixed operator to an operator continuously 
generated with feedback is natural, moreover, familiar to control 
theory. Indeed, in feedback systems (Fig. 2.5) such a change is 
similar to the known transition from the fixed (programmed) control 
in open-loop systems (Fig. 2.4) to the variable control capable of 
flexibly responding to sudden changes in the behavior of a controlled 
variable. 

In ordinary systems with coordinate feedback (Fig. 2.5) the need 
for automatic generation of wu (t) is due to the lack of information 
on the coordinate disturbances f (t). In the case under consideration 
this need is in addition due to the lack of information on the plant 
operator P,, more specifically, on the operator disturbances a (t) 
which bring about its variation in time. Here we are content to show 
a methodological difference between the suggested approach and 
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those employed in the construction of some adaptive control sys- 
tems, specifically the ones mentioned in the previous chapter. 

In the question posed above we probed the possibility of replacing 
disturbance control, used in adaptive systems to compensate operator 
(parametric in our case) disturbances, with error-closing control 
employed for the same purposes. If implementation of this plan 
manages to avoid estimating current characteristics of the plant, 
then we may expect that the constraints of the type of quasistation- 
ary conditions may be relaxed or eliminated altogether. We could 
speak of this approach as actually allowing additional capabilities 
in respect to control of nonstationary dynamic processes under 
uncertainty. These systems are not to have large gain in the primary 
loop, and the control function u (¢) must be a continuous or piecewise 
continuous function of time. The last requirement often turns out 
to be quite essential in view of the technicalities of practical actu- 
ators. In what follows we shall focus on one method of implementing 
this idea, which ensures the aforementioned properties for the sys- 
tem. 

For convenience of discussion and ease of understanding we shall 
assume that variation of all operators in time is effected in a para- 
metric way, li.e., that each operator belongs to some parametric 
family and its specific form is established by specifying its para- 
meters. It would then be natural to refer to the various types of feed- 
back, introduced in Chapter 2, as coordinate-parametric (Fig. 1.130), 
parametric (Fig. 1.13c), and parametric-coordinate (Fig. 1.13d). 


3.2 Structures of Binary Control Systems 
with Coordinate-Operator Feedback 


It is intuitively clear that many performance specifica- 
tions for the transient process dynamics in control systems can be 
expressed as functional relations between system state variables. 
These relations find their use in control theory in a variety of forms 
[12, 18, 21, 24, 25, 43, 44, 74, 83]. We shall also assume that the 
closed-loop system, shown in Fig. 2.5, possesses the necessary dynamic 
properties also when the plant parameters a (¢) are variable if at 
every instant beginning from a certain time the error z (t) satisfies 
the operator equation 


x(t) = Rx (c) z(t) (3.1) 
where A, (c) is an operator, say differential, whose type and para- 


meters c are selected on the basis of the system performance spe- 
cifications. 
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We shall assume that this choice is legitimate and the operator 
R, is known. Application of this operator to zx (t) will obviously yield 
some function of the type 


2” (t) = Ry (c) x (t) (3.2) 


which, generally speaking, is other than z (¢). We shall call the ele- 
ment with A, a reference dynamics element and treat the function 
x’ (t) as a reference input formed by this element. The error 


o (t) =o (x (t)) = x (1) — = (t) (3.3) 


describes the deviation of the actual behavior of the feedback sys- 
tem (2.1), (2.2) from the specified pattern when o (t) = O and, con- 
sequently, (3.1) is met. 

In order to compensate this error (3.3) we invoke the principle 
of error-closing control to establish a negative feedback path with 
the operator 


uw (t) = C, (a) o (t) (3.4) 


The output variable pw (¢) will be referred to the operator variables 
and exploited for changing the parameters of the operator C,, in 
(2.2) by way of relation 


k(t) = k (uw (i) (3.5) 


In this case we shall speak of the automatic generation of a coor- 
dinate feedback operator C,, with the help of the error-closing con- 
trol principle. 

If we add the coordinate-parametric feedback path (3.4-3.5) into 
the block diagram of Fig. 2.5, we arrive at the block diagram of 
Fig. 3.1 which illustrates the use of feedback in the generation of C,. 
In this case the CFB system (Fig. 2.5) may be represented as a dy- 
namic element P, of operator-coordinate type (Fig. 1.106) which 
plays in the coordinate-parametric feedback loop the role of the. 
controlled plant. 

The block diagram in Fig. 3.1 is a typical arrangement for feed- 
back systems. Therefore, choosing the type of operator C,, and its: 
parameters one may invoke ordinary methods of control theory, 
say, assume that it realizes two-positional, integral, proportional 
plus integral, or some other transformation. One should, however, 
observe the specific character of control actions for the plant P,,. 
specifically, that these actions are parametric. 

It will be noted that it is in principal impossible to provide a con- 
stant sign of coordinate-operator feedback (COFB), particularly 
negative, for the families of linear operators P,, C,, Cy, Rx, and 
the linear transformations (3.5). The explanation of this fact is that 
in transforming the error x (t) into the control signal wu (¢t) with the. 
help of the operator C, [Kk (u)] x the variable x plays the role of the 
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Figure 3.1 


gain for the signal pu (¢) and as it can be of any sign so will be the 
COFB. Therefore, at least in the case at hand, we need to ensure the 
respective change of signs in (3.4) or (3.5) specifying COFB. Saying 
it another way, the operator C,, must be nonlinear to have a constant. 
sign for COFB. 

Because of the causes outlined in Chapter 1 the parameters in 
(3.5) must be of bounded variation or else sufficiently small quan- 
tities. This is connected with the need to diminish the effects of 
approximation errors and various constraints on the controlled 
plant. In what follows we shall assume that these conditions are met, 
for instance, through a suitable choice of C,, (a) or the dependence 
k (u). Note that no constraints are imposed in advance on the para- 
meter variation rate uw (¢). This implies in particular that, in prin- 
ciple, it is possible to organize distinct variation rates for state vari- 
ables in the CFB and COFB loops. If this rate separation takes place, 
then these control systems, in contrast to adaptive control systems, 
may use for control over some time intervals also those fixed values 
of a in (3.4) at which the closed-loop system (2.1)-(2.2) may go un- 
stable. Later it will be shown that the use of unstable motions over 
some time intervals is of principal significance. 

Let us have a closer look at the difficulties encountered in keeping 
the desired equation o (tf) = O for the block diagram shown in 
Fig. 3.1. Let the operators C,, and C,, and the function & (uw) be chosen 
so that beginning from a certain time instant this equation is met 
and, consequently, the closed-loop control system has the desired 
properties. The error o (¢) approaching zero implies that the dynamic 
properties of the closed-loop control system approach the dynamic 
properties of the reference input R, to coincide when o (t) = 0. 
A stepwise variation of plant parameters a (¢) changes the properties 
of the closed-loop control system and subsequent maintaining of the 
equality o (t) = 0 can be ensured only on the condition that the 


32 Part One. Motivation, Definitions and Conceptualization 


parameters & in (2.2) also change stepwise. This is possible only 
when the o to p gains in (3.4) are at infinity, which corresponds to 
using a large amount of feedback to exactly satisfy the equation 
o (t) = 0. 

High gains in the feedback path (3.4) are undesirable as well as 
in (2.2) because these unavoidably entail the problems characteristic 
of control systems with infinite gains. Therefore, practical usability 
of control systems with large amount of COFB is limited in much 
the same way as that of control systems with large amount of CFB. 

With finite gains in (3.4)-(3.5), the parameters & (t) in (2.2) take 
time to arrive at new values corresponding to new a (¢) and may do 
so after a transient process during which o (t) #0. This transient 
is due to a difference between the dynamic properties of the closed- 
loop system and those of the reference input R, caused by the change 
in the parameters a (ft). It is not hard to see that the influence on 
this transient is more efficient if not only the properties of the closed- 
loop system are altered by way of COFB but also the respective para- 
meters c of the operator R, (c) are changed, i.e. operator-type feed- 
back loops are introduced. The objective of control for the parameters 
of the reference input AR, (c) organized with the help of operator 
feedback consists in using an additional opportunity for driving 
closer the dynamic properties of the reference input and the closed- 
loop control system. These properties when different cause a nonzero 
error o (tf). 


3.0 Structures of Binary Control Systems 
with Coordinate-Operator 
and Operator Feedback 


The discussion of the foregoing section has revealed that 
keeping the equality o (t) =O may be facilitated by relating in 
some way the reference input parameters c with the plant para- 
meters a. By the problem statement on hand, however, the inform- 
ation on the plant parameters a (¢) is absent, therefore the required 
relation can be established only indirectly. We note that in the 
desired mode, i.e. at o (t) =O, k(t) take the value required to 
insure the specified performance at arbitrary plant parameters 
a (t). This implies that the functions é (¢) contain information about 
the functions a (t) and since & (t) and w (¢) are related by a known 
dependence, information about a (¢) is contained in wu (t). Therefore, 
we may expect that instead of nonrealizable direct connection bet- 
ween c (¢) and a(t) the required relationship will be achieved by 
establishing an indirect connection in the form 


c = c (0 (¢)) 
p (t) = Cy (B) pw () (3.6) 
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Figure 3.2 


Because the variables po (¢) as well as wu (¢) are used to alter the 
form of operators, in this case R, (c), it would be natural to relate 
them to the operator variables. Then C, (f) in (3.6) represents the 
operator of an operator-type dynamic element (Fig. 1.10a), and the 
relation (3.6) between the variables o (¢) and w (t) should be referred 
to the operator kind, in this case to the parametric relationships. 
Adding this element in the block diagram of Fig. 3.1 leads to the 
block diagram (Fig. 3.2) of a nonlinear control system with three 
types of feedback, viz. CFB, COFB, and OFB. 

Inspection of Fig. 3.2 leads us to conclude that OFB, as well as 
COFB, actually also relies on the error o (¢), but as distinct from 
COFB this loop has no real process. Consequently, the aforementioned 
constraints on the choice of C, may be less essential than the con- 
straints on the choice of C,. It is important, perhaps, to provide 
the conditions at which the c parameters of the operator R,, and 
hence the dynamic properties of the control system, change only 
insignificantly when the variables uw (¢) vary within the specified 
limits. 

An operator feedback when negative may be thought of as being 
an additional means of system stabilization at o (t) = 0, when 
under the aforementioned constraints the coordinate-operator feed- 
back no longer possesses sufficient capabilities for solving this pro- 
blem. Note that to provide a constant sign for OFB, as well as for 
COFB, the respective sign reversal in (3.6) must be insured provided 
that in COFB such change is realized by the dependence (3.5). 
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3.4 Structures of Binary Control Systems 
with Coordinate-Operator, Operator, 
and Operator-Coordinate Feedback 


Let us assume that a suitable choice of the OFB operator 
C,, (p), its parameters 6, and function c (p) ensures the equality 
o (t) = O beginning from acertain time, and this is maintained under 
variable plant parameters a (t). This, however, is achieved at the 
cost of, maybe insignificant, dependence of the dynamic properties. 
of the reference source R,, and consequently the entire control sys- 
tem, upon the parametric and coordinate disturbances applied to 
the controlled plant. There may occur a need for eliminating this. 
dependence or shaping it into a desired form. To meet this need, 
another type of feedback, also built with the error-closing control 
principle, may be found useful. In what follows we shall show how 
this feedback can be introduced. 
Assume that the dependence of the controlled processes x (¢) upon 
disturbances has a required form provided the parameters c (t) of 
the reference input AR, satisfy the equation 


c (t) = R, (d) c (t) (3.7) 


where AR, is a known operator, and d represents its parameters. 
Application of R. to the actual function c (t) yields a function 
c’ (t) which, in general, is distinct from c (t). 
Assume R, being a reference input element and c’ (¢) the reference 
action to form the error 


v (t) =c' (t) — ¢ (8) (3.8) 


describing the deviation of the actual variation of AR, parameters. 
from the behavior specified by (8.7). Construct a control loop to com- 
pensate for the error (3.8). Introduce an operator C, transforming 
the parametric error v (t) into the variable 


v(t) = C, v (t) (3.9) 


which will be added to the main control signal u (¢). In the nomen- 
clature introduced earlier in this text, such an operator takes the 
image of an operator-coordinate element (Fig. 1.10b), in this case 
specifically, of a parameter-coordinate element. 

Augmenting the block diagram in Fig. 3.2 by the path (3.9) trans- 
fers it to the block diagram shown in Fig. 3.3. Let the entice control 
system depicted in Fig. 3.2 be thought of as a certain dynamic ele- 
ment P. of coordinate-operator type, then Fig. 3.3 provides a vivid 
representation of the use of operator-coordinate feedback (Fig. 1.13c): 
in the synthesis of the specified control system. That is why (3.9) 
is referred to as operator-coordinate feedback. The object of OCFB 
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Figure 3.3 


pb 
is to insure v (t) > 0 ast > oo. The effect of this feedback may be 
attributed to an additional nearing of the dynamic properties of 
the reference input R,. and the closed-loop control system as achieved 
with the action of v ‘(t) on the controlled plant. 

The block diagram shown in Fig. 3.3 represents‘a control system 
incorporating all types of feedback introduced in Chapter 2. Our 
aim now will be to demonstrate how the use of different types of 
familiar feedback operator leads to new nonlinear control algorithms 
providing the closed-loop control system with the properties’ ‘and 
characteristics that have been discussed above. 

Concluding the chapter we are bound to note that some types' of 
feedback have already been reported in the literature [42, 13, -15-18, 
77, 89, 90] and employed to alter transform operators. They: may be 
used to advantage in describing, designing, and analyzing’ nonlinear 
dynamic systems. ye 
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4 Definitions and Nomenclature 


This part covers the methods of control—both familiar 
and derived with the approach outlined in the previous part—for 
nonstationary dynamic processes described by one differential equa- 
tion of the form 


yi) + aet)y lt) ray =u), tat (4.1) 
where ¢ is the current time and f, is the initial time instant (time 
Zero). 


All functions in (4.1) are scalar functions of time, defined for 
all ¢ > t,. Functions a, (¢) and a, (¢) will be called process para- 
meters. It will be assumed that a; (t), i = 1, 2, are arbitrary piece- 
Wise continuous and unknown functions defined for all ¢ > f%,. 
It is assumed that only bounds are known for these functions a,, 
viz. 


aj<ia;()<aj, i=1,2; tDSty (4.2) 


where aj, i = 1, 2 are given values, positive or negative. 

As can be seen from (4.1) the situation on hand involves no coor- 
dinate disturbances f (¢), i.e., f (t) =O for t >f,. It will be also 
assumed in the chapters of this part that y” (t) = O for t > fy (see 
Fig. 2.1). These conditions define the control problem of free motion 
or free oscillation of a dynamic process (4.1)-(4.2) subjected to the 
action of unmeasurable parametric disturbances a, (t) and a, (ft). 
The content of the control problem for the process (4.1)-(4.2) will 
be given a separate examination. 

Any actual dynamic process (actual dynamic system) which 
changes its behavior under the influence of control actions uw (t), 
t > t,, will be called a controlled system or plant and denoted in 
block diagrams as P,. 

A scalar or vector variable y (t) will be called a controlled variable, 
or controlled coordinate. 

When the model of a controlled plant is written as one differential 
equation in z(t) describing the deviation z (¢) = y’ (t) — y (2) 
between the scalar functions y’ (¢) and y (¢), then this model will 
be called an error-closing controlled process and designated by #,— 
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not to be confused with the symbol P, used above (Figs. 3.1-3.3) 
to represent dynamic elements of operator-coordinate type with 
input uw (t) and output z (t). The scalar function x (t) is called the 
error signal or error coordinate. In this nomenclature, for (4.1) the 
Ff ,.-process equation is as follows: 


x(t) + a, (t) z(t) +a (t)xe(t)=—u(t), t> to 


If the model of a controlled plant or system is given by a system 
of first order differential equations in state variables, then this 
model will be called the S-system. For example, in the state vari- 


able terminology of z, (t) = x(t) and a, (t) = dz (t)/dt = x (t) 
equation (4.1) may be written as an S-system for t > ly 


x, (t) = 2p (t) 
x, (t) = —a, (t) x, (t) — ag (t) x2 (t) — u @) 


It will be noted that the &,-processes are a particular case of the 
S-systems. Therefore, in what follows the definitions and concepts 
will be given for the S-systems and the stepdown modification 
for the #,-processes is as a rule self evident. 

The vector function x (t) = [z, (t), xz, (é)]™ € R& will be referred 
to as a controlled process. Here and below the superscript T stands 
for the transpose. 

Below we shall assume that every control function w (¢) not given 
in explicit form for t >t, belongs to the class of functions WU = 
A (t,, co) for which giving an initial vector x (t)) and a function 
u (t) € U defines, for t > t,, an S-system solution «x (¢) = a [t; fo, 
x (t,)] continued over the entire semiaxis ¢ >t, and such that 
to; to, © (to)] = x (Zo). 

In constructing a control system it is normally assumed that the 
system designer has some a priori information on the system to be 
controlled. We shall denote this information J. For an S-system, for 
instance, the available prior information may be contained in the 
set 


IT = {x (t), t >t; ay, i=1, 2} 


The relationships defining the transformation of J into a control 
u (t) will be called a control algorithm, denoted by and referred 
to as the “#-algorithm. This algorithm is to be realized in a physical 
device, a controller. In block diagrams the -algorithm is repre- 
sented by the symbol of the respective transformation operator, 
e.g., C,, in Figs. 2.1-2.5. 

The controlled plant with the associated controller (controlling 
system), modeled as an S-system with a control algorithm, con- 
stitutes the control system. | 
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_If the manipulated variable u (t) is a “program”, i.e. a time func- 
tion predetermined for all ¢ > 7#,, then the control system is called 
the open-loop system and will be denoted by S, (see Fig. 2.4). 

If'for each ¢ > tf, the control wu (¢) is formed by feedback, say as 
afunction u [t, x (t)], then the system is called the closed-loop system, 
denoted by S,, and referred to as the S,-system (see Fig. 2.5). 

The choice of a control algorithm by the S-system will be called 
the synthesis of a control system. 

_ We shall say that the control system solves the control problem 

(the regulation problem when y” (t) = O for ¢ > t,) asymptotically 

if for each controlled process x (t) =< [t; ty), x (€,)] lim || x (¢) || = 
{—>0o 


Q, where double bars stand for a norm. 

The control system solves the control problem A-accurately (for 
some constant A > 0) if for every controlled process zx (¢) there 
exists a time instant t, = t |x (t,), Al >, such that || z (¢) || <A 
for ‘all ¢ > ty. 

Every -algorithm specifies, generally speaking, a parametric 
class of control algorithms and forms a control function wu (é), be- 
lon ing to a class of function 71, using an information J on the 
S‘system. The possibility of solving the control problem on hand 
in either of above-defined senses by means of a specific .4-algorithm 
will be defined as follows. 

‘The S-system will be called <-controlled over a class of control 
functions U subject to the available information J if u (t) € WU 
and the respective control system solves the control problem asymp- 
totically. 

The fact that the aforestated conditions are satisfied for an S-sys- 
tem will be symbolically written as 


SEC 4{(U. T} (4.3a) 


It is far from always that the control problem is solvable asymp- 
totically. Situations often occur when the controlled processes go 
stable in the vicinity of a found solution. The size of this neigh- 
borhood determines the error of the solution. Situation like this will 
be characterized in terms of the definition given below. 

The S-system will be called (A, #)-controlled over a class of con- 
trol. functions % under the available information J if u (t) € U 
and the respective control system solves the control problem A-accu- 
rately. In symbolic form this statement will be written as 


SEG a, A) (UW, TL) (4.3b) 


The quantity A appearing in (4.3b) may turn out to depend on 
A-algorithm parameters and can be chosen at will including as small 
values as desired. This possibility is outlined in the definition that 
follows. 
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The S-system will be called #-quasicontrolled if for any A > 0 
there exist .4-algorithm parameters such that render the S-system 
(A, #)-controlled. A shorthand notation for this fact is as follows 


where the letter @ stands to distinct it from (4.3a). 

The above definitions tell of the controlled processes converging 
to zero or to some, specified in case of (4.3c), neighborhood of zero. 
More often than not a stronger requirement is imposed, commonly 
focused on stability for control systems. Therefore, if in addition to 
(4.3a) the controlled processes zx (¢) exhibit the property that for 
any initial value z (£5) 


Il x [t; fo, £ (fo) IL <M | x (£) | (4.4a) 


where JN is a positive constant independent of x (f,) and ¢), then the 
S-system will be called steady 4-controlled. This is stated in short- 
hand as 


SEG 4(U, T; N) (4.5a) 


For A-accurate solution of the control problem, the estimate (4.4a) 
may not be satisfied. In order to establish the property similar to 
(4.5a) we shall exploit the following procedure. 


Let U, denote a sphere of radius A centered on the origin O,, i.e., 
Uy, ={rE RE: || e || <A} 
__The distance r (x, U.,) of an arbitrary point x € R% to the sphere 
U’, will then be defined as 
r(z, O,)= min || z—2’ || 


x’EU LR 


We will say that the S-system is steady (A,4# )-controlled (steady 
A -quasicontrolled) if in addition to (4.3b) (or, respectively, to (4.3c)) 
for any controlled process x [t; t), x (é))] and a certain constant N 
independent of f, 


\| elt; to, x(t) I< N [A+r (x (fb), U)), th (4.4b) 


In symbolic form this may be written for the first case as 
SEGa, 4 (U, I; N) (4.5b) 


and for the second case as 


SEAGC 4(U, I; N) (4.5c) 
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_ It is not hard to see that at A = 0 inequality (4.4b) coincides with 


(4.4a) under the above definitions of distance r (x, U4). 
When the controlled processes satisfy (4.4) for any t >t, and 


|e Tz, to, © (fo)] IL NM |] x (é,) || exp [—6 (¢ — 4,)] (4.6) 


for any t >t,, where t, = t, [t), x (t,)] is some moment of time, 
and N and 6 are positive constants independent of || x (¢,) || and Zp, 
then we say that the S-system is exponentially 4£-controlled, and 
put down this fact in shorthand as 


SEG 4(U, I; N, 8) (4.7) 


If, finally, the aforestated properties hold true not for any & (£5) € ii” 
but rather only for x (t,) of some domain BS we shall indicate 
this fact by adding the subscript B to the respective shorthand ex- 
pression, say in place of (4.7) in this case we write 


SEG 4(U, I; N, §)z (4.8) 


In the subsequent discussion we shall evaluate various approaches 
to the synthesis of control algorithm which supply the closed-loop 
control system with the properties expressed by equations (4.3)- 
(4.8). In building and comparing different closed-loop systems we 
take account of the constraints imposed on the magnitudes of con- 
trol signal and gains in various control loops. We also tend to di- 
minish the dependence of controlled process properties upon the 
S-system (#,-process) parameters a, (f) and a, (t) for ¢ > tp. 

We note in conclusion that in this chapter the information on the 
controlled plant is contained in one of the sets stated either as 


I, = {x(t), x(t), tty; at, i =1, 2} 
Or as 
I, = {x (t), t>>t); a, i = 1, 2} 


All we have said above defines the general formulation of the 
control problem discussed in this text. A particular problem form- 
ulation differs from the general one by accounting for various types 
of constraint, imperfections in system element implementation, 
error in the information acquired, etc. Each time the features ac- 
counted in the problem solving will be defined in detail. 
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5 Time-Invariant 
Linear Coordinate Feedback 


Let us look at the potentialities the time invariant linear 
coordinate feedback (CFB) offers in solving the problem of %,-process. 
control and discuss the peculiarities arising in such a closed-loop 
control system owing to the constraints on the magnitude of control 
signal and CFB loop gain. The major objectives of control we set 
concern themselves with attainment of the exponential stability 
for the origin of the Ki phase space, O, (i.e. in terms of the above: 
definitions, to get the system exponentially .4-controlled at certain 
A) and with diminishing the dependence of controlled process beha- 
vior on the &,-process parameters, or #, parameters for short. 

It is not hard to see that for the %,-process, time-invariant pro- 
portional feedback with a control algorithm of the type wu |z (t)] = 
kx (t), where k is a constant, is incapable of achieving the control 
objectives we have set above. 

Far greater capabilities are offered by the familiar proportional 
plus derivative control algorithm given as 
u[x (t)] = ko (t) 

. (5.4). 
o(t)=cx(t)+2x(t), toto 


where & and c are some positive constants. We shall refer to this. 
algorithm symbolically as 4,. The block diagram associated with 


| 
s*+ d,(tis +a, (t) 


the respective closed-loop control system is given in Fig. 5.1, while 
the equation describing the system behavior has the form 


x (t) + [ay (t) + ke] x(t) + la, (t) + kl a(t) =—0, tr to (6.2) 


Figure 5.1 


o.4 Finite Gain 


. In this section we evaluate the properties of control sys- 
tems with .4,-algorithms on the assumption that the gain k in (5.4) 
is bounded from above by a certain value k,. 


tj. 
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Figure 5.2 


It is an easy matter to see that for any pair of a, and a, fixed within 
‘their variation range (4.2), given the inequality 


(a, + kc)? > 4 (a, + k) (9.3) 


‘is satisfied, the qualitative phase portrait for the bounded-k closed- 
loop control system is as shown in Fig. 5.2. To distinct pairs (a,, a.) 
there correspond, generally speaking, different positions of the asymp- 


totes x + N,x = O, x + X.x =O and different phase trajectories 
of the system (5.2). Consequently, the properties of controlled pro- 
cesses in such a system depend on the %, parameters. The controlled 


processes «x (t) = [x (t), x (t)] may exhibit oscillatory behavior if 
the upper bound on the gain k is such that the condition (5.3) is 
violated for certain a, and a,. In addition, for arbitrary variation 
of a, (¢) and a, (t) within (4.2) the very subject of stability for the 


origin O, [note that the point (x = 0, x = 0) is the equilibrium 
position of the system (5.2)] needs a separate investigation. The wider 
the variation ranges of , parameters, the more pronounced at 
a given /, appear the aforementioned setbacks. It may, therefore, 
be concluded that the linear time-invariant feedback of bounded 


gain fails to solve the problem of &.,-process control in the afore- 
mentioned sense. 


o.2 High Feedback Gain 


Assume now that the gain *# in (5.1) is no longer con- 
strained and look at the possibilities the .4,-algorithm offers in 
solving the control problem under these conditions. It is well known 
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Figure 5.3 


that the stability for the point O.,, and complete independence of the 
controlled processes of the parameters a, (t) and a, (t) can be achieved 
with control algorithm (5.1) by way of increasing k to infinity [44, 
91], that is by introducing large amount of negative feedback. With 
& at infinity, the phase portrait of the closed-loop system (5.2) 
looks for any a, (¢) and a, (t) of (4.2) as indicated in Fig. 5.3. 

In such a control system, any controlled process with the initial 


conditions [zx (to), x (t,)] almost in no time appears on the line 


0 (x) = cx + x2 = 0, and from this moment onwards its first com- 
ponent varies as x (t) = zx (t,) exp [—(t — #,)/c]. A mathematically 
rigorous proof of this fact can be given with the ideas and methods 
devised by Tikhonov [79, 89]. Theoretically at least, this statement 
implies that a high-gain feedback of the type (5.1) is capable of 
solving the control problem at hand. Denoting the considered con- 
trol algorithm by .4. we arrive, in terms of the notation introduced 
earlier, at the following shorthand writing for this statement 


Pr€C 4 {For Ls; (1+-1/c), {/c} 


where .. is the set of continuous functions of time. In words, this 
statement implies that the &,-process on hand is exponentially 
A o-controlled and all the controlled processes are independent of 
F . parameters whatever large their variation range may be, provided 
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it is bounded. However, practical implementation of this method 
is denied by a number of causes. The effect of some of these causes 
was discussed qualitatively in Part One of the book. Later these 
topics will be elucidated in more detail. 


D.0 Constrained Control Signal 


In actual control systems there is always a constraint 
imposed on the magnitude of the control signal u (¢). Let us evaluate 
how profoundly such a constraint could affect the statement of the 
preceding section. Assume that for a positive constant Mithis con- 
straint is given as 


u= M for ko > M 
=ko for |ko |< M (5.4) 
= M for ko < —M 


It is quite obvious that at k = oo an amplifier of gain k cascaded 
with a limiter (5.4) is equivalent to a two-position element (Fig. 5.4) 
whose action is described by 


u = M sgno (5.9) 


where sgn (-) is the sign function. 

Thus, the limitation (5.4) in the control path makes the control 
system (Fig. 5.1) with large amount of negative feedback equivalent 
to the control system with on-off feedback depicted in Fig. 5.5. 
A feasible phase portrait for such a closed-loop control system drawn 
qualitatively for some “frozen” #, parameters is presented in 
Fig. 5.6. The differential equation describing this system behavior 
for ¢t > tf, is as follows: 


x (t) + a, (t) z(t) + a, (t) x (t) = —M sgn o (z (t)) (5.6) 


It relates to the class of differential equations with a discontinuous 
right-hand side [92]. To define the solution to this type of differential 
equation, specifically equation (5.6), we shall exploit the definition 
given in Ref. 93. The results of this publication will also be invoked 
to evaluate the existence of such solutions and their continuation 
on the entire semiaxis t > fy. 

The controlled process behavior in such a closed-loop system is 
known [92] to exhibit oscillatory character, depends on #, para- 
meters, and on the line o (x) = O in the vicinity of the quiescent 
point O, there may exist a sliding-mode segment 1 to 1’. In agree- 
ment with Ref. 93, the differential equation describing the control 
system behavior in the sliding mode has the form 


xz (t) = —(A1/c) x (t) (5.7) 
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Figure 9.9 


Stiding mode 


eT) 


G(x)=0 


Figure 95.6 


Accordingly, as soon as a sliding mode occurs at time #’ on the line 
‘6 (x) = 0 the controlled processes of the system on hand will be 
governed by equation (5.7) and for ¢ >?’ their first component will 
obey x (t) = x (t’) exp [—(1/c) (¢ — t’)]. Hence, starting with this 
time instant the controlled processes will be independent of the 
FP, parameters a, (t) and a, (é). 

A segment of sliding mode, if existent, is always finite, its length 
depending on #, parameters and the magnitude of VM. The “stronger” 
‘the limitation on control, the shorter the line section, and the lesser 
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portion of the transient process is independent of #, parameter 
variation. 

Denoting by the letter e# the set of points of the line o (x) = 0 
common for all the sections [1, 1’] of the sliding mode at different 
pairs (a,, a.) within (4.2), i.e., 


M={(x, 2): |x| <—— cx+ a= 0} 
co “~ sup |1—cag (t)+ cay (t)| ’ 
t=to 

by #%, the family of time functions discontinuous in each point, 
and by #y-+ the bang-bang control algorithm (5.5) allows us to 
summarize the aforelisted properties of on-off control systems in 
shorthand as follows: 


FPrEC 4 AF s: Ty; (14+ 1/c), Ale}. 


Thus, with some constraints imposed on the magnitude of control 
signal, high negative feedback gain cannot provide the desirable 
behavior of controlled processes in the whole space (Fig. 5.3). The 
independence of parameters and the exponential stability with the 
desired exponent are achieved for the controlled processes beginning 
only with the moment when a sliding mode occurs, i.e., subject 
to the initial conditions from the set e# (Fig. 5.6). 

Other causes constraining the actual possibilities of high feed- 
back gain in solving the control problem at hand include a variety 
of imperfections in the realization of control laws, inaccuracies 
incurred in the mathematical description of the plant to be con- 
trolled, and the like. Below we shall dwell on some of them in more 
detail. 


O.4 Imperfections 


This section will be devoted to the effect of a certain 
type of imperfections on the performance of a system controlling 
a &,-process by means of an .£,-algorithm with high gain in the 
coordinate feedback loop and some limitations imposed on the 
control signal. In our evaluation we adopt a qualitative approach 
relying on on-off control system developments. 

In the previous section we have established that given a constraint 
on the magnitude of control signal, when the .4,-algorithm gain 
grows to infinity, i.e. k = oo, the controlled process behavior coin- 
cides with that of the on-off control system controlled by the algo- 
rithm (0.0). It is well known that in practice such two-position switch- 
ings cannot be realized perfectly. In some applications the effect 
of imperfection in a realization of the on-off action is negligibly 
small from the practical aspect and may be safely neglected, whereas 
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in others it can be rather significant and introduces a qualitative 
change into the properties of the control system. Whatever small 
the effect of such imperfection may be from the practical viewpoint, 
it would be rather interesting to evaluate the principal features: 
appearing under these circumstances in the control system behavior. 


For definiteness we assume that the imperfection in bang-bang 
switching is associated with a dead time characterized by a constant 
t > 0. In other words, a switching of a two-position element occurs 
not at the moment its input dodrdinate o (tf) becomes zero, but rather 
after a delay t. The control sygtet™, With such an element is described 
by difference-differential equatfegs, and its phase space is an infinite: 
dimensional functional space. An @xhaustive analysis of all con- 
trolled process properties in such a system is a fairly complicated 
task, therefore one normally confines himself to looking at some: 
particular, though typical, classes of controlled processes [92, 94, 95]. 

The more natural and traditional assumption is that zeros of o (t) 
are spaced on the time axis at least as far as the dead time t. This 
assumption singles out a class of controlled processes whose behavior 
is of greatest significance from the practical standpoint. For the 
on-off control system on hand, this assumption allows using the 


phase space (xz, x) to represent processes of this class [92]. 

For control systems similar to those evaluated in this section, 
in-depth analyses performed under the above assumption are reported 
in Refs. 92, 94, 95. It has been established that for sufficiently 
small t, the closed-loop control system outlined in Section 5.3. 
retains the general character of controlled process behavior, but 
there occur a number of essential deviations. In the control system 
with dead-time switching, an ideal sliding mode gives way to the 
so-called real sliding mode with a finite deviation of the controlled 
processes from the switching line o (x) = O and a finite switching 
frequency for the two-position element. In addition, in the vicinity 
of the origin, nondecaying oscillations of the controlled processes 
take place, and with fixed #, parameters a limit cycle can occur 
in the vicinity of O., [92, 94. 95]. 

Figure 0.7 shows a typical phase portrait of such control system 
behavior. More specifically, it presents to an increased scale the 
neighborhood of O,. indicated by a dashed circle in Fig. 5.6. In 
Fig. 5.7, o (x) = U and o” (x) = 0 are the switching lines. We note 
that the parameters of a limit cycle, when it occurs, the position of 
the lines o’ (x) = O and o’ (x) = 0, and the size of the area where 
controlled process behavior is similar to that illustrated in Fig. 5.7, 
all of them depend on, and are governed by, the &, parameters,. 
and the dead time. 

Similar conclusions may be drawn for other types of imperfections, 
as occurring in the realization of on-off function, or for dynamic. 
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Limcut cycle 


Figure 5.7 


‘elements unaccounted for in the mathematical model (4.1), provided 
that these imperfections and inaccuracies in plant modeling approx- 
imation are sufficiently small [92, 94, 95]. 

Inspection of Fig. 5.7 suggests that two new features appeared 
in controlled process behavior as compared with that of the system 
with an ideal two-position element. The first feature is that now the 
controlled processes zx (t), generally speaking, fail to converge to 
O,,as t > oo. The second feature is that there is no such exponential 
estimate for the norms of controlled processes as has been used for 
the control system with an ideal on-off element from the moment 
the sliding mode occurs. 

Summing up we may now conclude that large negative feedback 
fails to solve the control problem asymptotically, i.e. || x (¢) || +0 
as t — oo, when there are constraints imposed on the magnitude of 
control signal, and a variety of imperfections and approximation 
inaccuracies are taken into account. In the circumstances we may 
say only that the controlled processes become stable in some neigh- 
borhood || z || <= A (A = constant > 0) of O,, the size of this neigh- 
borhood depending on the #, parameters, imperfections, and bounds 
on control so that there is no arbitrary choosing of this neighborhood. 
Exponential estimates for the norms of controlled processes, belong- 
ing to the considered class of processes, cannot be warranted, but 
we may assert that the domain || z || < A is stable, i.e. inequality 
(4.4a) is satisfied. 

Denoting by .¥ y, the set of piecewise continuous time functions, 
and by #£, the control algorithm (5.5) now accounting for imper- 
fections leads us to shorthand summarizing of the aforementioned 
characteristics of the respective closed-loop control systems as 
follows: 


Pe € Ca, Ax) {F per Lo; N} 
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J.0 Linear Zone 


In this section we shall be concerned with qualitative 
evaluation of controlled processes behavior in the #, control sys- 
tems using .#, control algorithms with finite gain & and subject 
to a constraint of (5.4) type on the control signal. We recall that the 
limit situation that occurs in such control systems at k = oo has 
been treated under various assumptions in Sections 5.3 and 5.4. 
Here we shall assume that k < k®, where k® is a constant defining 
the largest permissible gain in the .#;-algorithm. 

In the situation considered there exists a linear zone, or a range 
of o values where the effect of constraint on the control is not observ- 
ed and, therefore, the motion is steered by a linear control. From 
(5.4) it follows that this linear zone is defined by the inequality 


|o |< M/k, and since o = o (x) then on the (z, x) plane to such 
a linear zone there corresponds a band of width 2M/k symmetrically 
spaced on either side of the line o (x) = 0. For convenience, we shall 
denote the set of points belonging to this band on the phase plane 
by G,, and assume in our subsequent considerations that the #,. 
parameters are fixed. 

The behavior of phase trajectories on G, is conditioned totally 
by the type of the quiescent point O, for the control system on hand. 
Assume, for detiniteness, that the limitation k < k° allows a choice 
of k in the 4; control algorithm such that for x € G, the respective 
phase trajectories coincide with the trajectories plotted in Fig. 5.2. 
Then for any fixed values of the &, parameters a, and a, from the 
range (4.2), within the set G, there exist, in general, two asymptotes 


chaz + x = 0, i =1, 2, the coefficients cL, i = 1, 2, defining the 
position of these straight lines on the phase plane. It is essential 
that these coefficients depend on the #, parameters and gain k, 


i.e., C, = Ch {a,, a, k), and if c} > c?, then in the limit of k > oo 
we have limc; =c and limc;, = 0. For a finite k, the asymptotes 
intersect the boundaries o (x) = M/k and o (x) = —M/k of G, 
in finite points, namely the first asymptote at points 2 and 2’, 
and the second at points 3 and 3’. 

It will be noted that if ce”, is the set of points of the line section 
[2, 2’], then in the limit as k > co, &H,; becomes &.~ the size of 
which depends on the values of a, and a,, the .4,-algorithm degene- 
rates to an #4-) algorithm elucidated in Chapter 6. the set G;, con- 
tracts to the line o (x) = O and therefore 
G1, a2 


where ,# is defined in Section 5.3. 


Beyond the set G,. the motion in the considered control system 
is effected by a constant control action equal in value to either M 
4—01213 
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or —M. Therefore, the trajectories of this motion coincide with 
that of the bang-bang control system (see Fig. 5.5). From this con- 
sideration it follows that for some fixed values of the &#, parameters 
the phase portrait for the control system under examination will be 
as shown in Fig. 9.8. 

Inspection of Fig. 5.8 suggests that such control systems are 
capable of yielding an asymptotical and stable solution to the control 
problem. The dynamic behavior of the controlled processes depends, 
however, on the &, parameters at all stages of the motion, i.e., 
both for x (t) inside and outside G;, and this dependence becomes 
stronger as the gain in the .4,-algorithm diminishes. Also, with 


a wide parameter-variation range (4.2) the asymptote cax + x = 0 
can, in general, adopt any position within the set G,. and it is rather 
tedious to derive an exponential estimate for the norms of controlled 
processes even for motion within Gz. 

Denoting by #¥, the set of functions continuous on [f,, ©), and 
by 4; the linear control algorithm accounting for the constraint 
(5.4), we may summarize the aforementioned qualitative conclusions 
in shorthand as follows: 


PEC 4, Fo: I,, N} 


Of course, the dependence of controlled process behavior on the 
plant parameters in such a control system can be decreased by in- 
creasing the gain k whenever possible. In this case the set G, is 
contracting to the set o (x) = 0 as k > oo and beginning from some 
value of k the actual system behavior will be markedly affected by 
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dynamic elements and other nonlinearities unaccounted for in the 
plant model. As the gain increases, the controlled processes in the 
real system become at first oscillatory then go unstable. For suffi- 
ciently large gains the behavior of this control system will be close 
to that of the control system investigated in Section 5.4. 
Consequently, the control algorithm considered in this section 
also fails to solve the control problem formulated in Chapter 4. 


0.6 Coordinate Feedback 


Under Inaccurate Information 


This section will evaluate the effect of inaccuracies in 
deriving information about the #,-process status on the stability 
of the associated control system using .4,-algorithms for control. 
We shall assume that the constraint on the control signal wu (t) is 
lifted, but there exists a limitation from above imposed on the 
modulus of gain & in the .4,;-algorithm, that isin (5.14)0O<|k|< 
k®, where k® is a finite constant. The main purpose of this evaluation 
will be to determine the nature of constraints on the class of %.,.-pro- 
cesses such that can be steady controlled. 

Consider a family of #,-processes for which the parameters a, 
and a, are fixed but can take on any values within (4.2). Let, for the 
moment, assume that at every time instant ¢ > 17, the information 


about each #,-process is available as a pair of functions [z (t) x (t)]. 
Then the ,-algorithm (5.1) applied to control yields a closed-loop 
control system with the characteristic equation 


s? + (kc + a,)s + (Kk + a,) = 0 
When k is chosen to satisfy the conditions 


ke>>—a, and k+a,>0 (5.8) 


which must be met for all pairs (a,, a.) from (4.2), the closed-loop 
control system will be asymptotically stable for any &,.-process 
from the considered family. We recognize that these ineyualities 
may not be met because of the constraint | & | < #®. Let this not 
be the case, i.e., k° > max (—a,,—a,/c) for all a, and a, from (4.2). 


Assume now that x(t) is not known exactly and only its estimate 
x(t), t >t, can be used for control. Let, for definiteness, this estimate 
x (t) be the solution to 


Tce(t)+2(t)=2(), t>te 
Lx 
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where 7 is a positive constant. We wish to examine how the sub- 
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Figure 5.9 


stitution of x (t) in the 4, control algorithm for zx (t) will affect 
stability of the control system on hand. 

The algorithm of control with the imperfect derivative will be 
denoted by 4,,7, and the information used for this purpose by 


I, = {x (t), x (t), tte: ay, i = 1, 2}. The algorithm 4, 7 pro- 
per is defined ag 


u (t) = ko (t) (5.9) 
S(t) =cr(t) +2), t>t 


The block diagram corresponding to the closed-loop control system 
is depicted in Fig. 9.9. 

Under the above assumptions, for any &,-process the behavior 
of such a control system will be completely defined by its charac- 
teristic equation 


Ts? + (Ta, + 1)s? + (Ta, + Tk + a, + ke) s + (k + a,) = 0 


Given inequalities (5.8) are satisfied, the stability conditions for 
this control system are defined by 


Ta, +1>0 (0.10) 
kr, > —a,fro 

where for convenience we have denoted 

r, = T*a, + Ta,c +¢ and r, = T*’a, + Ta, + 1 


The constraints introduced by (5.10) in addition to those of (5.8) 
narrow the family of &#,-processes for which stability can be insured 
under inaccurate information on the system status. 

A qualitative insight into how essential these constraints are 
may be obtained from comparison of the plots in Fig. 5.10a and 0. 
In the first of them, G, represents the area of stable systems with 4, 
control algorithms, while in the second diagram G;, 7 represents the 
stable systems with ;,7 control algorithms. The area Gy, cross- 
hatched in two directions, represents the %,-processes for which 
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Figure 5.10 


no stable control can be secured by .4,,; -algorithms with limited 
gain. We note that both diagrams are for the case of Tk®°c < 1. 

Thus, the use of linear 4; control algorithms with limited gain 
in the conditions of inaccurate information on the process status may 
lead to the loss of stability in this closed-loop control system. Of 
course, the general character of this finding cannot change when the 
Ff, parameters arbitrarily vary within (4.2). 

We will demonstrate below that algorithms preserving process 
stability in the closed-loop system under the aforestated conditions 
and constraints can be derived in the class of binary automatic- 
control systems. The stability of controlled processes in such systems 
will be achieved not only for any parameters (a,, a.) € G, but also 
for any mode of their time variation within the set G;. Moreover, 
aperiodic behavior of transient processes will be ensured. 


O.f Inaccuracies in Model Approximation 


In this section we shall touch upon the topics close to 
those discussed in Section 95.6. More specifically, we shall seek to 
establish the nature of constraints on the class of #..-processes which 
can be steady-controlled with 4, limited-gain algorithms with due 
account of dynamic nonlinearities. It is assumed that there is no 
limitation on the control signal uw (f). 

In building a mathematical model of a process to be controlled 
the analyst has to neglect many factors including so-called small 
parameters which within some Jimits and under certain conditions 
have no effect on the steady-state and dynamic behavior of the open- 
loop dynamic system. A feedback loop introduced into the system 
may cause the unaccounted parameters to play a significant role 
and markedly distort the behavior of the controlled processes. 
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Let us look at the situation with the small parameters being con- 
stant and associated with some element of transfer function W (s) 
embedded into the block diagram of the system with an .4,-algo- 
rithm as indicated in Fig. 5.11. Here z (¢) is the result of conversion 
of the control signal u (¢) by this dynamic element W (s). It will be 
noted that the operator W (s) can represent not only the inaccuracies 
of approximation, but also the system actuator or the inertia of 
measurement devices forming the function o (¢t). We will be inte- 
rested here in the case where W (s) is an inertial element with a time 
constant T > 0, i.e., z(t) and wu (f) are related by the equation 


Tz (t) + z(t) =u(t) tty (5.41) 


The characteristic equation—the parameters a, and a, are assumed 
here, as in Section 9.6, to be constant—of this closed-loop control 
system has the form 


Ts? + (Ta, + 1)s? + (ke + Ta, + a,)s +k +a, =0 (5.12) 


At T = 0 the control system is seen to be stable, given (5.8) is sa- 
tisfied. With the constraint 0 < |k |< k®, this again implies that 
A,-algorithms are helpful for steady controlling all #,-processes 
with the parameters (a,, a,) from the G, area indicated in Fig. 5.10a. 
For T > 0, the stability conditions are also defined by 


Tag +1>0 
Ta, + ke +a, >0 (5.13) 
kr, > —a,r, 


where r; = Pca, +c —T and r, = 1+ Ta, + Tay. 

The area G;,7 representing the #,-processes amenable to stable 
control in this case subject to Tk°c <<. 1 and 7 <c is displayed in 
Fig. 5.12. Two-directional crosshatching again emphasizes the area, 
Gr, which appears owing to the constraint imposed on the gain of 
the .4,-algorithm involved. 

Thus, the bound from above imposed on the .,-algorithm gain 
may considerably reduce the class of #,-processes for which stable 
control is feasible in this case. 
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Below we shall demonstrate that the effect of the aforementioned 
constraints can be markedly relaxed in the class of binary control 
systems. We shall construct control systems with aperiodic transients 
for arbitrary behavior of #, parameters in some subset of Gz. 

Simultaneous account of inaccuracies in taking derivatives and 
model approximation—which is a typical situation in practice— 
can further reduce the class of #,-processes amenable to stable con- 
trol with 4, limited-gain algorithms. This leads us to the following 
qualitative conclusion. Limitations imposed on gain and amount 
of available information severely constrain the practical capabilities 
of linear feedback in ill-defined dynamic systems. Therefore, trans- 
fer to nonlinear control algorithms seems to be justified. The algo- 
rithms of binary control systems will be shown to constitute a sub- 
class of nonlinear algorithms. 


6 Coordinate-Operator Feedback 


In this chapter we are content to study the possibilities 
of coordinate-operator feedback (COFB) for solving the control 
problem formulated in Chapter 4. The generalized block diagram 
associated with control systems considered in this chapter is pictured 
in Fig. 6.4. A specific control system is defined by specifying the 
operators R,, C,, and C,. All algorithms consistent with this block 
diagram will be denoted by +, (g), where q gives the number oi 
components in the system’s state vector x (¢) used in the coordinate 
feedback (CFB) law. We assume, for definiteness, that at q = 1, 
writing .4, (1) implies that the CFB law involves the first compo- 
nent of x, i.e., u(x, t) =u (z,, t); and at g = 2, the two leading 
components of x are used, u (x, t) = u (2, Xo, t), and so on. 

For brevity, any control system using an #, (q)-algorithm for 
F »-process (respectively S-system) will be denoted S,, (g) and referred 
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to as an S, (gq) system, or simply as an S, system when the value of 
gq 1s evident from the context. 

Let us now define more accurately what in this text is implied 
by the complete solution of the control problem. We are intent to 
formulate this concept first in words to refine it then in a more 
formal way. 

From the preceding consideration it follows that for many cases 
of handling dynamic systems with uncertain parameters (we will 
refer to such systems as ill-defined or uncertain) those control algo- 
rithms are of most practical significance which exhibit or offer the 
following properties: 

— use limited gain in CFB loops; this means, specifically, a di- 
minished effect of constraints on the control signals in the CFB loop; 

— generate control signals as a continuous function of time; this 
facilitates operation of certain actuators; 

— ensure stable control of ill-defined processes and a warranted 
settling time; 

— allow a weak dependence of plant dynamics in the closed-loop 
control system upon widely variable plant characteristics; 

— retain their key properties in the presence of inaccuracies in 
model approximation and data _ collection. 

Some of the aforelisted features need, of course, be refined. For 
the problem of #,.-process control with parameters from (4.2), the 
respective refinements are given in the following definition. 

We will say that an #-algorithm provides the complete solution 
to the problem of ill-defined #,-process control if 

(1) for all ¢ > 7, the control function wu (zx, t) satisfies one of the 
following inequalities: 


Ju (av, t) |< kx || x || (6.1a) 
| u (x, t) |< kx || @ || + kz (6.1b) 
where k, are some positive constants such that ky < oo, i = 4, 2; 
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(2) for any fixed ¢ >t, and for any pair of vectors x’ and x” 
the inequality 


ju (z’, t)—u(@, t)|<L, lla — 2x" | (6.1¢) 


is satisfied for some positive constant L,< o, or holds outside 
some neighborhood of the phase space origin; 

(3) for each solution of the closed-loop control system the function 
u (t) = u [zx (t), t] is continuous for all t > ty; 

(4) in the closed-loop control system, every controlled process. 
x (t), beginning with a certain finite time instant ¢, >t), possibly 
dependent on z (t), at certain positive constant 6, > 0 satisfies the 
differential equation 


x(t) + dor (t) = x @) (6.2a) 
where y (¢) is a function of time such that for ¢ > ft, 
1x (t) |< 6 (é) | x @) | (6.2b) 


Here 6 (¢) is a nonnegative time function bounded for all ¢ > t,, 
V1Z. 


O< 6(t)< 6, < 6, (6.2c) 


If the constant 6, is small compared to 6, in some sense, then we 
will say in the same sense of weak dependence of controlled process 
dynamics on &, parameters from ¢, onwards (independence accurate 
to 6,). If 6 (t) ~ O as t > ov, then we say of asymptotic independence 
of x (t) dynamics on &, parameters. Finally, if 6 (¢) =O, then we 
say of total independence of x (t) dynamics of #, parameters begin- 
ning from time f,. We shall strive to build a control algorithm which 
ensures the complete solution of this control problem. 

In what follows 6, is assumed to be specified and equal to 1/c, 
where c is the same constant that appears in Chapter 5. With this 
assumption, the shorthand for items (3) and (4) from the above defi- 
nitions, with the nomenclature as given in Chapter 4, is as follows: 


£66 4 {Fe I; N, A/e — 84} (6.3a) 


For 6, < 1/c, this expression implies weak dependence of z (¢) 
on the parameters a, (t) and a, (¢). An alternative shorthand expres- 
sion 


Lf .. € 6 4 {Fel; N, 1/c\ (6.3b) 


implies a total independence of «x (t) of a, (t) and a, (¢). In both 
expressions (6.3) ., stands for a class of functions continuous for 
t > ty. 

Now we embark on constructing a binary control system with 
coordinate-operator feedback (COFB), Fig. 6.1. Define at first the 
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type of reference input operator R,, proceeding as outlined in 
Ref. 88. It is quite obvious that with the signal of the reference 
input element AR, taken in the form 


x” (t) = —czx (t) (6.4) 
for all t > t,, the COFB loop error o (é) will be given for all ¢ as 


o (t) = —fex (t) + x (t)] 


Assume that beginning from a certain time instant the equation 
o (t) = O is satisfied for a certain controlled process zx (¢), then for 
this process 


x(t) = —— x(t) 


and (6.3b) holds true. Therefore it would be appropriate to define 
the operator R, as —cd (-)/dt. This form of the operator is a general 
one for all 4, control algorithms involved in the ensuing consider- 
ation. 

Our objective now is to select operators C,, C, and their para- 
meters such that to ensure for each controlled process x (tf) the equal- 
ity o (t) = O from some moment of time. We note from the very 
outset that (6.3b) does not hold for the class of 4, control algo- 
rithms, but for some of .4,-algorithms an approximation, however 
close, can be achieved as represented by (6.3a) with a sufficiently 
small 6,. 

In this section we evaluate various .,-algorithms for control 
of #,-processes with parameters within (4.2), investigate in depth 
the behavior of controlled processes in the respective S$, systems, 
and establish to what extent a specific #, control algorithm suits 
achieving the complete solution of the control problem. Especial 
attention will be drawn to smooth .,-algorithms whose instrument- 
ation with digital elements is well standardized. 

Ay (1)-algorithms will be considered first, and the discussion of 
#,, (2)-algorithms is reserved for later sections in the chapter. Con- 
sidering .#, (1)-algorithms we assume that for each fixed wu the 
CFB-loop operator C,, performs the transformation 


u=—k(u)z (6.5) 
which is seen to be linear in x with a coefficient & (u) being a linear 
function of w (with some constant k& individual for each 4 ,-algo- 
rithm) 

k(u) = ku (6.6) 


The specific features of each 4, (1)-algorithm and, consequently, 
the associated S, system are governed by the law prescribing the 
generation of variable w. 
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6.1 Proportional 
Coordinate-Operator Feedback 


Consider first the situation with the operator C,, realizing 
for a positive constant a the function 


w= —ao (6.7) 


The S, system that results may be represented by one of the two 
block diagrams, shown in Fig. 6.2, differing in the way they realize 
(6.5) and (6.6). In the block diagram at (a) these dependences are 
realized by changing the CFB law parameters; accordingly in a num- 
ber of publications |84-88] we referred to this method of altering the 
CFB law as coordinate-parametric. 

The other block diagram at (b) exploits a multiplicative variation 
of the CFB law which corresponds to the coordinate-operator action. 
Because the difference between these diagrams is purely technological 
in what follows we shall employ both of them. 

We recall that the ultimate goal of 4,-algorithm implementation 
is to provide conditions such that for each z (¢) starting from some 


time instant the equality o (¢) = —[ex (t) + x (t)] =O holds. 
In accord with (6.4)-(6.6), for the #F,-process 
o =ckru + ca,x + (ca, — 1) x (6.8) 


The quantity uw is the control of the COFB loop that is devised 
to ensure the equality o (¢) = O. In (6.8) this quantity, however, is 
preceded by a factor which changes sign with z. Consequently, 
a change of sign for x implies a sign reversal for feedback in the 
COFB loop. Hence, the law (6.7) cannot in principle ensure the 
required equality as it fails to keep a constant sign of feedback in 
the COFB loop. It is clear that negative feedback in such a loop will 
be effected if in place of (6.7) we invoke a law taking care of sign 
reversal of the factor of w in (6.8). This can be achieved, for instance, 
with the following modification of (6.8): 


u = —ao senx = usgnz (6.9) 
Indeed, substituting (6.9) in (6.8) we get 
o = —ack |x |o-+ ca,x + (ca, — 1) x (6.10) 


Here the factor of o is nonpositive. 

The block diagram of S, system resulting with this COFB law 
is presented in Fig. 6.3. The output of the on-off element sgn x is 
indicated by a double-shafted arrow as it is this signal that defines 
the transformation of the signal w (¢) into w (¢) and therefore, in 
accord with the above definitions, is an operator signal. 
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Figure 6.2 


It is worth emphasizing that the need for nonlinear control laws 
(6.9) in the COFB loop is of principal significance and is predetermin- 
ed by the nonlinear behavior of such feedback. This feature of coor- 
dinate-operator feedback was outlined in the overview of Part One. 

Turning again to the block diagram of S,system in Fig. 6.3, 
we would like to look at system’s equilibrium positions, denoted 
below as (x*, V0). Assuming the parameter a, (t) being constant for 
all t >t,, from the equation of #,-process and equations (6.5), 
(6.6) and (6.9) we find that all the equilibrium points of the S, sys- 
tem under consideration are the roots of the equation 


a,xz* = —akx* | x* | (6.11) 


at 2* = 0. 
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If a, <0 and this inequality is allowed by the constraints (4.2), 
then such a control system may have three equilibrium positions 
defined at r* =0 as 1 = 0, 25.4 = (a,/ak), of which only the 
first is desirable. 

From inspection of the closed-loop control system equation 


x + (ag + ack |a\)x+ (a, +ak|e\)a = 0 


it is not hard to see that under the assumption made the equilibrium 
position of <; =O is unstable, while that of | x3 3| = —(a,/ck) 
are stable in the small when a, is constant for ¢ > ¢, and a, — ca, > 
Q. Therefore, the controlled processes in such a control system may 
exhibit a rather complex behavior. This implies that the aforestated 
control problem cannot be solved with the static COFB (6.9). There 
is a need for securing stability for the point (x7, 0) and eliminate 
the influence of other equilibrium points different from the ori- 
gin O,. This need can be handled by various means, some of which 
will be covered later. For the time being we confine ourselves to the 


effects that occur in S, systems when constraints are imposed in 
the COFB loop. 


6.2 Proportional 
Coordinate-Operator Feedback 
with Magnitude Bounded Output 


Suppose that in solving the control problem under the 
aforestated assumptions we may limit ourselves to achieving the 
property of the process being steady quasicontrolled. We shall de 
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monstrate that this is attainable by introducing a limitation in the 
COFB loop. 
Consider a function sat (A) of scalar argument A such _ that 
sat (A) =1 forra>1ti 
=} for |A|<1 (6.12) 
= —1 forA< —1 


and introduce the constraint it offers in the COFB loop of the control 
system examined in Section 6.1. This being the case, the law (6.9) 
must be replaced with the COFB law of the form 


U = p sgn x = py Sat (u) sgn z 


Lu = —ao (6.13) 


Uy being a positive constant. The block diagram of this S, system 
assumes the form depicted in Fig. 6.4. The set (6.13) allows for 
sat (—A) = —sat (A). 

For this S, system, the phase plane (z, zx) naturally partitions 
into three areas (Fig. 6.5), namely, 


Gyr={zx: |o(x)|<y, n= 1/a} 
Gr={x: o(x2)>y7} (6.14) 
Gn={x: o(@%)< —}! 
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Figure 6.5 


in each of which the behavior of the control system is governed by 
an individual equation of motion. From inspection of Fig. 6.4 it 
is an easy matter to see that these equations are 


eb 2 +a,r = ku,ao |x| for x€G, 
== ku, |] for x€Gy (6.10) 
— —ku, |x| for #€Gz 


Let us provide a deeper insight into the properties of the con- 
trolled processes in such a control system. Let for the moment 
x (ty) ¢ G, and, for definiteness, x (t)) € Gy; the case of x (f)) € Gy 
can be examined in a similar manner. If x (¢,) €CGyf]) ja: r< 0}, 
then it can be readily verified, for example by inspecting Fig. 6.9, 
that the respective controlled process in a finite time interval either 
reaches the boundary of the set G, or leaves the area Gy (\ {x: x< O}. 
If now x (ty) EGAN {@: «<> 0}, then from (6.15) for t >t, we 
obtain the equation 


t+ Apt + (a,+ ko) xr=0 (6.16). 


satisfied by such controlled process. 

It has been demonstrated [24, 25] that in order that an arbitrary 
solution to equation (6.16) appears in the set G, (and, consequently, 
on the boundary of the set G,), it is sufficient that at any fixed para- 
meters a, and a, from (4.2) the respective characteristic equations 
derived from (6.16) have no positive roots. This will take place, for 
example when 


ky > sup [ae 2 (2) — a, (t) | (6.17), 
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Below we also use other conditions warranting the arrival of the 
controlled processes at the boundary of set G, when driven from the 
areas Gy, namely, 


chy > sup | cay (t) el (6. 18a) 
t >to c 

inf ca,(t) >1 (6.18b) 

t=109 


The validity of this immediately follows from analysis of an expres- 
sion for o (¢) which for x (t) € Gy has the form 


Cas 


— O-+- ( ca, — cae x -+ chity | x | (6.19) 


c= — 


It will be noted that the condition (6.18b) limits the class of 
Ff ,-processes for which .4,-algorithms of the type being discussed 
warrant the controlled processes be driven to the set G,. 

Thus, when (6.17) or (6.18) are satisfied, an arbitrary controlled 
process x (f) is steered to the boundary of the set G,, in a finite time. 
In order to look at the further behavior of x (t) we determine the 


derivative o (¢) at o = —7. From (6.19) we get 


Cag — 1 


ny + (ca, — cae t-- ck, |x! (6.20) 


Observing in (6.20) the inequalities (6.18) we obtain that o (t) > 0 


at o = —yn (similarly, o (t) << 0 at o = n). Consequently, for such 
§,-processes, x (f) once driven into the set G, never leaves this set 
at all subsequent f. 

It will be worthwhile to note at this point, that for motion within 
the set G,, the behavior of the control system on hand is described by 
the first differential equation in (6.15), which coincides with the 
dynamic equation of the control system from Section 6.1. Therefore, 
the case under consideration can also have three equilibrium points 


in G, at a constant a, <0 for ¢t >t). This time, these points are 
defined by the roots of the equation 


a,z* = —akwor* | x* | 


A suitable choice of the parameter wu, can, of course, drive non- 
zero equilibrium positions beyond the set G,, but this method denies 
satisfying (6.18a). It is not hard to verify that when the inequalities 
(6.18) are met, the nonzero equilibrium positions belong to G, 
and are stable in the small. 

To derive some estimates of the norms of controlled processes 
subject to x (ft) €G, for all ¢ >#,, we may exploit the differential 
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relationship between zx (t) and o (¢), called the differential constraint 
below, viz., 


axctx=—o, lo(t)i<n, t>t, (6.21) 


This leads us to the inequality | zx (é) |< ]| z(t,)|— mn] X 
exp [—(é — t,)/c] + y valid for all ¢ > ¢t,. This inequality used with 
(6.18) enables us to establish that beginning from some time instant, 
each controlled process finds itself embedded into the sphere || x || <= 


1, where n = 7 (1 + 2/c) to remain therein at subsequent time. 

Let us attempt now a systematic interpretation of the evidence 
we have acquired in the preceding paragraphs. The limitation in- 
serted in the coordinate-operator feedback loop has considerably 
simplified the investigation of nonlinear system behavior. This 
constraint stabilizes all controlled processes in some neighborhood 
of the selected solution, the size of the neighborhood being selected 
at will as 71 =1/a, where a is the COFB loop gain. Because 
inequality (6.18) can be readily satisfied by a suitable choice of pa- 
rameters and the validity of the bound || x (t) || [<< NV {y + r[z (é,)], 
U-} for some JN is evident, what we have said above implies that 


given (6.18b) is met the %,-process is steady quasicontrolled, or in 
shorthand notation &, € AC 4, {Fo I; N}. 

This simplification of S, system analysis may be formally ex- 
plained by the fact that beyond the set G,, all S, system motions 
subject to the constraint (6.12) are described by piecewise linear 
differential equations, whereas inside G, by nonlinear equations, 
but one may not analyze the latter confining himself to the use of the 
linear differential relationship (6.21) subject to a constraint on its 
right-hand side. Hence, introducing a limitation in the COFB loop 
allows us to confine ourselves to examining linear differential 
equations in the analysis of a nonlinear control system. For the sake 
of comparison, it is worth noting that limitations on the control 
signal introduced in the coordinate feedback loop, as a rule, degrade 
the control system behavior and impair investigation of such sys- 
tems. 

It will be in order to emphasize one more feature of system behavior 
which appears when there is a limitation on the control signal in 
the COFB loop. This limitation automatically satisfies the constraints 
on the CFB loops gains. Moreover, it allows an increase in the COFB 
loop gain, which produces a positive effect on the controlled process 
behavior, as the dependence on the #, parameters weakens and the 
neighborhood of the origin O, where they get stabilized also dimi- 
nishes. That the dependence of x (¢) on the #, parameters—under- 
stood, however, in a sense other than that defined in (6.2)—decreases 
may be concluded by comparing the error variation law in the S, 
5—01218 
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Figure 6.6 


system under study with the error x (t) for the ideal control system 
which manages in some way to keep the exact equality o (t) = 0. 


In this case x (t) varies in agreement with the equation 


cx (t) + x (t) =0 (6.22) 
Comparing the solutions to (6.21) and (6.22) at the same initial 
conditions, i.e. x (¢,) = z (¢,), establishes for all ¢ > 7, the validity 


of the inequality | a (t) — z(t) |< yn = 1/a, which leads us to 
the desired conclusion. 

With a@ at infinity, beginning from a certain time instant the 
variation of error x (z) in the considered S,, system no longer differs 


from the variation of error x (¢) in the ideal system, so that the bound 
(6.3) holds. The system proper, however, now goes over to the 
class of S, systems with bang-bang COFB law since at a = oo the 
expression for p (¢) takes the form 


[Lb = —Ho sgn (oz) (6.23) 


The block diagram picturing such ultimate gain S, systems is 
represented in Fig. 6.6. 

A qualitative treatment of S, systems with bang-bang COFB 
will be given in one of the following sections. For the time being 
we confine ourselves to noting only that such control systems relate 
to the class of automatic control systems with variable structure. 
When the relationships (6.18) are satisfied, at each point of the line 
o (x) = 0 such systems are known [24] to exhibit a sliding mode 
described by the equation of motion (6.22). This fact reveals still 
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another difference in the role of constraints on the control signal 
in the CFB and COFB loops. In the first case, as the gain grows to 
infinity (see Chapter 5) such a constraint brings about a sliding 
mode appearing on a limited line section so that the controlled 
processes become independent of the %,. parameters as soon as they 
enter this section. In the second case, the entire line o (x) = 0 is 
the line of sliding and the independence of the controlled processes 
of the #, parameters occurs as soon as they enter this line. It is 
worth noting here that as the result of the limit transition as a — oo 
the control u(t) becomes discontinuous, and, consequently, the 
condition wu (t) € #, is violated. 

In conclusion, the constraint on control introduced in the COFB 
loop favorably influences the behavior of the control system 
with time-invariant proportional coordinate-operator feedback, 
simplifies analysis of such control systems, and allows for the con- 
straints on gains in the coordinate feedback loop. For the class of 
continuous control signals wu (t), the system can be made only 4, 
quasicontrolled. As for the properties of the system being 4, con- 
trolled and, to say more, exponentially #, controlled, these in 
general are unattainable in this case. 

With time invariant COFB laws and u(t) € #,, the system can be 
made #, controlled with finite values of design parameters. These 
laws will be covered in the ensuing section. 


6.3 Nonlinear Time-Invariant 
Coordinate-Operator Feedback 


Let us formulate an #,-algorithm of control with time- 
invariant coordinate-operator feedback (COFB) such that would 
generate a continuous control wu (t) and ensure the system being 
exponentially controlled. As follows from the previous consider- 
ation, to achieve this goal we need at least to ensure for the respective 
S,, system the unique equilibrium position at the origin O,. This, of 
course, may be achieved in various ways. From what we already 
know it seems appropriate to adopt the approach based on the cont- 


rol law (6.9) but not over the entire phase plane (x, x), rather over 
that portion containing O, and having no other equilibrium positions 
possible for such a nonlinear dynamic system. The rest of the phase 
plane should be covered by COFB laws such that denude the control 
system of any equilibrium points. It will be in order to note that 


unless stated otherwise, the CFB law is taken in the form u = kuz 


and, consequently, the control algorithm is defined by the COFB 
law. 


5® 
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When in addition the conditions are provided under which the 
controlled processes always reach that portion of the phase plane 
where the COFB law (6.9) is valid—this portion of the phase plane 
is invariant and for all processes belonging to it lim || x (¢) || = 0 — 


t—- 00 
then one may count upon an asymptotic solution of the control 
problem. Consider the possibilities offered by this approach. 
On the phase plane we define a domain Gs as follows: 


Gy=x: ot (x) oO (x)<0 
o+ (x) =o0(x4)—46 |x|, S=constant (6.24) 
o-(x)=oa0(4)+5{z], 0<b<c1 


Here as before o (x) is defined by the equation o (x) = —(cz + 2). 
For all x € G, this function satisfies | o (x) |< 6 | z |. The boundary 
of G, is specified by the equations o+ (x) = 0 and o~ (x) = O separ- 
ating the domain from the areas Gg = {x: o7 (x) << O} and Gj = 
{x: o* (x) > O}. It will be readily seen that for any 6 € [0, 4), 


o- (x) is negative on the semiaxis {%: x >0, x = 0}, while the 


function o* (x) is positive on the semiaxis {#:  < 0, x = O}, accor- 
dingly, the domain G, is located on the phase plane as illustrated 
in Fig. 6.7. 

Inspection of Fig. 6.7 indicates that the singular points | 72,3 | = 
—a,/k® « that occur in the closed-loop control system with the law 
(6.9) all lie beyond the domain Gy. Therefore, the linear COFB 
(6.9) will be fairly legitimate on the domain Go. 

At the outset let us be clear as to the invariance of the domain 
G,» for the considered COFB law operable for x € Gs. Because in 
this case u = —ao sgn x, the control wu is given by the expression 
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u = —kao |x| and for x (t) € Gs the behavior of the controlled 
processes is defined by the equation 


ee e — 
x+ ax + a,x = kao | 2 | 


It is quite obvious that Gs will be invariant if the controlled processes 
taking off from the boundary of this domain do not leave this domain, 
In order to examine this topic analytically we invoke in our consider- 
ation for x€Ge, and ||x ||=40 a function dA (x) defined as 
M(x) = o (x)/6 | x |. 

Since for x €G, there holds |o (x#)|<(6|z|, the function 
i (x) is of bounded variation, i.e. |A (x) |<. 1 for x €G,, and 
takes on its extreme values on the Gs, boundary, namely, A (x) = 
—1 for o~ (cz) = O and A (x) = 1 for o* (x) = O. For each controlled 
process x (¢) € Gg this function is a continuous time function A (t) = 
X. [x (t)] and the domain G, will obviously be invariant provided 


X(t) >> O at A(t) = —1 and A(t) <0 at A(t) = 1. 
To check whether or not these conditions are met we derive the 


expression for X(t). From the definition of A (2) 


- _ 0 (t) — 6A (¢) sgn z (t) z (t) 
A(t) = ETO 
Substituting the expression for o (t), t= —(o + 2x)/c for x (t), 


and collecting like terms yields 
— —414— 1 —1— 
\= — ( che |x| + =i | A+ (ca, —2—"—= } sgn x 


where, for convenience, § = 6A sgn zx. Observing that 6< 1,c>0, 
and a, << 0, the derived expression readily reveals that for sufficient- 


Iy small | z | the sign of the derivative i (¢) on the Gs, boundary 
where | A | = 1 is determined by the sign of the second term on the 
right-hand side, which can be arbitrary even subject to the condition 
inf ca, (t) > 1+ 6 for ¢ >2,. Hence, in some neighborhood of O, 
the controlled processes x (¢) tend to leave the domain Gs which is 
not invariant for the COFB law at hand. We note that this result 
is valid for other configurations of the G, type of domain. 
Invariance of G, may be provided by creating sliding modes on 


the sections of the Gs boundary where AM > 0. Specifically, Gy 
will be invariant with the following COFB law: 


u = —ao sen zx for xEG, 
=-—wu,sgn(or) for r¢G, (6.25) 


where py, is a sufficiently large positive number 
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The COFB law (6.25) is, however, discontinuous and the control 
function w(u, x) also suffers discontinuities (giving rise to the 
mentioned sliding mode on some sections of the Gs boundary). 
Consequently, the contro] wu (t) will also be a discontinuous time 
function. This is inconsistent with the earlier requirement of 
—u (t)€ Fe, where .*,. is the class of functions continuous over 
[t,, ©). 

The performed examination, therefore, provides a supportive 
evidence to our assertion that it is impossible to ensure the asympto- 
tic solution to the contzol problem with a continuous coatrol action 
u (t) in the class of linear time-invariant COFB laws. It would be 
interesting, therefore, to look at the possibilities of nonlinear static 
and dynamic COFB in handling this problem. 

The evaluation of control systems with dynamic COFB laws is 
reserved for the next chapter, for the moment we shall focus on 
process behavior determined by the nonlinear time-invariant COFB 
law of the form 


Wu = —wU, Sat (ao/| xz |) sgnz, a6 = 1 (6.26) 


where sat (-) is the saturation function defined in (6.12). 

This COFB law is advantageous in that the control function 
u (uw, z) is a continuous function of position of state point xz, and 
consequently, the control action u (t) will also be a continuous func- 
tion of time. In addition, the operator variable w is bounded for 
(6.26), hence the CFB loop gain is also bounded—in agreement with 
the definition of the complete solution of the control problem. 
Finally, the variable w takes on constant values of different sign 


in the areas Gs and is variable only for those points x of the phase 
plane which belong to Gs. With the COFB law (6.26) the control 
function has the form 


u = —ku | x | sat (ao/| x |) 


therefore the differential equations that govern the behavior of 
controlled processes x (f) in the S, system may be represented as 
follows: 


z+ dot + a,x = ku, |x| for r€G% 
—ku,ao(r) for rCGs (6.27) 
=—kp, |x| for x€G3, tty 
Let us analyze qualitatively how controlled processes perform 
in such an S, system. Consider first the case of x (f)) € Gg (the case 


of x (t)) € G5 can be analyzed in a similar manner). First of all we 
note that the last equation in (6.27) is consistent with the situation 
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at hand and coincides with the last equation in (6.15). Consequently, 
the variation of o (t) = o (x (é)) along a controlled process under 
the stated initial conditions is defined by equation (6.19). From 


this equation it readily follows that given (6.18) are satisfied o (?) 
is positive if x (t) + O,. Consequently, the function o (¢) monotonous- 
ly increases on all controlled processes from Gg and there may be 
two types of behavior for such processes. One of them, later referred 
to as x! (t) processes, takes a finite time to reach the boundary 
o- (xz) = 0 of the domain G,; for the other processes, denoted as 
x31 (t) processes, limo (x!! (¢)) = 0. Geometrically, these facts 
t— 


immediately follow from examination of Fig. 6.7. 
From the condition lim o («!! (t)) =O it follows’ that 
t—> oo 


lim || x1! (¢) || = 0, i.e. these processes converge to O,. Indeed, 
t+ © 


the first component z (¢) of x!! (¢) and the function o (t) are con- 
nected by a differential relation as has been demonstrated by (6.21), 


namely cx (t) + x (t) = —o (t); here we have dropped the super- 
‘script for convenience. This equation indicates that for any x (f,), 
lim x(t) =O provided o (f)—0O as t-— oo, and, consequently, 


t—0oo 


lim x (t) = 0 which is what we have sought to establish. 


t—-> 00 

Let us now look at the behavior of x! (¢) processes beginning from 
the time instant when they first arrive at the boundary of G, from 
the area Gs. Let ¢, denote this time instant. For analysis we need 


the expression of o> (xl (t)) on the boundary of Gz, i.e., where 
o- (x) = 0. Recalling the expression for o~ (x), we get 


O- (x (t)) = 6 (x (t)) +6 |x (t)|* =o (x (t)) +8 sgn x(t) x(t) 


Here and below in similar situations we assume | x (¢) |° = d | x (t) |/ 
dt = sgn zx (t) z (t). 

Because in the situation concerned x €G,, then o = —6 |z | 
and motion in the S, system for ¢ > ¢, is governed by the second 
equation in (6.27). Using this equation to compute the derivatives 


in the expression for o~ (¢) with the substitution t= —(o + x)/e 
we finally arrive at the following expression computed at o- = 0: 


O7|g-=9 = 6 ( chp. + 22-25% | | x | 


-L (ca,— 1 J z, t>t, (6.28) 
where €=sgnz. 
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Observing a6 = 1 in (6.23) and the following inequalities (hence- 
forth assumed to be satisfied and this fact will not be notified spe- 
cifically) 


ck uy) > max sup ca, (t) EES | (6.29a) 
\El=1 t2to ¢ 

inf ca, (t) >1+6 (6.29b) 

t>1to 


we establish that o~ (¢) is positive on the boundary o7 (x) = 0. 
This implies that the controlled processes in the S, system under 
study cannot enter the area Gg from the boundary of Gs. In a similar 
manner it can be demonstrated that the controlled processes do not 
enter the area Gg from the boundary o* (x) = 0. 

To summarize, we have established that when the conditions 
(6.29) are met, in the S, system under consideration the controlled 
processes x (¢) once they have reached the domain Gz, at some time 
instant never leave this domain, i.e., x (¢) € Gg for all subsequent ¢. 
In other words, Gs, is an invariant domain for such S, system. 

For the xz! processes, the analysis of their further behavior, i.e. 
for ¢ +7,, is carried out with the use of the differential constraint 
(6.21) and the inequality |o (t)|<.6|2z(¢t)| valid as long as 
x (t) € Gs. That is, our tools in the evaluation of the asymptotic 
behavior of these processes will be 


ex(t)t+2(t)=—o(t), loOI<sle@)l, t>h (6.30) 
The general solution to (6.30) has the form 


x(t) == x (t,) exp ( — <=-)-=— J) exp (- 


From this equation we go over to the following inequality valid 
for t>1,: 


t—t 6 (t 
|x (t)|<|zx (ts) exp (——*) +2 |" exp (— 
Multiplying both sides of this inequality by exp (t/c), applying the 
Gronwall-Bellman lemma 196], and multiplying the result by 
exp (—t/c) yields the final estimate for the solution (6.30) 


(t — ty) |. t>> ty (6.31) 


. )o(t)dt 


“) |x(x)| de 


Now we recall that EE |< (1+ 8)|2 |/c for x €Gs, and use 
(6.31) to arrive at the exponential estimate which holds for the 


considered process x (t) for ¢ >1t,, viz., 


x (t) || SAFE | w(t) [exp — (tt) ] (6.32) 
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If now 0O< 6< 1, then (6.31) immediately yields 
lim || x (z) || =0 
t—+0co 


This equality concludes the proof of convergence of all controlled 
processes in the system on hand to the origin of the phase space R%. 

Let us demonstrate that the origin O, is asymptotically stable 
in the large. To achieve this goal we need to substantiate the validity 
of the bound (4.4a) for every controlled process x (t) of the S, 
system under study. Consider an arbitrary controlled process which 
at t = t, leaves an arbitrary sphere || x (¢)) || << y, y being a positive 
constant. If x (¢,) € Gs then for all ¢ >, the inequalit-- (6.32) is 
satisfied and, consequently, 


. 4 9) 
Ix (t) [J <AFET® | (ty) | 

is valid. We suppose, therefore, that x (t,)€ Gs moreover, for definite- 
ness, let x (ty) € Gg (for x (f,) € Gg, the results are similar). Then 


for 6 ({) taken along such a controlled process, we may write (6.19) 


and provided (6.29) are satisfied, we obtain o (t)>O for t > ty. 
Hence, o (¢) increases and for all t >t) we have o (t) > 0 (ty). . 

Let c denote the row vector [1, cl], then o (x) = —czx. From the 
above inequality o (t) > o (t)) we have for t >t, the self-evident 
series 


cx (t) << €& (to) S Cm || x (ep) |] 
where Cm = max (1, c). On the other hand, there always holds 
lz|<(|z|-+|o |)/e and, consequently, 


1-+c 1 
| z ||<—— lz14+71191 
Since in the case under investigation 6 |z|< ex and |o | = ez, 


the previous inequality leads us to 
1+c+6 
| x(t) II — Se €@ (2) 


valid for all t >t). Incorporating this expression in the inequality 
ex (t) <Cy || x (fo) || carries it to 


| 2, (t) |] SAFES mm II @ (to) I (6.33) 


valid for all t >t, for type-I] controlled processes. 

For type-l processes, i.e. those for which there exists a finite t, 
when zx (t,) € Gs, the desired Lound of type (4.4a) follows from 
(6.32) upon substitution of the right-hand side from (6.33) with 
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= t,. This argument proves the fact of stability for the point O,, 
and taken together with the convergence of controlled processes 
to this point established above, it proves its asymptotic stability 
in the large. 

The performed investigation suggests that the exponential esti- 
mate (6.32) may be given under the specified conditions for type-I 
processes only, i.e. those for which beginning with a certain time 
instant x (t) € Gs. In the circumstances, if 6 is sufficiently small, 
say 6< 1, then the dynamic behavior of such processes depends 
only insignificantly on the #, parameters in the sense of the earlier 
given definition. Conversely, a similar conclusion on the type-I] 


process behavior, i.e. those for which x (t) € Gg, is, generally speak- 
ing, impossible altogether. Therefore the .4,-algorithm treated in 
this section is incapable of providing the complete solution to the 
considered control problem, that is, fails to satisfy the entire set of 
requirements (6.1)-(6.3). 

To summarize we established the property of #,-processes being 
steady .4, controlled by the 4, control algorithm under the specified 
conditions and constraints. This fact can be written in shorthand 
as follows: 


P x € 6 fy {Fe I; N} (6.34) 
where N = (1 +c + 8)? cy/c?6. Moreover for type-I processes there 
exists the exponential bound (6.32). 

It is worth noting that the property (6.34) is valid for any charac- 
ter of variation of the #, parameters a,(t) and a,(¢) within the ranges 
(4.2). For any values of a, and a, fixed within (4.2), a more detailed 
‘Study may be carried out to establish for x! processes the existence, 


for a positive constant c;,, of an asymptote c,z + x =O such that 
{x: c,4 = 0} Gs, c, = I1. c,]). (This conclusion follows from the 
Similarity of the equations for the S, system and for the system with 
the 4; algorithm investigated in the previous chapter.) The estimate 
(6.32) could be refined for any such %,-process, but because for 
fixed a, and a, of (4.2) the asymptote c,7 = O can take on arbitrary 
position in the domain G,, there 1S no way of improving this bound 


for the entire family of &#,-processes at finite @ and k. 
Let us look now at how the properties of the S,, system concerned 


change with increasing gain @ or k. Let at first & — oo, then in the 
limit, subject to a constraint imposed on the control in the CFB 
loop, the S, system becomes a bang-bang control system, whose 
behavior has been covered in Section 5.3, and, consequently, the 
objective set in (6.3b) is not achievable. 

Assume then that the gain k is limited so that ku, < k®, and the 
gain a — oo. It is not hard to see that in this case the COFB law 
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(6.26) takes the form of (6.23) and the ultimate gain S, system has 
the functional block diagram shown in Fig. 6.6. This is an S, system 
with a bang-bang COFB law, for which, as has been revealed in the 
previous section, the property (6.3b) is also unattainable as the 
control action for this system is a discontinuous time function, i.e. 
u(t)«é .#% . At sufficiently large, but finite a values, the behavior of 
this system can be brought nearer, however close, to that indicated 
in (6.3b); recall that 6 = 4/a. It should be emphasized that this 
fact takes place only with a constraint imposed on the control in 
the COFB loop. When this constraint is lifted, the considered 4, 
algorithm becomes an .4, algorithm—the behavior of such control 
systems has been discussed in Chapter 5. 

Thus, the constraint on control, as introduced in the COFB loop, 
offers an arbitrary accurate approach to the behavior required in 
(6.3b), though without achieving this absolutely. [t will be recalled 
that a similar constraint in the CFB loop prevents the system from 
achieving a similar behavior. 

To conclude this topic we wish to briefly touch upon the effect 
‘of the dynamic nonlinearities, mentioned in Sections 5.6-5.7, on 
the behavior of the S,, systems under study. If the controlled process 
is such that a linear zone of COFB is operable, then its behavior is 
governed by a linear differential equation outwardly coinciding 
with the equations of the respective systems with .4, algorithms 
‘covered in Sections 5.6-5.7. For fixed #, parameters a, and az, this 
implies that this case is amenable to analysis with the characteristic 
equations for closed-loop control systems, outlined in Sections 


).6-5.7, subject to substitution k = kuy < kp. 

Whenever the stability conditions either (5.12) for the first type 
of nonlinearity or (6.2) for the second type of nonlinearity are unat- 
tainable, the projection of the controlled process onto the phase 
plane—dynamic nonlinearities increase the dimensionality of the 
phase space—leaves the domain G;, i.e. this domain is no longer 
invariant. Therefore, when the designer is faced with such non- 
linearities, the question of whether or not the control problem is 
‘solvable, and in what sense, remains open. These remarks conclude 
our investigation in this section. In what follows we shall concern 
ourselves with the behavior of S,, systems with bang-bang coordinate- 
operator feedback. 


6.4. Bang-Bang Coordinate-Operator Feedback 


The so far evaluated S, systems with limited control 
in the COFB loop degenerate into S, systems with bang-bang COFB 
when the gain in this COFB loop tends to infinity. Let us consider 
these S,, systems in depth. To specify an S, system with bang-bang 
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COFB we are to define the equation of the #,-process, expressions 
(6.5), (6.6) and (6.23), the latter defining a bang-bang COFB law. 
The block diagram for such a system is presented in Fig. 6.6. The 
controlled processes x (¢) are determined as the solutions to the differ- 
ential equation 


c+ a, (t)ax + a, (t) xz = kuy |x \sgno, t>t, (6.35): 
where o = —(cx + z). 


This is a differential equation with a discontinuous right-hand 
side. Its solution is sought in conformity with the definition given 
in Ref. 93. This reference also outlines the conditions of solvability 
for (6.35) and the continuation of the solution onto the semiaxis 
t > to. 

In terms of automatic control theory, equation (6.35) describes. 
a system of variable structure. Such systems are well investigated. 
and documented (see, e.g. Refs. 24, 25, 96, 97 and references cited 
therein). Henceforth we will refer to any system with variable struc- 
ture as a VS system. Thus any S, system with bang-bang COFB is 
a VS system. 

For any fixed values of #, parameters from within (4.2) and (6.18) 
being satisfied, the qualitative phase portrait of the S, system on 
hand is known [24] to be of the form indicated in Fig. 6.8. It will 
be seen that two types of controlled processes x (¢) are possible in 
the S, system with bang-bang COFB. 
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The first type of processes, x! (¢), having started from any initial 
conditions, in a finite time reach the surface of discontinuity of the 
right-hand side of (6.35), Go = {x: o (x) = —cx =O}; where a 
sliding mode occurs to remain at all subsequent f. 

For each x! process, beginning from ¢, when a sliding mode occurs, 
cx! (t) =U, the vector functions x! (t) being absolutely continuous, 
and in agreement with Ref. 93 their time variation law can be deter- 
mined by solving 


ex(t) +z(t) =0, t>t, (6.36) 


Therefore, any x! process for all t >t, may be bounded as 


Wet (2) || <EX | ak (t,) exp — (6.37) 

From (6.36) it will be evident that the dynamic behavior of such 
controlled processes are independent of the #, parameters beginning 
only from time instant ¢,, individual for each x! (é) process. 

The type-II control processes, x!! (¢), asymptotically approach 
‘the origin O,. A formal substantiation of this property of x!! pro- 
cesses may be carried out with account of (6.18) following the line 
of the argument used in the preceding section for asymptotic behavior 
analysis of type-II processes. 

Thus in the considered S, system, for any parameters a, (tf) and 
-@, (t) from (4.2), the controlled processes converge to O,. To prove 
that this point is stable, one may invoke the line of argument from 
the previous section. It will be sufficient to note that the inequalities 
(6.18) allow the existence of a positive number 0 < 6, <1 such 
that for the S, system on hand the domain Gs, = {x: | o (4) |< 
6, |x |} is invariant. Therefore, similar to the argument in the 
previous section, it will not be hard to establish that (4.4a) is valid 
for all processes in such system as long as N =N,=(i1-+ec¢+ 
5,)? cm/6,c?. Hence the point O, is stable. 

It is worth noting that equation (6.36) and hence the independence 
of x! dynamics of plant parameters are valid only when a sliding 
mode occurs, and the control function wu (é) is discontinuous at each 
point, i.e. u(t) €C + . Therefore, for x! processes, the above property 
may be stated in shorthand as _ follows: 


PCC 4, (Far Ta s(Lt oles Ale}ag 0.28) 


Recognizing also that the dynamic behavior of x!! processes de- 
pends substantially on the #, parameters, we ought to confess that 
no complete solution of the control problem can be achieved in the 
class of S, systems with bang-bang COFB, i.e. in the class of con- 
sidered VS systems. 
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For all similarity of the phase portraits in Figs. 5.3 and 6.7, there 
is a principal difference between them. In Fig. 5.3 the phase tra- 
jectories are continuous and serve as asymptotes for the curves of 
parabolic equations. The phase trajectories in Fig. 6.7 are also: 
continuous, but they are asymptotic for the curves of hyperbolic 
type for ox > O and for the elliptic curves for oz < OV. This differ- 
ence becomes of decisive importance in account of nonlinearities. 
and constraints. 

On the whole, the property (6.38) does not hold for all processes. 
of such system, so that this time 


PCC 4 (For Io NY (6.39) 


The statement (6.38) may be insured on the whole also from the 
instant ¢ = 7, in the absence of gain limitations in the CFB and 
COFB loops and a constraint on the control in the CFB loop. Indeed, 
let wu, grow without limit, then with po at infinity the phase portrait 
will be as shown in Fig. 6.9 rather than that in Fig. 6.8. For such 
an ultimate gain S$, system, each controlled process immediately 
appears in the domain G, and after this the estimate (6.37) is valid 
for all ¢ >). Of course, this possibility cannot be realized in prac- 
tice, being prevented by various nonlinearities and constraints, say 
of the collection delineated in the previous chapter. Specifically, 
with a constraint on the cuntrol in the CFB loop, the ultimate gain 
S, system will be a bang-bang system with all the salient features 
that have been discussed in Section 6.3. 
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6.0 Bang-Bang Coordinate-Operator Feedback 
with Constraints 
and Dynamic Nonlinearities 


In Section 6.4 we have evaluated the influence of a con- 
stant time lag (dead time) on the behavior of a closed-loop control 
system with a bang-bang CFB law (termed the 4, control algorithm) 
and found out that for systems with such control algorithms it is 
only a A-accurate solution to the control problem that can be ensured. 
More accurately, the properties of the respective control algorithms 
are described by the succinct expression 7, € € (a, 4,) ¥ per 123 N }. 
This section will be focused on the features introduced into the oper- 
ation of the S,, system with bang-bang COFB (Fig. 6.6) by a constant 
time lag and will compare the behavior of controlled processes in 
such S, system and in that with the 4, control algorithm. 

In the presence of switching lag, i.e. dead time, the controlled 
processes x (t) in S, systems with bang-bang COFB are defined as 
the solutions of © 


z(t) + ay (t) x (t) + a (t) x(t) = hp | x (t) | sgn; (0) (6.40) 
for ¢ >t, where the function 0, (¢) is defined as o, (t) = o ({ — 7), 
o (t) = —I[a (t) + cx (t)], +t =constant > 0, o (tf) =@ (t) for @€ 


€ [t)—Tt, t,], and @ (t) is the initial function. For simplicity we assume 
that, for ¢ €[t)—t, to]. p(t) EF - and sgn (t) = sgno (fp) = 


—sgn [ex (t,)], and 2 (t)) = [x (9), x (t)]" is the initial vector. 

Equation (6.40) and the range constraints (4.2) for the parameters. 
a, (t) and a, (t) specify the system of %,-process control using an 4#y 
control algorithm with two-step COFB and operating with a constant 
dead time in two-position element switching. Like with the control 
system evaluated in Section 5.4, the phase space of the system subject 
to the dynamic equation (6.40) is of infinite dimensionality. There- 


fore, to retain the possibility of using the (7, x) plane for graphical 


representation of motions in this control system we confine ourselves 
to examining only part of solutions to (6.40). More specifically, like 
in Section 5.4, we shall focus on the solutions for which the zeros of 
o (t) are spaced in time by more than the dead time t. It was this 
argument that dictated earlier the choice of the sign for the initial 
function @ (tf). 

The behavior of the selected solutions to differential equations 
such as (6.40) has been studied for variable structure systems, see 
e.g. [24]. The general findings of VS system theory are as follows. 
No sliding mode occurs on the domain Gy, and the closed-loop con- 
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trol system exhibits a switching mode. For some relations between 
control system parameters (i.e., the parameters of %,-process and 
the design parameters or control algorithm parameters) and a suffic- 
iently small value of t, the so-called real sliding mode can occur in 
the neighborhood of Gy. Then all the considered controlled processes 
asymptotically approach zero so that the control problem is solvable 
asymptotically. 
A qualitative insight into the behavior of solutions to (6.40), 
for any fixed parameters a, and a, from (4.2), can be gleaned from 
nspection of Fig. 6.10, where G-s represents the domain of the rea 


sliding mode—it is confined batween the dashed and chained lines. 
This domain has a structure coinciding with that of Gs, being defined 
by 


Gz = {x: |o (x) |<6 |x }} (6.41) 


where 5 > 0 is a constant depending on t and being 0 when t = 0. 
Let us examine this S, system with the purpose to establish the 


relationship between 6 and t. To be more specific, we need to estab- 
lish relationships between the parameters of S, system defined by 
(6.40) with the parameters a, (¢) and a, (€) from (4.2) and a constraint 
on the dead time t such that for any controlled process x (¢) ensure 
from some time instant ¢ >t, that x (t)E€G, at some constant 


5 > 0, or else lim || x (f) || =0. 
t—> oo 
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It will be noted that controlled processes for which the last of 
the above properties holds are processes of second type, z!! (f), 
in the sense of the definition given in the previous section. They 
will be examined with the argument similar to that exploited in 
Section 5.4. Accordingly, we shall limit ourselves mainly to analyz- 
ing the control processes of first type, x! (¢), the respective super- 
scripts, therefore, being dropped for simplicity. 


Consider a controlled process x (t) for ¢ >t, and define the time 
function 


A(t) =A [x (t)] =o [x (t)]/| x (2) | (6.42) 


Geometrically, 4 (x) may be treated as follows. For every point 
x €G, the number A (2) indicates the slope of the line passing 
through the origin O, and the point z. 

When z (t) € Gs on a certain time interval [t,, f,] and || x (¢) || + 
QO, the function A (¢) is defined and continuous on this time interval, 
and there exists the estimate | A (t) |< 6. 

Because for the S, system being considered u (t) € .¥ pe (t) forall 
+ == ty (recall that # ,, is the class of piecewise continuous functions 


defined for all t > 7,), the quantity 1 (t) has sense for all ¢ in [¢,, ¢,]. 


Let us derive the expression for this derivative. From (6.42) we 
have for ¢ €[t, fy] 


an T |x (t) | (0.43) 
Computing the deriv ativ es on the right-hand side and substituting 
for x (t) its expression x (t) = —[1 +4 (t) sgn x (t)] x (t)/c, which 


follows from (6.42) and the expression for o (x), we get the following 


equation for N (t) valid for all t from [¢,, ¢,] (the argument ¢ is dropped 
here and below): 


A= ca, sonx—a,(1+Asgn r)sgn x 


—- Arh sen a)" son 7 — chu, sgn o, (6.44) 


Analysis of the right-hand side of (6.44) readily indicates that 
subject to the inequality 


cho > Ie = max sup |ca,—a,.(1+ €)4+ (1-+ &)*/e| (6.40) 


EI<6 tLto 


for any controlled process x (t) € Gz the sign of A (f) is determined 
by the sign of the last term in (6.44). This analysis also suggests that 
the controlled processes considered can oscillate about the domain 
G, = {x: o (x) = O}. To illustrate when a controlled process crosses 
6—01213 
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Gy, | (t) | can increase from the value | A (t,) | =O at time ¢, 
of intersection to a value of | A(t, + tT) | when according to the 
assumption made earlier the function o, (¢) changes sign. From the 
time instant ¢ = ¢, + t on, the function | A (¢) | will fall off to the 
next zero, i.e. to the next crossing of G, by the process, and so on. 

Deviation of controlled processes from the domain G, during 
such oscillations would be convenient to estimate with angular 
quantities. This purpose, in particular, is served by the quantity 
id (x). We wish to prove that given the inequality 


T < 6/(cku, + ko) (6.46) 
where k, is defined in (6.45), the considered processes x (t) € GF 


for all f. 

We make use of equation (6.44) to estimate the largest “deviation” 
of controlled processes from the domain G,. For definiteness, consider 
the following situation: let ¢, be a time instant such that for ¢ in 
(t; — t, t,], x (t;) €G, and sgno, (t)< 0. Then from (6.44) and 
(6.45) it may be readily seen that A (t) increases on the interval 
[t,, t; + t] according to the equation 

2 — 
A(t) = \ {| ca,—a; (1+-Asgn x)+ ERAS | son x+chpo} dt 
ty Cc 
(6.47) 


Let ¢’ be the first time instant for the considered process to reach 
the boundary of the domain G; and @’ € [t,, t, + 1], then A (t’) = 5. 
Observing (6.47) this leads us in view of (6.45) to 


6 < (cho + ko) (t’ — ty) 
This inequality and (6.46) readily yield then that t < t’ — t, which 
contradicts to our assumption that t’ € [t,, t,; + t]. Hence, for all 
t in [t,, t; + 1) and subject to the aforementioned conditions, A (t) < 
6. Since given (6.45) 4 (t) >O on the interval [¢,, ¢, +t], then 
o, (t) >O for ¢ >t, + Tt and in agreement with (6.44) A (t) mono- 
tonously decreases for ¢ > ¢, + t down to a successive sign reversal 
of o, (¢). At a certain time instant ¢, the function A (¢) will fall off 
to zero and the repetition of the above argument yields that for the 
process concerned the estimate | A (¢) |< 6 is valid for all ¢ > %,. 
Hence for this process we have |o [zx (t)] |< 6|2z(é) |, t>4, 
equivalent to « (t) € Gy for all t > k. 

The above arguments prove the fact that any controlled process, 


once it has reached the boundary of the domain G; from the areas 
GE (see Fig. 6.10), remains in Gy and oscillates about the domain G, 
provided the inequalities (6.45) and (6.46) are satisfied and on the 
interval at least as long as t preceding the process arrival at the Gs 
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boundary the function o, (t) has a sign coinciding with that of 
o (t), i.e. on this interval o, (t) << 0 when x (t) € G%, and o, (t) > 90 
when 2 (t) € GS. 

Let us now derive sufficient conditions for the function o, (t) 
to take on the aforementioned signs. We note that if a controlled 
process x (¢) does not belong to G; for ¢ in [ép, fp + tI, then sgn o, (t) 
—sgno (t) for t >t, + 1, and process behavior is defined by 
equation (6.35) for t >t) + t. Consequently, the behavior of this 
process may be analyzed with the use of the argument from the pre- 
ceding section and, once (6.45) and (6.18b) are met, either || x (¢) ||— 
QO as t—> co (and then we have z!! (t) processes), or there exists a 
finite time t, when z (t,) €G; (and then we have z* (¢) processes 
studied above). 

In summary, when the aforementioned conditions are satisfied, 
two outcomes are possible for the controlled processes. Some of 
them, beginning from a finite time instant, find themselves immersed 
in the domain Gs to remain therein afterwards, while the others 
converge to zero. It is an easy matter to verify that the processes 
x (t) €G; also converge to zero. To demonstrate, we invoke, like 
in the previous section, the differential constraint (6.30) to establish 
the validity of the estimate (6.32) for processes x (t) € Gz for t > ¢,; 
this estimate is as follows: 


| (t) || < FEE? | (ty) exp | ——* (tt) | 


As a consequence, with 0 < 6< 1 we obtain for such controlled 
processes the desired equality lim || x (t) || = 0. 
t— co 


It will be rather easy to estimate the maximum admissible dead 
time in switching at which all controlled processes converge to zero. 
We notice that, because 6 < 1 the asymptotic solution of the control 
problem with the considered control algorithm and in the frame- 
work of the outlined formalism may be ensured for any Tt satisfying, 
in accord with (6.46), the inequality 


t< 1/(ckuy + ky) (6.48) 


Let us briefly discuss how increasing gain in the CFB loop in- 
fluences this result. From (6.48) it can be seen that when one of the 
coefficients & or ww, increases, the range of admissible dead time 
decreases. This in particular leads us to conclude that for the ulti- 
mate gain control system, phase portrayed in Fig. 6.9, the considered 
control problem has no solution. It is also a known fact (see, e.g. 
G# 
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Refs. 1, 2, 6) that if the linear CFB of constant delay tT 
u (t) = ko, (t) 


Oo, (t) = —lex ({— tt) + 2(t — 7) 


is used in place of the linear CFB (4.9) for #.,-process control, then 
as the gain k goes to infinity—this is necessary to draw the behavior 
of controlled processes as close as possible to the specified perfor- 
mance—the respective closed-loop control system will always be 
unstable however small the dead time t >O. Basing on this fact 
and the above development we may state that in the presence of 
time lag in obtaining o (¢) and under limited information on the 
system state variables and parameters, for a given dependence of 
the controlled processes on the #, parameters, the asymptotic solu- 
tion of the control problem can be achieved with binary control 
systems having, as a necessity, a constraint in the COFB loop. 

Earlier we have proved the convergence of controlled processes 
to the point O,. To prove that O, is asymptotically stable in the large 
we invoke the argument similar to that used in Section 6.3 for 
deriving the estimate (6.33). It is an easy matter to see that for the 
S|, systems considered the bound (4.4a) is valid for all t > fy, 
i.e. || x (t) || < N |] x (t,) |], at some constant N,. 

The foregoing consideration, therefore, substantiates the following 
property: 


P,. C CA, {L.F pes I,; N,} (6.49) 


The controlled processes of first type obey an exponential bound 


with the exponent —(1 6)/c. 

It will be noted that (6.49) differs from (6.3b). Comparing (6.49) 
with the respective expression for the on-off control system with , 
control algorithm, namely #. €€ (a, 4 y)tF por fo; N}, leads us to 
conclude that the dead time in on-off switching variously affects 
the behavior of controlled processes, depending on which loop con- 
tains this two-position element—the CFB or COFB loop. In the 
first case, the control problem is solvable A-accurately, in the second 
case it is solvable asymptotically and for certain controlled processes 
an exponential decline in the norm is ensured. 

Let us examine now how the limitation on control inserted in the 
COFB loop affects the validity of the qualitative conclusions we 
have drawn above on the effects the time lag exerts on the performance 
of two-position control systems and binary control systems with 
bang-bang COFB. Assume that the aforementioned constraint on 
control is introduced, as before, by 


u = M sat [k (uv) 2/M] (6.50) 
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Figure 6.11 


where MV is a positive constant, and sat (-) is the saturation function 
defined in (6.12). 

When |&A(u)x|< M and therefore u = k& (uw) z, we say about 
a zone of linear coordinate feedback. The respective domain on the 
phase plane is denoted by oH. When | & (u) « | > M, we have the 
bang-bang control uw = M sen [k (uw) z] in the CFB loop, so the 
behavior of controlled processes in this closed-loop control system 
is defined by the equations of the two-position control system (o. 6). 

Consider the situation with the dead time t = OV in the two-posi- 
tion COFB S, system. Then in the zone of linear CFB the controlled 
processes are defined by equation (6.30). Consequently, for every 
fixed values of #, parameters a, and a, from (4.2) and subject to 
(6.18) the qualitative phase portrait looks as indicated in Fig. 6.11. 
Points 1 and 1’ in this figure limit the sliding mode domain in the 
two-position control system (95.6). 

Analysis of Fig. 6.11 suggests that in the S, system considered 
the properties of controlled processes become independent of the 
§.. parameters a, and a, only from the moment they arrive at the 
segment |1, 1°] of the straight line o (x) = 0, more specifically, 
from the moment the control processes appear in the domain e& 
defined in Section 95.3 as 


° Mc ° 
AG —_——_ sy be ’ > “y? | _ -—— 
t to 


It will be noted that, unlike the two-position control system, now 
there occur controlled processes (x!! (t) processes to be particular) 
that fail to reach c# in a finite time. Observing this remark and assum- 
ing the viewpoint of independence of the motions of the plant para- 
meters it may be said that the behavior of the S,, system considered 
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and that of the two-step system coincide and, consequently, it would 
be wise to conclude that the constraint on control in the CFB loop 
prevents the construction of a control system with motions independ- 
ent of a, and a, over the entire state space, as this is the case in the 
control system investigated in Section 5.2 (see Figs. 5.3, 5.4, and 
6.9). This implies that the property expressed by (6.3b) is in principal 
unattainable in real systems and at best we may count on the achieve- 
ment of the property 


PCC g{Feor Io; N. Aehoy (6.51) 


In the S,, system under consideration, this property does not take 
place because here the control action wu (t) € &s, whereas (6.01) 
requires that u (t) €.F,. Comparing Figs. 5.6, 6.8, and 6.11, and 
the findings of the analysis carried out in the foregoing sections, 
it is an easy matter to prove for the S, system the validity of the 
ex pression 


Pe€ GC 4tF s I45 (1-+-c)/e, 1/c} 4 (6.92) 


which took place for the bang-bang control law. It is in this sense 
that we have said above of there being no difference in the behavior 
of the S, system with two-step COFB and the system with two-step 
CFB. 

Yet some difference is there and it is most pronounced with account 
of dead time in on-off switching. Below we demonstrate this state- 
ment. Let the time lag t be other than zero and satisfy the inequality 
(6.46) at some constant 6 >O, (6.45) is met for ku,, and (6.18b) 
is valid. Then, for x (t) € e the controlled processes in the Sy, 
system concerned are described in (6.40), and for x (t)& & by 
equation (0.6) where the function o, (¢) from (6.40) must be sub- 
stituted for o (é). 

Again we limit ourselves to considering those controlled processes 
for which phase representation of motion is feasible. Using the 
argument exploited in the preceding sections, it will be an easy 
matter to verify that for every fixed #, parameters from (4.2) the 
qualitative behavior of such controlled processes is consistent with 
the phase portrait displayed in Fig. 6.12. 

The dashed lines o’ (x) = 0 and o” (x) = O represent the boun- 
daries of sign reversal for the function o, (¢) for the two-position 
control system, while the chained lines within the domain o& re- 
present the boundaries of the domain G;, i.e. the domain where the 


controlled processes oscillate about the line o (x) =O in the S, 
system (6.40). | 
This figure clearly indicates that when the constraint (6.5Q) is 
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introduced in the CFB loop of the S, system with the bang-bang 
COFB and dead time, the possibility of a stable asymptotic solution 
to the control problem remains. Consequently, the earlier qualitative 
conclusion on the different effects of dead time on S, systems with 
a constraint in the COFB loop and on the two-step systems remains 
valid also when additionally a constraint is imposed on the control 
in the CFB loop. 

A similar conclusion may be drawn for situations with other types 
of dynamic nonlinearity present in the control system. The respective 
substantiation is omitted here, but in our later consideration of some 
control systems the effect of inertial factors unaccounted for in the 
F,.-process model will be treated in depth. 

In what follows we shall provide an interpretation to the findings 
of the preceding paragraphs, pinpointing the different roles the 
constraints in the CFB and COFB loops play in solving the control 
problem. 

High-gain systems are inherently unstable in the presence of 
dynamic nonlinearities. Insertion of a constraint on the control 
signal may convert them into dissipative systems (with A-accurate 
control). Changing to the binary, i.e. nonlinear, control systems 
preserves the “dissipative behavior” if there is no restriction in the 
COFB loop. It is only with a restriction inserted in the COFB loop. 
that the control problem can be solved asymptotically under the 
considered conditions. A constraint in the COFB loop may therefore 
be viewed as a means, maybe not unique, enabling an asymptotic 
solution for the control problem posed by parametrically ill-defined 
dynamic systems with dynamic nonlinearities. 

In the automation of actual physical processes, the quality of 
control is always affected, to various extent, by the constraints 
imposed on control and gains, and the simplifications allowed in the 
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mathematical model of the process, therefore the conclusion drawn 
above is of principal significance. It implies that for a real process 
the control system designer should prefer nonlinear control laws. 
It is important then to identify where in the dynamic system the non- 
linearities occur—for example, due to two-position elements, as was 
the case in the earlier considered control systems—and what channel 
will be used for derivative control action. In other words, primary 
importance for the quality of control is associated now with the 
structure of the nonlinear controller and the channels it defines for 
processing the information used for control. It should be expected 
that a change in the control objective, say changing the requirement 
for an asymptotic solution to a A-accurate solution, may call for 
a considerable alteration in the structure of the controller. The 
theory of binary automatic control systems is an attempt to develop 
a practical tool for handling these problems. 

Summing-up reappraisal. Let us sum up the foregoing investigation 
and lay out the plan of our later discussion. Imagine that for an 
ill-defined #.-process, whose parameters vary arbitrarily over wide 
ranges, it is required to provide asymptotically accurate control and 
to ensure independence of the controlled processes in the closed-loop 
control system of the #, parameters. In practical applications this 
problem is aggravated by many a factor, such as constraints on the 
control signal and gains, assorted nonlinearities or inaccuracies in 
the data on the system status. These factors must be allowed for as 
they markedly affect the behavior of a real control system. 

When taken into account in a control system design these factors 
affect the choice of a feasible control algorithm. For example, the 
methods of linear control theory are not always useful in handling 
the control problem on hand, and under the specified conditions it is 
advisable to stick to nonlinear control algorithms. Unfortunately, 
no regular method so far exists for setting up nonlinear control sys- 
tems. The theory of binary control systems views as one of its goals 
the development of methods of synthesis of nonlinear control algo- 
rithms which would ensure high performance in handling ill-defined 
dynamic processes. 

Inserting a limiting element into the COFB loop of a binary con- 
trol system automatically bounds the CFB loop gains, thus setting 
the framework for solving the control problem under a constraint 
on the control in the CFB loop and in the presence of dynamic non- 
linearities. 

Analysis of binary control systems with time invariant COFB has 
indicated that the complete solution of the control problem is unat- 
tainable over the class of continuous controls. In addition, such 
control systems contain controlled processes (x!! processes) which 
present certain difficulties in establishing their dependence on the 
Ff, parameters. In this connection, binary control systems with 
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dynamic COFB laws and other types of feedback are worth consider- 
ation. Our further development will be devoted to the possibilities 
offered by this formalism. 

To conclude this section, two more remarks are in order. Since 
with the k& (u) dependence (6.6) in the CFB loop the limit value u, 


in the COFB loop can always be accounted for in assigning the gain 4, 


for convenience we shall henceforth assume that ty = 1 and & = 4°. 
Finally, we have established earlier that with a constraint (6.50) 
on control in the CFB loop, the behavior required of the closed-loop 
control system, as written in (6.51), can be provided only within 
a bounded domain (domain 2# defined in Section 5.2). In our sub- 
sequent consideration we take this fact into account, yet omit this 
domain symbol in the respective formulas and avoid special mention 
of this fact. 


6.6 Integral Coordinate-Operator Feedback 


Embarking on the dynamic laws for COFB we immediate- 
ly have to decide which of these laws is to be considered first. Obvious- 
ly, the choice of a control law should be governed by its efficiency 
in the achievement of the desired properties. We take up the integral 
laws of GOFB first. The underlying cause for this choice will be 
given below. 

Inserting the integral of error into the feedback law of a linear 
control system endows the system with the property of asymptotic 
control (or “astatism” if in the Russian literature) when subject to 
a step input y” (¢) in the block diagram of Fig. 2.5. Strictly speaking, 
this effect takes place only for stationary processes. If the controlled 
process is nonstationary and the reference input y’ (¢) is a variable 
but bounded function of time, integral feedback provides only a 
A-accurate control (or “dissipatism” if in the Russian literature on 
the subject) for the closed-loop control system. 

It will be recalled that asymptotic control implies that the con- 
trolled processes x (t) converge to the origin of the error space (phase 
or x space), whereas the A-accurate control implies that they con- 
verge to a A-neighborhood of the origin of the phase space. These 
facts may be stated in another way, namely, parametric disturbances 
in the controlled plant prevent it from being asymptotically con- 
trolled with the help of ordinary integral feedback when subjected 
to a step reference input. In this connection we may reformulate the 
problem to aim it at deriving control laws ensuring asymptotic 
control in this case as well. This problem is solvable in the class 
of binary control systems. 

Let us look at another aspect of this problem. In handling para- 
metrically ill-defined processes, say %,-processes, the control engi- 


90 Part Two. Free Motion Control 


neer strives to ensure invariable transition processes. This objective 
is central to this work as well. It will be achieved provided the con- 
trolled process, beginning from a certain time instant, is governed 
by a differential equation whose parameters can be specified at will — 
i.e., they are circuit parameters of the control system—and independ- 
ently of the controlled process parameters. This property is some- 
times read as the equations of motion of the closed-loop control 
system being independent of, or invariant to, parametric disturb- 
ances. 

For such a differential equation, often referred to as the reference 
equation, we introduce a space of parameters, the latter called the 
mz space. In this space a fixed point corresponds to a desired transient 


response. For instance, the examples taken up earlier have cx (t) + 
x(t) =O as the reference differential equation with a* = (1, c¢) 
being the corresponding point in the m space. 

The m= space formalism allows for some new concepts and defini- 
tions. When the controlled processes exactly satisfy the reference 
equation we commonly say their dynamics is independent of the 
controlled process parameters. When the behavior of controlled pro- 
cesses is governed by a differential equation close, in a certain sense, 
to the reference equation we say that their dynamics weakly depends 
on the process parameters (or that “parametrical dissipatism” takes 
place—if in the Russian literature on the subject). 

By way of example, the controlled processes x (t) € Gs are govern- 
ed by the differential equation 


ex (t) + [A + 6 ()] 2 (t) = 0 


where € (¢) is a function such that | € (¢) | < 1. 

In the m space to this equation for every ¢ there corresponds a point 
m’ = (1 + 6& (t), c). The distance from this point to the point cor- 
responding to the reference equation is || 7’ — n* || = 6|E@|< 
6. For sufficiently small 6 > O these points lie close and we can 
say that the controlled process dynamics is close to the reference 
behavior. In the phase space, however, when the controlled processes 
go stable in a neighborhood of the desired point, the origin of this 
space, we say of the control system as being A-accurately controlled 
or exhibiting “dissipatism”. It would be natural to refer to this 
“dissipative behavior’ as being of coordinate origin. Accordingly, 
given the inequality || x’ — x* || < 6 is satisfied, it is appropriate 
to speak of the system exhibiting “parametric dissipatism”. We 
recall that saying of a system being A-accurately controlled we im- 
ply an imprecise solution of the control problem, whereas being 
“narametrically dissipative’ means an inaccurate achievement of 
the desired transient behavior. 
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Finally, if for ¢ -—~ oo the parameters of the differential equation 
satisfied by the processes being controlled approach asymptotically 
the parameters of the reference equation, then we say that the con- 
trolled process dynamics is asymptotically independent of the plant 
parameters, or in the local parlance that “parametric astatism” takes 
place. To illustrate, if in the case considered above the function 
E(t) is such that lim — (t) = 0, then lim || 1’ — n* || =O and 


t+ 0c 


t—>0o 
“parametric astatism” takes place. 

The development of parametrically “astatic” control systems 
may be viewed as a method of constructing high performance control 
systems for handling parametrically ill-defined processes. Indeed, 
when all the solutions to the reference equation converge to zero 
and the control system exhibits a parametrically “astatic” behavior, 
then the control problem is solved asymptotically, yielding a tran- 
sient process dynamics close to and asymptotically approaching that 
specified. 

From this aspect it would be of interest to evaluate the possibilities 
of binary control systems with an integral law of COFB. Our hopes 
for a positive effect in such systems are fed by the following argument. 
Bang-bang control systems are known to be amenable to asymptotic 
problem solving under limited coordinate disturbances represented, 
for example, by a bounded forcing function y” (¢). For binary control 
systems with a bang-bang COFB law the controlled process behavior 
can be made independent under limited parametric disturbances. 
Changing from the bang-bang CFB law to an integral law opens the 
possibility of constructing “astatic” control systems. By analogy we 
expect that the substitution of an integral law for the bang-bang 
law in the COFB loop will yield control systems with parametrically 
“astatic” behavior in handling step variations in plant parameters. 
Another positive effect of this conversion is that the control wu (f) 
in such binary control systems becomes a continuous time function, 
as required in (6.01). 

It is worth emphasizing that for all similarity of the problems of 
ensuring coordinate and parametrically “astatic” behavior, they 
are rather different. When parametric disturbances are handled, the 
difference is caused primarily by the principally nonlinear control 
laws and systems facing the designer. 

In conclusion we notice that all the subsequent discussion will be 
devoted to the study of binary control algorithms which render a 
closed-loop control system parametrically “astatic”’, i.e. endow it 
with a response asymptotically independent of the plant parameters. 
It does not mean, of course, that control systems without this pro- 
perty are of no value. The thing is that parametrically “dissipative” 
systems, as a rule, are simpler and, therefore, more interesting for 
applications. This comparison is carried out not only because we 
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are interested in solving this problem per se. Looking ahead we may 
disclose that the desired solution will be achieved only with a con- 
figuration exploiting all types of feedback, namely, CFB, COFB, 
OFB, and OCFB. 


6.7 Integral Coordinate-Operator Feedback 
with a Constant Integration Rate 


In agreement with the adopted development plan, con- 
sider a binary control system having two types of feedback and inte- 
gral COFB. According to our previous nomenclature, we will refer 
to all such algorithms of control for the #,-process as 4,,-algorithms, 
and the associated closed-loop control systems as S,, systems. The 
transformation effected in the CFB loop will be defined as 


u(t, xr) =k(t)e (6.53) 


where é (t) is a variable and bounded coefficient. It is variable by 
means of the operator variable w (¢) as 


ky (t) = Au (t) sgn zx (t) (6.54) 


The operator variable w (¢) itself is formed in the COFB loop by 
an integral law and its differential form is 


w(t)= —asgno[x(t)} for |p(t)|<1 
= — op (Et) for |u(t)| 1, |p(t)|<1, tat) (6.90) 


Here as before o (x) represents the COFB loop error, defined in (5.1), 


namely, o (x4) = —cr — «z. 

In (6.55) a and w are some positive constants. The coefficients « 
and /° are circuit parameters of the control algorithm and can be 
selected at will; is an arbitrary, generally speaking, arbitrarily 
small number whose implication will be discussed below. 

Expressions (6.53) and (6.94), equation (6.55) and the equation 
of the #&,-process (Chapter 4) define the closed-loop S, system. We 
will refer to the entire set of these equations as the equations of S,, 
system. Upon the substitution of (6.53) and (6.54) in the %,.-process 
equation, the S, system is defined by equation (6.55) and the equation 


x(t) + az (t) x(t) + a(t) et) = —h ut) |r (|, tty (6.56) 


The control law of COFB (6.55) ensures a uniform variation of 
u (t) for | w | < 1 and prevents it from leaving the interval [—1, 1]— 
a necessary condition to observe the constraint on the CFB loop 
gain, which in this case has the form | & (t) |< k®°. The subject of 
constraints has been discussed in depth in preceding sections and will 
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Figure 6.13 


not be repeated here. It is worth recalling that such a COFB law 
forms feedback related to the class of admissible feedbacks defined 
in Chapter 6. 

The block diagram associated with the S, system under consider- 
ation is shown in Fig. 6.13. The integral-like symbol represents a 
limiting element in the law (6.95) responsible for the formation of 
the operator variable w (¢). 

From expressions (6.99) and (6.56) it follows that the S, system 
is described by differential equations with a discontinuous right- 
hand side. The discontinuities occur at o (x7) =O and |p| = 1. 
The solution to such an S, system will be understood in the sense 
of Filippov’s work [93]. The topics of whether or not the’ solution 
exists and can be continued on the entire semiaxis ¢ >t, will be 
treated here in agreement with the findings of this publication. 

The state space for the S,, system concerned is three-dimensional, 
(x (t), u (t)). Each solution is seen to consist of two functions: x (é) 
is a continuously differentiable vector function for all t >t, (con- 
trolled process), and wu (¢) is a scalar function, absolutely continuous, 
after Ref. 93, for all ¢ >7,. Particular solutions are determined by 
specifying the initial pair (@ (t)), w (f))). We will consider only those 
solutions which are generated by the initial pairs from the set V = 
{(x, w): eE Re |u| <1}, ie. for (x (to), w (t,)) € V. This fact is 
indicated in equation (6.00) by the initial condition for wu (¢). We 
will refer to such solutions of S, systems as V solutions. 

From (6.090) it will be seen that any V solution remains belonging 
to this kind for all t >tf,, and any other solution becomes a V solu- 
tion in a finite time interval. Accordingly, in what follows we may 
limit ourselves to analyzing V solutions only. 
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Let us have a closer look at the solutions defined by (6.55) and 
(6.96). We will aim our evaluation at satisfying, for some choice of 
circuit parameters in such systems, the collection of requirements 
contained in (6.51) and ensuring for asymptotic independence of 
plant parameters for system response. 

The general scheme of the investigation coincides, on the whole, 
with that we have employed above in the analysis of S,, system with 
static COFB. More specifically, it consists in securing the conditions 
for all controlled processes to be embedded, from some time instant, 
into the domain G; defined by (6.41) to remain there for all sub- 


sequent ¢. Then at sufficiently small value of 6 the behavior of the 
controlled processes is close to the performance specifications. 

The higher dimensionality of S, systems with integral COFB 
brings about a number of salient features in the investigation. Besides, 
some concepts need refinement. The principal findings of the eval- 
uation will be given in the form of statements which will be con- 
veniently formulated with the terms introduced below. It will be 
recalled that now any feedback system, S., under examination will 
be denoted by the symbol S with a subscript indicating the type of 
feedback. The definitions outlined here will be used for closed-loop 
control systems with different types of feedback. The first definition 
gives an exact specification of what is meant under the convergence 
of controlled processes to some domain G% given over the phase 
space. 

Definition 6.7-1. The set Gs is called a domain of attraction, or 
simply attracting, for an S, system if for any V solution (z (bt), 
p (¢)) of this system such that x (t)) ¢ Gz there exists a finite time 


instant ¢y such that either x (¢y) € GF or lim «& (Z) € G;. 


Because in S$, systems with dynamic COFB laws, x (t) represent 
only a part of system state variables— z (t)isa projection of V solu- 
tions onto the phase space—the domain G; in such systems is, as a 
rule, not invariant as was the case with S, systems having static 
COFB laws. It appears, however, that within Gz; some subdomains 
can be singled out so that V solutions taking off from such subdo- 
mains fail to leave Gz at all ¢. Therefore the concept of invariance of 
Gz for the S,, systems concerned should be replaced with some other 
concept. Referring to Fig. 6.14, assume that G is a subdomain of 
G; and give the following definition. 

Definition 6.7-2. The domain Gz is called G-invariant for an S, 
system at zt € [t,, t,], t, >4t,, if for its any V solution such that 
x (t,) € G we have zx (t) € Gs for all ¢ € [é,, 7¢,]. 

Remark. For the case of t, =f, and t, = oo, the time interval 
[t),, co) will be not indicated in the G invariance designation. 
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Figure 6.14 


An immediate implication of this definition is that the case of 
x(t) €G; and, hence, a close dynamic behavior of the controlled 


processes to the desired performance will take place provided the 
domain G~ is G-invariant and the controlled processes find them- 
selves in the domain G. 

For S, systems with integral COFB, it would be convenient to 
take the domain G, = {zx: o (x) = 0} for the domain G, therefore 
it would be sensible to define the conditions under which G, is a 
domain of attraction for S, systems. This problem may be reduced 
to a similar problem for VS systems. Indeed. if the controlled process 
x (t) is such that on a time interval at least 2/a long the function 
o (t) = o (x (t)) is other than zero, then in agreement with (6.55) 
u (t) at the end of this interval takes on the value w (t) = —sgn o (tf). 
Substituting this expression in (6.096) yields an equation describing 
a VS system. If the domain G, is attracting for such a VS system, it 
will be attracting for the S, system considered as well. 

The following definition introduces a concept of asomewhat strong- 
er kind than that of a domain of attraction. This rigour facilitates 
the formulations and the proofs of statements given below. 


Definition 6.7-3. The domain G, is called Q©O-attracting for a VS 
system if for any controlled process x (¢) such that x (t)) G Gy there 
exists a finite time instant ¢’ when x(t’) €G, or else lim || (¢) ||= 

t—> 0o 


It should be noted that the conditions of ©-attraction for VS 
systems are well documented in the literature on variable structure 
system, e.g., see [24, 25]. We shall employ some of these conditions 
in the ensuing consideration. 
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The study of S, systems with integral COFB in this section and 
binary systems appearing later is carried out with a uniform proce- 
dure. The ultimate goal of each system analysis is to reveal whether 
or not system’s behavior is consistent with the performance specific- 
ations contained in the definition of the complete solution to the 
control problem. The investigations will be qualitative in nature 
and consist of solving a set of principal problems as follows. 

Problem A is concerned with the asymptotic behavior of controlled 
processes x (t) € Gg where Gz is the domain defined by (6.24). 

In most cases this problem is solvable with the help of the differ- 


ential constraint x = —2z/c — o/c and the inequality |o |< 6 | z} 
valid subject to x (t) € Gs. We remark that the controlled processes 
in this problem were referred to above as x! processes as for the cons- 
tant parameter 6 > O being sufficiently small the behavior of x! 
processes is close to the desired performance corresponding to the 
value 6 = 0. 

Problem B establishes the property of G invariance of the domain 
G 5. 

This problem occurs from the fact that for binary control systems 
with dynamic COFB laws the domain Gs, is, as a rule, no longer 
invariant. Accordingly, it is required to determine a domain G €G;j 
which would ensure a conditional invariance of Gs; this was defined 
above as G invariance. It is worth noting that this problem is more 
intimately connected with the control algorithm used and its solu- 
tion establishes the principal relationships necessary for selecting 
the circuit parameters of the system. 

Problem C determines conditions for the domain G, to be attract- 
ing. 

The solution of this problem enables all the controlled processes 
to be divided in two families: x! (t) and x!! (t) processes. The former 
reach Gs in a finite time interval (more accurately, they reach G) 
and remain there (if Problem Bb is solved) subsequently. The latter 
satisfy the inequality 6 | z (¢) | > |o (¢) |, i.e. x!! (t) G5, begin- 
ning from a certain time and the thing that matters is that in the 
limit these processes converge to a certain point of Gs. 

Problem D is to study the asymptotic behavior of x!! processes 
and establish conditions when tim || ett (¢) |] = O. 


The solution to this problem, along with the solution of Problem A, 
warrants the convergence of all controlled processes in the system 
to the origin of the phase space. 

Problem E evaluates the behavior of controlled processes in the 
vicinity of the point O,. 

The solution of this problem establishes the stability of this 
point, or provides an bound of the neighborhood where all con- 
trolled processes go stable. 
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Problem F is to investigate the dependence of controlled process 
behavior on the #., parameters and reveal how much this behavior 
is influenced by the system’s circuit parameters. 

The major objective of the study in this case is to establish whether 
the system is “parametrically astatic” or “dissipative”, i.e. whether 
the system response is asymptotically independent of, or weakly 
depends on, plant parameters. The properties of controlled processes 
established in this procedure are specific for each type of binary 
control algorithm. 

In what follows we will refer to the solution of the aforementioned 
set of problems as the qualitative investigation of the control system. 
For binary control systems with dynamic COFB laws, such an in- 
vestigation is sensible if there is no way to maintain the equality 
o (t) = o (x (t)) = O exactly beginning from a certain time instant. 
Above we have noticed this fact, now we wish to prove it. 


Let us put down the expression for o (x (¢)). Omitting the algebraic 
manipulations involved and the argument ¢ for the time functions 
we reproduce the final expression for this derivative 


o— (“8 —ca,) c+ chp |o| (6.97) 


The right-hand side of this expression is piecewise continuous and 
therefore the identity o (¢) = 0 holds on a certain time interval 
provided that 


__ 1 Cag— 1 
w= ty (=! ca,) sgn 2 


= _ Cay — 1 


The #,. parameters a, and a, are, however, unknown and vary with 
time, therefore such an equality, in general, cannot be effected with 
a COFB law such as (6.99) at a finite a at all moments of time. Hence, 
there is no way of keeping the equality o (¢) = O in this S, system 
and therefore it makes sense to speak of its approximation. In this 
text, this approximation is understood as satisfying the inequality 
|o (¢)|<(6|2x(¢t) | at a sufficiently small positive constant 6. 
It will be noted that this inequality is equivalent to the fact that 
x (t) € Gs. If the parameter 6 is allowed to be selected at will, then 
assuming it being sufficiently small we can draw the behavior of 
the controlled processes close to the required performance outlined 
in (6.01). Having finished with these remarks we go over to a quali- 
tative investigation of the S, system with integral COFB. 
Problem A. Recall that it is concerned with the convergence of 
the controlled processes x (t) CG, to the point O,. As mentioned 
above, in &#,-process control this problem is solved with the help 


of the differential constraint x = —2z/c — o/c and the inequality 


|o | <6 |z|. Actually, we have already tackled such problems, 
see, e.g., expressions (6.31) and (6.32). Since we shall make numerous 
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references to the respective result, for convenience it will be repro- 
duced in the form of a statement as follows. 

Theorem 6.7-1. Let x (4) €G, for a V solution (zx (é), wu (¢)) for 
t in [t,, t.], t. >t, >t). Then for this V solution at ¢ € [¢,, ¢,] and 
a constant c > 0 


| w(t) || <AFEF® |] x (ty) Ilexp | —-—" 4) | (6.58) 


The proof of this theorem is based on the Grownwall-Bellman 
inequality and is actually carried out in Section 6.3. The inequality 
(6.58) comprising the key subject of Theorem 6.7-1, aids in estab- 
lishing the convergence to O, of those controlled processes which 
belong to Gg. 

Corollary 6.7-1. Let under the conditions of Theorem 6.7-1 t, = 
co and 


0Ox<db<il (6.59) 
then lim | x () || = 0. 


The ‘proof for this corollary immediately follows from the bound 
(6.58) subject to (6.59). 

For the S, system under investigation, the controlled processes 
converge to O, if x (t) € Gs. Conditions for this to take place are 
outlined below. 

Problem B. Because for the S, system it is allowable to take the 
domain G, = {x: o (xz) = 0} for the domain G involved in the 
definition of G invariance for G5, the sufficient conditions for x (t) € 
G.s are given by the following statement. 


Theorem 6.7-2. Let for the S, system described by equations 
(6.55) and (6.96) be given 0< 5 <i, c >), 


k® > sup | a,—a, ——— ares 1 (—="=)" | (6.60) 


t>to 
for all |&|=41, and 
2 1+6 1+6& \2 
> | 4+ sup a,—a, 1°54 (+*%5 | | (6.61) 


t>1o 
for all € with | |< 1. Then the domain G, is G, invariant for 
this S, system. 

This theorem establishes the lower bounds for the gains in the 
CFB and COFB loops such that retain every controlled process once 
appeared in G, (i.e. on the line o (x) = O) in the domain G, in all 
subsequent variations. It is in order to remark that the right-hand 
sides in (6.60) and (6.61) can be readily computed once the bounds 
for the variation ranges of &, parameters a, and a, are given. Now 
we present the complete proof for this theorem. 


6 Coordinate-Operator Feedback 99 


Proof. Consider a V solution (x (¢), uw (¢)) of the S, system (6.55) 
and (6.56) for t >t). Let at a time instant ¢, > ¢, for this solution 
o (x (t,)) = 0 as required in the theorem statement. Examine the 
subsequent behavior of such a solution. If at ¢ € [t,, ¢, + A] (A is a 
positive number) this V solution has the form (O,, wu (¢)), where 
u (t) is any absolutely continuous function with | pw (ft) |< 1 and 


almost everywhere in the interval [¢,, ¢; + A] there holds | u (t) |< 
a, then this is an ordinary solution understood in Filippov’s sense 
[93], which according to the equation of motion for S,, system pre- 
serves the form (O,, w (t)) for all ¢ > t,. Because O,, € Gs this implies 
that for the V solution examined z (t) € Gs. 

Consider now an arbitrary V solution (z# (t), u (t)) for which 
o (x (t,)) = 0, but now z (t,) # O,, then it is quite obvious that 
for this V solution x (t)  O, for all t >1,. Assume that for the 
chosen V solution there exists a time instant t’ > t, when the con- 
trolled processes reaches the boundary of Gz, i.e. x (t’) € 0Gs, where 
0G, is the boundary of G, defined as 


0Gs = {x : [ot (x) = 0] U [07 (x) =0)]; ot =o—4 | z |. 
o=o+d|z]} (6.62) 


Under this assumption, prior to t’ there exists a time instant 
t’ >> t, such that o (# (t,)) = 0 and the function o («# (¢)) retains 
its sign for ¢ in [¢,, t’]. Without any loss of generality let, for definite- 
ness, o (x (t)) >O for ¢ € (é,, t’]. We wish to demonstrate that 
u (t’) = —1. Suppose it is not true, say p(t’) > —1. Then from 
equation (6.55) of the S,, system there follows t’ — t; < 2/a. Let us 
look, under this assumption, at the variation of A (t) = o (x (t))/ 
5 | x(t) | along the V solution considered over the time interval 
from ¢t, to ¢’. The function A (¢) represents the instantaneous slope 
of the straight line passing through point x (¢) and the origin of the 
phase space. Given zx (t) € Gs, the function A (¢), as follows from its 
definition, satisfies | A (¢)|<(1, with |A | =1 being valid only 
for x € 0Gs5. 

Let us convince ourselves that A (¢) is defined and continuous on 
the considered time interval (¢,, t’]. If for some t” € (t', t’] x (t”) = 
QO, then in view of o (¢t) < 6 | x (t) | we have also o (¢”) = 0 on this 


interval. Then, because o = —(cx + x) and x(t") =O, the V 
solution considered has the form (O,., wu (¢)), but such solutions have 
already been examined in the first part of the proof and excluded 
by the initial assumption in the second part of the proof. Hence, 
observing A (¢;) = 0, we get 


(to (t)—4(t) 8 | x(t)" 
N= See 


7T* 
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or upon invoking the equation of S,, system dynamics and some 
Straightforward algebra 


t C {+ 6) sen x 
dV (t)= Ve ‘ea | ay— a, 6 


| (4£ 9" Sen 2 Sen? "] son x + ck? u/s} dt (6.63) 
Cc 

Designate § = A sgn z. Observing that for r€Gs, |&|<1 we 
perform absolute value estimations in the integrand of (6.63) and 
recognizing (6.61) arrive at the inequality A (¢) < (¢ — #,) a/2 
valid for all ¢ in [t,, t’]. Since we have established above that t’ — 
t, << 2/a, then for all ¢ € [t,, t’] 4 (t) <1 contrary to the assumption 
of x(t’) € 0G, when A(t’) =1. This contradiction proves that 
p(t’) = —1. 

Now let x (t’) be the value of the controlled process corresponding 
to the considered V solution belonging to the boundary of Gz, i.e. 
ot (x (t’)) = 0. Observing that wu (t’) = —1, as established above, 
we wish to demonstrate that such controlled process cannot leave Gs. 

The derivative of the function o+ (x (¢)) subject to o+ (x) = O has 
the form 


° 2 
Gt | gto =e [ a, —ag APO Sens 4. ( eo Sens | ] r 


+ chu | z | (6.64) 


Let |t’, t”] be a time interval such that for any ¢ in this interval 
o (x (t)) > 0. Then, in agreement with (6.55), u(t) = —1 on this 
interval. Observing this fact and the inequality (6.60) on the right- 


hand side of (6.64) we get ot <0, hence the controlled process 
x (t) cannot enter the domain ot (xz) > O from the line ot (x) = 0 
for t >t’. This implies that for all t >t’ zx (t) € {z: [o (x) > O01 N 
[o+ (x) < OJ}, so that for allt t' x (t) € Gg, or there exists a time 
t, when o (x (¢,)) = O. Considering 7, as an initial time instant we 
repeat the above argument as many times as necessary. Therefore, 
under the conditions of the theorem zx (¢) € Gs» for all ¢ >4#,, and 
hence the domain G, is G, invariant. Q.E.D. 

To summarize, given the inequalities stated in Theorem 6.7-2 
are satisfied, every controlled process of S, system with integral 
COFB once finding itself in G) = {x: o (x) = 0} subsequently 
belongs to Gs. If additionally the conditions of Theorem 6.7-1 
and Corollary 6.7-1 are met, then these controlled processes converge 
to the origin of the phase space and the exponential estimate (6.58) 
is valid for these processes. In order that these facts take place, 
however, we need to ensure conditions warranting the arrival of 
controlled processes in G,. These conditions are defined below. 
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Problems C and D. Here we establish conditions under which the 
domain G, is attracting for the S, system (6.55)-(6.56), x1 processes 
achieve G, inafinite time, and x!! processes asymptotically approach 
the point O,. All results will be formulated in terms of Defini- 
tions 6.7-1 through 6.7-3 introduced above. 

Let us evaluate first the conditions for Gs to be a domain of attrac- 
tion. For this purpose we use the equation of the VS system corre- 
sponding to the considered S,, system (6.55)-(6.56); recall that the 
relation between these systems have been evaluated earlier. The 
equation of motion for the VS system is as follows: 


x(t) + ay (t)@ (t) + a, (ft) z(t) = | x(t) | sgno (i), t > ty (6.65) 

The theorem to be given below establishes a relationship between 
the O-attraction of G, for the VS system and the G;-attraction for 
the S, system thereby reducing the solution of the G,-attraction 
problem to a simpler problem of the ©-attraction for the VS system. 


Theorem 6.7-3. Let the domain G, be ©-attracting for the VS 
system (6.65), then the domain Gs, is attracting for the S, system 
(6.55)-(6.96). 

Proof. Consider for ¢ >t, an arbitrary V solution (z (¢), w (Z)) 
to the S, system (6.509)-(6.56) and assume that the projection of 
this V solution onto Ri is x (t) Gs. Then, in view of (6.55), in a 
time interval at most 2/a long, i.e. for ¢ >t, + 2/a the controlled 
process considered is defined by the solution of equation (6.65). 

According to Definition 6.7-3, there is the following alternative 
for the solutions of equation (6.60): either there exists a finite time 


instant t when zx (t) EG, or else tim. | x (¢) || = O. Without any 


loss of generality assume, for definiteness, that zx (t) €G§ = {a: 
ot (x) > 0} and examine how the function 


ot (x (t)) = o (# (f)) — 6 | z () | (6.66) 


varies along the solutions of the VS system. If the first part of the 

alternative is true, then, as can be seen from (6.66), there exists 

another time instant ¢, << ¢ such that ot (@ (¢,)) = 0. If x (¢) is 

such that lim || (¢) || = O and for all ¢ >f, the function o+ (¢) 
[—>oo 


retains its sign, i.e. o* (x (¢)) > O, then in view of O, € Gs we have 
for such processes lim x (t) E Gs. This implies that the domain 


G,s is attracting, which proves the theorem. 

Thus everything has reduced to the conditions that ensure the 
©O-attraction of G, for the VS system. Various versions of the respec- 
tive conditions have been considered in the theory of automatic 
control systems with variable structure (see, e.g., Refs. 24, 25). 
To complete the discussion we provide another theorem concerning 
the sufficient conditions for QO-attraction. 
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Theorem 6.7-4. Let for a constant c >O and — = O there hold 
(6.60) and the inequality 
inf ca, (t) >1 (6.67) 
t=l9 
Then the domain G, is O-attracting for the VS system (6.65). 

It is to be noted that the condition (6.67) is sufficient and narrows 
the class of &,-processes for which the property of G,-attraction is 
ensured. This inequality will be employed below to simplify certain 
considerations for this case. Where the inequality (6.67) is no longer 


valid, one may resort to other conditions, presented, for example in 
Refs. 24, 205. 


Proof. Consider for t > ft, an arbitrary solution x (t) = (2 (¢), x (¢)) 
of equation (6.65) subject to the initial condition z (£,) ¢ G). Assume 
for definiteness that o (x (¢,)) > 0. With (6.65) it is not hard to see 
that along this solution the variation of o (¢) may be defined as 
Cao—1 o—( Cay —i1 

C 


C 


c= — —cay | x—ck® |x|, t>t (6.68) 


Analysis of (6.68) indicates that for ¢ >¢, under the above assump- 


tion on the sign of o (t) the derivative o (t) < O provided the con- 
ditions of Theorem 6.7-4 are met. Hence, two possibilities exist, 
namely, there will be found a time constant t’ when o (t’) = 0, or 
else o (t) ~ 0 as t—> oo. The first case corresponds to O-attraction. 
In what follows we wish to demonstrate that if the other alternative 
is realized then x (¢) ~ O, as t > oo and, consequently, the domain 
G, is O-attracting. The convergence to zero will not be established 
directly from (6.68) although such a possibility does exist. Instead 
we demonstrate this convergence indirectly with the help of the 
differential constraint (6.30) and a well known statement which is 
contained in many papers and is quoted below for convenience of 
further reference. 


Lemma 6.7-1. Let for ¢ >t, and c > 0 
° 1 1 
x (t)= —— x (t)—— x (4) 


and the continuous function y (ft) >O as t— oo. Then for any 
x (to) 


lim x (t) = lim z(t) = 0 
t— oo t—> 00 

Proof. For t >t, and an initial condition x) = z (é,) the solution 
to the above equation has the form 


x (t) = xp exp (——} 4 \ i x(t) exp (— —— dt 


c 6 
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so that we have for t > f, 


| x(t) | < | ao lexp(—-L) +2 |" I x(x) lexp(—*) ae (6.69) 


Cc 


Let ¢ be an arbitrary, fixed positive number, however small. It is 
quite obvious that there exists a time instant ¢, (¢) such that for all 
t >t, (e) | rz | exp (—#/c) < &/2. Let us represent the integral 


\, y(t) exp (t/c) dt 


as a sum of two integrals J, + /., where /, is taken from ¢, to f, 
and J, is taken from ¢, to ¢, the integrand being the same. Here 
t, = ft, (e) is such that for all ¢ >¢, | y (t) | < 8/4. It is quite clear 
that such a ¢, does exist and the integral J, is bounded by a number 
I(e), ie., Jy <1 (e)< o. For f, we get the following bound 
valid for all ¢ > tf, (eg): 


Ile< =- c (et/¢ — et 2/C) 


Let now t, = ¢t, (€) be a time instant such that for all? >f, 
i 

Considering (6.69) for ¢ > max {t, (e), t, (e), t, (e)}, we obtain 
that | z(t) |< e, and, consequently, lim xz (¢) = 0. In this case 


° t—>oo . 
the equation x = —2z/c — y/c yields lim x (t) = O, thus proving 
t—>0o 


the lemma. 

Application of Lemma 6.7-1 for the analysis of those solutions 
which realize the second possibility (o (¢) ~ 0 as t ~ oo) of Theorem 
6.7-4 establishes that for the respective controlled processes x (t) = 


[x (¢), x (t)]T there holds lim zx (t) = O, € Gy. Therefore, the domain 
t-» co 


G, is O-attracting for the VS system. Q.E.D. 

By way of comment to Theorems 6.7-3 and 6.7-4 we note that 
under the conditions of these theorems and the relations between the 
Ff, parameters and those of the control algorithm, all controlled 
processes x (t) in the S, system considered may be divided into 
two families, namely those of x! (t) and zx!! (t) processes. For the 
z'! processes, the above considerations ensure, generally speaking, 
only the fact that lim || x! (¢) || = 0. It is noteworthy that for 

t—>-0o 


each z!! process there exists a finite time instant from which 
5 | xt! (¢t) | < |o (xt! (¢)) |. This implies that such controlled pro- 
cesses do not belong to Gs from some time instant. It is not hard to 
see that this inequality is helpful in establishing the convergence to 
zero of x'! processes without recourse to the fact established in 
Lemma 6.7-1. 
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For each x! process, a finite time instant ¢’ is ensured when the 
process reaches Gs. Under the circumstances either uw (t’) = 
—sgn o (t’), or prior to t’ such a controlled process appears in Gp. 
It can be readily demonstrated that in fact all x! processes attain 
G, in a finite time, and it is this fact that is required in the con- 
ditions of Theorem 6.7-3 to ensure that x (t) € Gs. For the said time 
interval At = ¢, — ¢ where ?¢, is a time instant when for some z! 
process belonging to Gs the equality o (x (¢,)) =O holds for the 
first time, the estimate from above is the quantity 6/czx, i.e. for 
any such controlled process 


At < 6/cx (6.70) 
where 7 
x =k —k9 >0 (6.71) 


Here the constant k° is computed with the system parameters as 


j= max sup a,—a,(——** | -- =) (6.72) 


|S [<1 tet 


To prove the validity of the estimate (6.70) consider the “worst” 
situation with the controlled process at ¢ = t’ being at the boundary 
0G. of the domain Gs. For detiniteness we assume that this boundary 
is the domain Gt (x) = 0. 

Put down for this case the equation describing the variation of 
the function A (t) = o (t)/6 | x (t) | for the considered process at 
t >t’ observing that, by assumption, A (t’) = 1. After elementary 
algebra we arrive, similarly to (6.63), at 


A(t) =1+— \" [(a,— af + C7) sgn x— hk] dt (6.73) 


where € = (1 + 6&)/ec and € = &€ (t) = A(t) sgn z (t). Given (6.71) 
is met, the integrand in (6.73) is negative, therefore, using the expres- 
sion for x from (6.71) we arrive at the following bound: 

A(t) <1 — (t — 0’) cx/6 

Observing that for o = O by definition 4 (x) = O, we readily obtain 
from this inequality the desired estimate (6.70). 

The foregoing considerations suggest the following assertion con- 
cerning the properties of controlled processes in the S, system 
(6.55)-(6.56). 

Theorem 6.7-5. Let for the S, system (6.55)-(6.56) at constant 
c > 0 the relationships (6.59), (6.61), (6.67) and (6.71) be met. Then 
all controlled processes x (¢) in such a system divide themselves in 
two types of processes, x! (¢) and z!! (¢) processes. Beginning from 
a certain time x! (ft) € Gs the estimate (6.58) holds for them also. 
Likewise, from some time instant z!! (t) €G,s and lim || x!! (¢) || = 

t—00 


= Q. 
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This theorem pinpoints the sufficient conditions that ensure the 
convergence to O, of all controlled processes in the S, system witk 
integral COFB at any values of &, parameters and any laws of their 
variation within (4.2). In accord with the earlier introduced ter- 
minology this implies that the #,-process is 4, controlled with the 
control algorithm (6.53)-(6.55) provided (6.67) is satisfied. 

The theorem also brings forth those controlled processes whose 
dynamics is close to the specified performance. We shall evaluate 
this topic in more detail in Problem F below. At the moment we 
demonstrate that the #,-process is steady #4, controlled under the 
conditions stated in Theorem 6.7-o. 

Problem E. According to the aforestated definition, the &,.-process 
is steady #4, controlled if for all controlled processes in the S 
system (6.55)-(6.56) the bound (4.4a) is valid. We shall formulate 
this result in the form of a lemma yielding an expression for the 
constant N in the bound (4.4a). 


Lemma 6.7-2. If all the conditions of Theorem 6.7-5 are met, 
then for every controlled process of the S, system (6.55)-(6.56) for 
t >t, 


1+6 2 
| & (t) || <B(—S*) exp (2P/ar) |] a (to) | (6.74) 
where 
P= max [sup | a; (t)+&# |, sup (1+ | a (2) |) 
lEJ<1 tet t2to 


It is worth noting that the bound (6.74) coincides with (4.4a) 
for 


N= = (-te+s\" exp (2P/a) 


Proof. Consider for ¢ > t, an arbitrary V solution to the S,, system 
for which |] z (¢,) || = 7, where r is some positive number. Let us 
estimate the variation of || zx (é) || on the interval [t,, t, + 2/al]. 


Introducing the state coordinates zx, (t) = x(t) and z, (t) = x (t) 
carries equation (6.56) to the form 


x, (t) = 2p (t) 


Xo (t) = —4, (t) t, (t) — ag (t) Le (t) — Ap (Ef) | z (d) |, t & ty (6.75) 
or in a vector-matrix form 


x(t)=A(t)\x(t)—bM)K()pMar(t, t>ty 
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where 


v-[ oy hl: #0-L) 

—a,(t) —a,(t) { 

and k(t) = [k° sgn z, (t), O]. 

We rewrite this equation in a more compact form 
x(t)=A,(t)a(t), t> ty (6.76) 
where A, (t)=A (t)— 0 (4) k(t) yw (6). 


Equation (6.76) is equivalent to the integral equation 
x(t) = \" A, (t)x(t)dt+r(t), toot, 


Assuming P = sup || A, (¢) ||—here the matrix norm is induced 
{lq 


by the vector norm being considered—and conducting norm-esti- 
mation in the integral equation we get 


le @ <x) N+P )) e(ildt, tt 


Invoking the Gronwall-Bellman inequality and substituting the 
value t<.t’ = t, + 2/a leads us to the estimate 


{i (2) || <I] @ (£9) |] eP ~t9 <I| x (fp) |] ef /% = reek /™ (6.77) 


which is valid for any controlled process x (¢) for all ¢ € [t), é’]. 
For the point x (¢’) two positions are possible in Rx, namely, 
(1) x (t’) € Gs, and (2) x (t’)¢ Gs. In case (1) by Theorem 6.7-5 
x (t) € Gg for allt > t’ so that the estimate (6.58) is valid and hence 
| 2 (t) || < || x (@’) || 4 + ¢ + 8)/c for ¢ >t’. Making use of (6.77) 
in this inequality yields for such controlled processes the bound 


{| & (2) |< EES? rexp (2P/a), tat (6.78) 


In case (2), uw (t’) = —sgn o (t’) and under the conditions stated 
in Lemma 6.7-2 the function | o (¢t) | vanishes along the considered 
V solution, i.e., | o (t) |< | o (t’) | for ¢ >’. The controlled pro- 
cess under study «x (t) for t >?’ can belong either to the first type 
(x! process) or to the second type (x!! process). If it belongs to the 
second type, then x!! (t)4G, and consequently for all t¢>U0’ 
5 | #1! (t) |< | o (¢) |. Then the use of the differential constraint 


x = —xz/c — o (t)/c leads for t >t’ to the following sequence of 
inequalities: 


el (2) |] = [att (2) | +) a @) |<-=* Ja (H | +218] 


Cc 


<|5(t)|(14+6+0e)/c 


6 Coordinate-Operator Feedback 107 


We strengthen this inequality with account of (6.77), the fact 
that |o (ft) |<. |o(t’) | for ¢>2#’, and that always |o (t’) |< 
Cm || x (t’) ||, where c,, = max (1, c). This results in the bound 


i] et (t)||<reg 2 T* exp(2P/a), t>t, (6.79) 


Now if in case (2) the controlled process belongs to the x1 family, 
it takes a finite time to reach the boundary of Gg, i.e., x! (t") € 0G» 
at some t”. Since «!! (t) 4G, for ¢ in [t’, t"], then d|zx!' (t) |< 
|o (t) | on this interval and, therefore, the bound || z! (¢) ||< 
[| x (¢’) |] em (4 + 6 +. c)/c proved above is valid for all ¢ in [t’, é’]. 
According to Theorem 6.7-5 the process under investigation x! (¢) € 
G, for t >t", so that for this process the inequality (6.58) is valid 
for ¢; = t” and t >t”. The account of this fact and the inequality 
established above leads us to conclude that for all ¢ >?’ 


™ (2) |] <a (FY 2) | 


We conclude the derivation of the bound for the x! processes 
considered for ¢ >t, by observing (6.77) in the expression just 
obtained to get 


lai |< (-Fe* )" exp (2P/a), tt, (6.80) 
From the bounds (6.78)-(6.80) the bound immediately follows 


{| 2 (t) || <r 2 (rere \" exp(2P/a), t>t, (6.84) 


that is valid for every controlled process of the S,, system being 
considered. 

Now we note that at any ¢, for the vector norm adopted in this 
work, 


| Ay (2) |] = max | max | ay (4) + £4? |, 1+ | a2 (2) I 


therefore, the number P may be defined as 


P=max [sup | a,(t)+&k° |, sup (1+ [a2 (¢) | )] 


[Sil teYpto 


This concludes the proof of Lemma 6.7-2. 

To summarize, the conducted evaluation of solutions to the S, 
system (6.00)-(6. 56) suggests that given the conditions of Theorem 
6.7-5 are met the &,-process is steady #, controlled and for the zx! 
processes only the exponential bound (6.58) can be warranted 
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beginning from a certain time instant. Therefore, for all controlled 
processes in an S, system with integral COFB subject to (6.67) 


PCC 44 For los (<=2=* )" exp (2P/a) } (6.82) 


Comparison of this expression with (6.51) indicates that the pro- 
perties of the S, system (6.55)-(6.56) differ markedly from those 
required. The difference between (6.51) and (6.82) suggests that at 
finite values of system structural parameters the earlier formulated 
problem of attaining asymptotic insensitivity of system dynamics 
with respect to parametric perturbations cannot be solved by em- 
ploying an integral control law in the COFB loop. 

Confining ourselves to the consideration of the first-type processes, 
we may speak of weakly parametrically dependent dynamics achieved 
in such an S, system, or parametric “dissipatism” in accord with the 
definition given in Section 6.6. To illustrate, the ideal motion is 


characterized by the equation cx (t) + x(t) =O and the point 
1, = (1, c) in the parameter space x characterizes this ideal motion. 
In the S, system (6.55)-(6.06), the motion over the phase space for 


x (t) € Gs is described by the equation cx (t) + x (t) = —6aA (t) zx (8), 
where A (¢) is a function vanishing as f ~ oo and such that | A (t) |< 
1. To the last equation at every ¢ there corresponds a point a, = 
(1 + 6A (t), c) in the m space. The distance between points x, and 
mt, in terms of the adopted norm is given as 


Ax = || % — ms ||<6 (6.83) 


Since ins general A (¢) does not go to zero as tf — oo, the function 
ma (t) fail to converge to the point a) and what can be ensured is 
only (6.83). It would be natural to interpret this inequality as the 
presence in S, system dynamics of a weak parametric dependence, 
“dissipatism”, characterized by a quantity never exceeding the 
constant 6. Therefore, the properties of the controlled processes in 
the S, system (6.55)-(6.56) differ from the required performance. 

A quantitative insight into the behavior of controlled processes 
in the S, system concerned can be obtained from Fig. 6.15 which 
depicts the projections of V solutions onto Rx for some fixed values 
of #, parameters a, and a, from (4.2). 

Problem F. Here we are going to consider in more detail the 
dependence of the dynamic properties of controlled processes upon 
the &, parameters and the control algorithm parameters. To begin 
with, we note that z!! processes depend considerably on the #&, 
parameters a, (¢) and a, (¢) and, in general, it is a profound task to 
draw any conclusions on their properties except for lim || #!! (¢) || = 


{—>0oo 
O. For x! processes, the effect of parametric disturbances in a, (t) 
and a, (t) on their properties from some time instant is characterized 
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by inequality (6.83) and with a sufficiently small structural para- 
meter 6 the dynamic behavior of these processes can be made arbit- 
rarily weakly dependent on a, (¢) and a, (¢) and close to the desired 
dynamic performance. Therefore, in the S, system considered the 
asymptotic independence with respect to bounded parametric dis- 
turbances can be achieved only for x! processes by letting 5 go 
to zero. When 6 tends to zero, however, the coefficient a~@ in the COFB 
loop grows to infinity as suggested by (6.61). This implies that in 
the limit of a = oo the w (¢) generation law becomes a bang-bang 
law. As a result, the S, system with an integral COFB law becomes 
an S, system with a bang-bang COFB law, or a VS system. The 
properties of such systems have been discussed in Section 6.4 where 
it has been noted that their behavior does not meet the performance 
specifications because the control action does not belong to the class 
of continuous time functions. Consequently, the parameter 6 should 
be selected other than zero and such that would ensure the specified 
approximation of the controlled process behavior to the required 
performance. 

To conclude the topic we recognize that integral COFB is not 
a means to secure asymptotically accurate control under jumpwise 
variation of controlled-process parameters. This feedback is capable 
of providing only a low sensitivity to parametric disturbances, whose 
magnitude can be selected at will. From this aspect it seems worth- 
while to seek for such means and control laws which would warrant 
asymptotic insensitivity to parameters in the class of controls in 
question. We shall discuss such control algorithms in Chapter 8. 
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6.8 Inertial Coordinate-Operator Feedback 


In the foregoing sections we demonstrated that integral 
COFB is generally incapable of providing a closed-loop control 
system with dynamics asymptotically independent of parametric 
disturbances. The discussion of methods warranting this result is 
reserved until later chapters. This section will be devoted to the 
evaluation of COFB laws aimed at improving certain properties of 
binary control systems. These control laws attract some interest 
as they enable the properties of a closed-loop control system to be 
driven arbitrarily close to the specified system performance. 

Binary control systems with integral COFB (6.55) may experience 
a sliding mode on the manifold | w | = 1 where the right-hand side 
of equation (6.00), defining the differential law of wu (¢) variation, 
suffers discontinuities. Such sliding modes occur in the loops other 
than the primary (CFB) loop, hence the constraints imposed on their 
characteristics are less severe than those imposed on sliding modes 
in the primary loop. 

Notwithstanding this advantage, there exist a number of reasons 
which make the occurrence of sliding modes in other loops fairly 
disadvantageous. One of the reasons is due to the lack of suitable 
numerical integration techniques for the derivative systems with 
sliding modes. Therefore, the implementation of control algorithms 
such as (6.94) and (6.00) with the on-off element technology may 
face certain difficulties. It would be interesting in this connection 
to evaluate also the COFB laws that retain the above-established 
properties for the S, systems (6.00)-(6.06) while no sliding modes 
occur. 

A first of such laws we are going to consider is one with inertial 
coordinate-operator feedback. The generation of the operator variable 
u(t) is governed by the equation 


u(t) = —a {u (t) + sgn o(e ())},  t> ty (6.84) 


where, as before, o (x) = —cx,c = (1, c) and @ is a positive constant 
representing a structural parameter of the algorithm. 

The closed-loop control system with such COFB, denoted as before 
by S,, is given by equation (6.06) and (6.84). The block diagram 
representing an S, system with inertial COFB in which the function 
k (u (t)) is defined by relationships (6.53)-(6.54) is depicted in 
Fig. 6.16. 

The solutions to the S, system (6.56), (6.84) occur as pairs of 
functions (z (t), uw (t)). These solutions are understood in the same 
sense as in Section 6.7. It is an easy matter to verify that any solution 
(x (t), uw (£)) generated by arbitrary initial conditions (x), wo) exists 
for all ¢ > fy. 
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Amidst all solutions of the S, system (6.56), (6. 84) we single out 
the V solutions, corresponding to the initial conditions from the set 
V = {(a, wp): « € R?, |u| <1}, and the V’ solutions generated by 
the initial conditions from the set V’ = {(x, pw): x € R?, | uw | < 1}. 
Analysis of equation (6.84) indicates that any V solution (V" solution) 
remains such for all ¢ > ¢,. Since in this case | u (tf) |< 1 fort >t, 
then the condition | (u) |< A® holds, and hence the required 
limitation of the CFB loop gain takes place. 

Our further investigation of the properties of the S, system (6.56), 
(6.84) will be confined to the study of V’ solutions only. This restric- 
tion is due to the fact that under the conditions stated below any 
solution (x (Z), UL (t)) of such an S, system appears, in a finite time, 
in the class of V’ solutions, or else for such solution lim || z (¢) || = 0. 


We note also that Definitions 6.7-1 and 6.7-2 will ‘be used in this. 
section along with the term V solutions being replaced with V’ 
solutions in their context. 

We begin our investigation into the properties of solutions to the 
S,, system with inertial COFB by noting that for its V’ solutions the 
exact fulfillment of o (x (¢t)) =O, generally speaking, cannot be 
accurately kept at a finite value of the parameter a, in much the 
same way as is the case with the S, system with integral COFB in- 
vestigated in the preceding section. This assertion can be easily 
verified by analysis—this will be valid for the S,, system concerned 


as well—of (6.57) for o (x (¢)) computed for some V’ solution. There- 
fore, for S,, systems with inertial COFB we may speak only of approx- 
imate fulfillment of the above equality. In what follows this approx- 
imation will be understood, as before, in the sense of z (t) € Ge. 
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beginning with some time instant for a V’ solution (x (¢), wu (¢)) of 
the S, system (6.56), (6.84) at a sufficiently small value of the 
parameter 6, where Gg is defined by relationships (6.41). With such 
an approach, the problem of qualitative investigation into the S,, 
system behavior reduces to solving the set of Problems A-F formu- 
lated in the previous section. 

First of all we are bound to note that the solution of Problem A, 
devoted to the asymptotic behavior of the phase-plane projections 
of those solutions for which zx (t) € Gs, is not connected with the 
type of control algorithm being employed. Therefore, for the S, 
system (6.06), (6.84) this problem is also solved by way of Theorem 
6.7-1 and Corollary 6.7-1, and, of course, in this case also the estimate 
(6.58) is valid for the norms of controlled processes under investi- 
gation. 

Problem 6. Some specific features of the S,, system being analyzed 
manifest themselves in solving Problem B focused on the evaluation 
of the conditions ensuring x (t) € Gs for some V’ solutions. Therefore, 
we display the solution of this problem in depth. The principal result 
for this case is contained in the following statement. 

Theorem 6.8-1. Let 2 be a number between zero and unity and for 
the S,, system (6.56), (6.84) 


k° > k9/(14—h) (6.85) 

where 

k® = max sup | a, (t)—ay(t) 6+? | (6.86) 
|Ej=1 tet 

a> = (k? +f) In = (6.87) 


where € = (1 + 6&)/c, and k° is defined by (6.72). Then the domain 
Gs is Gy) invariant for such an S, system. 


It will be recalled that G, is the set of points satisfying o (x) = 0. 
Theorem 6.8-1 asserts that given (6.85) and (6.87) any V’ solution 
that takes off from the line o (x) = O will not leave its neighborhood, 
the domain Gz, at all subsequent f. 

The constant h appearing in the conditions of Theorem 6.8-1 
may be selected at will. It is remarkable, however, that as this 
constant increases so does the CFB loop gain while the COFB loop 
gain decreases. This implies that the choice of an / value is a matter 
of tradeoff. 

Proof. Let (x (t), uw (t)) be a V" solution meeting the conditions of 
the theorem, i.e., such that satisfies o (x (f,;)) = 0 at some time 
instant t, >t). We investigate this V’ solution for ¢ > ¢,. Similar 
to the proof of Theorem 6.7-2 we convince ourselves that if this V’ 
solution for ¢ € |t,, ¢; + Al (here A is a positive number) has the 
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form (O,, uw (é)), where pu (¢) is an absolutely continuous function for 


t >t, such that || uw (¢) || <1 for these ¢, and || u (¢) | << 2a almost 
everywhere on [¢,, oo), then this form will be retained for all ¢ > ¢,. 
Because the point O, € Gs, the domain G, is G, invariant. 

Assume now that for the V’ solution in question the controlled 
process x (t,) 4 Ox, but then it is clear that for all t >it, x (t) + 
O,.. Suppose that for the said V" solution there exists a time instant 
t’ >t, when the controlled process first reaches the boundary of 
Gs, i.e., z(t’) € OGs, where OG, is defined by (6.62). It is quite 
obvious then that there exists an interval (¢,, t’] tj; >t, such that 
o (x (t,)) = O and the function o (z (¢)) retains its sign for ¢ € (¢,, t’]. 
In what follows we assume for definiteness that this is a plus sign. 

We wish to demonstrate that given (6.87), then uw (¢) < —1 +A. 
Assume the contrary, that is, uw (f’) > —1 + hat this time instant. 
Like in the proof of Theorem 6.7-2, we introduce the function A (¢) = 
o (x (t))/6 | x (t) |, defined for the said V’ solution for all ¢ >t, 
and evaluate its variation on the time interval from ¢, when A (t,) = 
O to t’ when A (t’) = 1. Recall that the function A (t) characterizes 
the slope of the broken line tracing out the position of the state point 


x €G,5. This function is defined by the integral equation (6.63) 
rewritten here as 


h(t) =< \ (a, —asb-+ £2) sgn 2+ kp] dev (6.88) 


where C = (1 + 6&)/c and § = A (¢) sgn z (2). 
Now we note that for all ¢ in [¢,, ¢’] according to (6.84) and the 
assumption made above the variable wu (¢) is the solution of the 


equation 1 = —a (uw + 1) and therefore for ¢ € [t|, t’] its variation 
law may be given as p (¢) = —1 + [p (¢,) + 1] exp [—a (¢ — £)]. 

Since by assumption p (t’) > —1 + h, then from the last equality 
we get the following obvious bound for the length of the ¢t’ — ¢, 
interval, viz. 


?—t << In (6.89) 


We estimate the absolute value of the integrand in (6.88) using 
the designation introduced in (6.72) together with inequalities 


(6.87) and (6.89). Omitting the intermediate manipulations we get 
as a final result at ¢ = ft’ 


MO<Z (P+) (tt) < apy 4) <1 


The last inequality implies that A (t’) <1, which contradicts to 
the initial assumption of x (t’) € 0Gs, when A (t’) should have been 
equal to unity. Thus we have proved (here we include into the pat- 
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tern the second case with o (x (t)) < O for ¢ in (¢,, t’] for which the 
proof is analogous) that at ¢t’ | u(t’) | Si—h. 

Let now « (t’) be the aforementioned point where o+ (x (t’)) = 0. 
Consider the behavior of the controlled process x (¢) for ¢ >t’ and 
under the stated initial condition. It is quite obvious that there 
exists a time interval [t’, t”] on which o (x (t)) > O. Then for all ¢ in 
[t’, t”’] by far uw (t) < —1 + A as can be seen from equation (6.84). 


Put down the expression for the derivative o+ (¢) = ot (& (¢)) on 
the considered V solution taken subject to o* (x (t)) = 0. It is an 
easy matter to see that this equation coincides with (6.64). From 
analysis of (6.64) we have, after account of all the remarks made 
above and the proved inequality wu (¢)<—1+A valid for all 
t €[t’, t’]: 


o* (t’) ota n—o me [k°— (1 —h) kb] | x(t’) | 


Having incorporated into this bound the inequality (6.85) we 
can verify that the considered process x (t) for ft >?’ cannot leave 
into the area Gg from the boundary G¢ (x) = O of Gs. Further argum- 
ent coincides with the concluding considerations made in proving 
Theorem 6.7-2. Applying this argument we see that the domain G, 
is G, invariant for the S, system (6.56), (6.84). Q.E.D. 

Comparing the relationships suggested by Theorem 6.7-2 and 
6.8-1 for the structural parameters k° and @ involved in the control 
algorithm we see that the larger values always are due to the S, 
system with inertial COFB. Conditionally, we may treat this growth 
of the coefficients as a cost we have to pay for going over from the 
COFB law (6.59) to the simpler in implementing and exhibiting 
better dynamics COFB law (6.84). 

Theorem 6.8-1 defines the conditions under which any controlled 
process in the S, system (6.56), (6.84) which takes off from the line 
o (x) =O subsequently obeys the bound (6.55). If inequality 
(6.59) is also valid then in the limit we have lim a x (t)|| = 0, i.e., 


such controlled processes converge to O,. It is ‘worth noticing that 
having chosen the structural parameters of control system, the estim- 
ate (6.58) may be refined to point out better values for the constants 
involved in the bound. Using elements of the argument employed 
in proving Theorem 6.8-1 we can prove the validity of the following 
statement. 


Remark 6.8-1. Let at some fixed h taken between zero and unity 
the parameters k® and a@ of the control algorithm (6.54), (6.84) be 
selected in accord with (6.85), (6.87) and the condition (1 — h) k® > 


k®. Let alsoh = 1 — 0/9: obviously, h< h. Then for the control- 
led processes x (t) considered in Theorem 6.8-1 for all ¢t > ¢t, we have 
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the bound similar to (6.58) 


| (t) |] <ATEEe | w(¢,) exp [ — —™ 


Cc 


(t— ty) | (6.90) 


where 6, = &q (h), and @ (h) = In (2/h)/In (2/h) < 1. 

This bound implies that in fact x (t) € Gdn € Gg. 

Now we go over to investigating the convergence of controlled 
processes in the S, system (6.56), (6.84) toward the domain Gs, and 
the asymptotic behavior of those of them for which zx (¢) ¢ Gg begin- 
ning from a certain time instant. In accord with our terminology, 
such topics constitute the subject matter of Problems C and D. 

Problems C and D. For S, systems with inertial COFB the scheme 
of argument employed in Section 6.7, while investigating similar 
topics for S,, systems with integral COFB, is not applicable directly. 
One of the reasons for this is that at no ¢t > 1, solutions of the VS 
system (6.65) can define the phase-space projections of the consider- 
ed V solutions of the S, system (6.56), (6.84). The statements of 
Section 6.7 may only be used to analyze the behavior of those V 
solutions for which | p (¢t,) | = 1. The evaluation of the properties 
of V’ solutions may be carried out in the framework of similar 
argument, but after appropriate alterations of certain concepts. We 
display these alterations below. 

Let h be a number taken in between zero and unity. We shall] 
refer to a dynamic system described by the differential equation 


x (t) + ay (t) x (t) + a, (t) x (t) = Ke (t) | x (t) | sgn o (t) (6.91) 


for t >t,, where fk), (t) is a continuous time function such that for 
all ¢ >, 

ky, (t) > k° (1 — Ah) (6.92) 
as a VS, system. 

The connection between the VS, system (6.91)-(6.92) and the S, 
system (6.56), (6.84) will be established below. If for some V’ solution 
of S, system on a certain time interval [t,, t,] such that t, — t, > 
(1/a) In (2/h) the function o (x (t)) does not experience a sign reversal, 
then for ¢ € [t;, t,], where t, < ¢, is a time instant pinpointed below 
the projection of V’ solution on the phase space is determined by 
the VS system solution at some function kp (t). To demonstrate, 
under the above assumption t, — t, > (1/a) In (2/h) and with equat- 
ion (6.84) describing the variation law for wu (t) we have for ¢ in 
[t,, tol 


u (t) = —sgn o (t) + L(sgn o (¢) + p (é,)) exp [—a (¢ — 1#,)] 


Because for V’ solutions | u (t) |< 1, this expression for the 
same ¢ is equivalent to 


—w (t) sgno (t) = 1 — [1 + p (¢t,) sgn o (t)] exp [—a (t — ¢,)] 
Sx 
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If now ¢, is such that ¢, — t, = (1/a) In (2/h) then it is an easy 
matter to see that for all ¢ >12, 
—wu (t)sgno (tf) >1—Ah 

Letting kp; (t) = —k\, (t) sgn o (¢) carries equation (6.56) to coin- 
cide with (6.91), and validizes for kp (é) inequality (6.92) for ¢ > t,. 
This proves that the behavior of controlled processes in the Si, 
system (6.56), (6.84) for ¢ in [¢;, ¢,.] can be determined by the solutions 
of the VS, system (6.91)-(6.92). 

The concept of VS; system allows us to exploit the argument from 
the previous section. We shall assume that for the VS, system Defin- 
ition 6.7-3 (hk) takes place of Definition 6.7-3 where the term VS 
system gives way to the term VS, system. With this nomenclature 
it would be a rather easy matter to prove the theorem on the con- 
vergence of the projections of V’ solutions of the S, system (6.56), 
(6.84) to the domain Gs. For binary control systems with inertial 
COFB this statement is the analog of Theorem 6.7-3 for the systems 
with integral COFB. 

Theorem 6.8-2. Let the domain G, be O-attracting for the VS, 
system (6.91)-(6.92). Then Gs is attracting for the S,, system (6.56), 
(6.84). 

We omit the proof of this theorem as it parallels that for Theorem 
6.7-3. Expressed another way, this theorem reduces the question of 
convergence of S,, system processes to Gs to the problem of O-attract- 
ion [Definition 6.7-3 (h)] for the VS; system, the latter being a 
simpler task. 

Theorem 6.8-3. Let c and h, 0 < h< 1, be some positive numbers, 
and the condition (6.67) be valid and 


k9 (1 — h) > ke (6.93) 
where 
jo — sup | a, (t) — ay (t)/e + Alc? | (6.94) 


Then the domain G, is O-attracting for the VS; system (6.91)-(6.92). 
We omit the proof for this theorem as well, as it is based on the 


analysis of expression for o (x (t)) derived for the VS, system and can 
be reconstructed with the argument used in proving Theorem 6.7-4. 
The results of Theorems 6.8-2 and 6.8-3 may be interpreted as 
follows. Given the conditions of Theorem 6.8-3 are met, for any h 
fixed between zero and unity all controlled processes zx (¢) in the 
S,, system with inertial COFB are bound to divide themselves in 
time into two families, viz. x! and «!! processes. For x!! processes 
in accord with the property of O-attraction, lim || x!! (¢) |] = 0. 
| t—> oo 


For each x! process there exists a finite time instant when it attains 
G 5. 
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For such controlled processes we may also warrant convergence 
to the origin of the phase space if, once having appeared in Gg, 
they never leave it subsequently. According to Theorem 6.8-1 this 
will be true if, given relationships (6.85) and (6.87) are valid, such 
controlled processes cross the domain G,. We demonstrate that under 
the said conditions this does take place. 

Assume for some zx! process t’ is a time instant when z! (t’) €G,; 
and for the respective V’ solution (x! (¢), uw (f)) |p (t’) | Si—h, 
The existence of such a time instant t’ follows from Theorem 6.8-3. 
Assume that at ¢ posterior and close to ¢’ the function o (z! (t)) 
experiences no sign reversal as otherwise o (x (t)) = O and the proof 
is over. The variation of function A (¢t) = o (x! (t))/6 | x! (t) | on 
the considered V’ solution for t >?’ is described by the equation 


M()=AH)+S |) Ma—ab+e) 
<x sgn x-+ ku] dt (6.95) 


where € = (1 + 6&)/c, and & = A (t) sgn x (f). 

In estimating the absolute value of the right-hand side of (6.95) 
we invoke (6.72), the inequality | A (t’) |< 1 valid at t’, and the 
fact that owing to the above assumption wu (¢) sgn o (t) < —(1 — h) 
for t close to t’ though beyond this point. As a result, from (6.95) 
we get for ¢ >?’ 


a(t) | <1 — (c/) [k° (4 — h) — B°) (t — 8’) 
Given 


(1 —h)—k >0 (6.96) 


the above inequality readily suggests that in the interval [t’, t’ + At], 
where Ai is given by the bound (6.70), the controlled process x! (t) 
attains G, with a warranty. Given the conditions of Theorem 6.8-1 
are met, in subsequent movement zx! (¢) € Gg. 

Theorem 6.8-4. Let the relationships (6.59), (6.67), (6.87), and 
(6.96) be valid for the S,, system (6.56), (6.84) at some positive con- 
stants c and h, 0<( h< 1. Then all the controlled processes x (t) 
in such S, system possess the property lim || x (¢) || = O and divide 

t—>0o 


themselves into two families, x! (¢) and x!! (t) processes. Beginning 
from a certain time, for x! processes the bound (6.90) is valid. 

Essentially, Theorem 6.8-4 establishes the sufficient conditions 
under which the &,-process is .4, controlled. Now we wish to demon- 
strate that under the conditions concerned the &,.-process is steady 
A, controlled. The substantiation of this fact and the derivation of 
pertinent bounds make up the subject of Problem E. 
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Problem E. The solution to this problem is given by the ensuing 
lemma. Its proof is not given as it can be readily developed on the 
lines of argument used in proving Lemma 6.7-2 and Theorem 6.8-1. 


Lemma 6.8-1. Given all the conditions of Theorem 6.8-4 are satis- 
fied, for any controlled process x (t) of the S, system (6.56), (6.84), 
for all t >1, 


| x (t) || << (S**)" exp [Fin =] || w(t) | (6.97) 


where P is specified in (6.75). 


It is an easy matter to verify that in the synthesis of a control 
system for #.,-process with parameters from (4.2) all the conditions 
and relationships stated in Theorem 6.8-4 will be fulfilled except 
(6.67) which essentially is an assumption constraining the class of 
controlled #.,-processes. 

Thus it is proved that given the condition (6.67) is met, for 4, 
algorithms with inertial COFB the following relationship holds true 

_ c 1 d-¢ \2 P 20 
PCC 4 {Fos In (7) exp [ In = |} (6.98) 

Comparing this formula with (6.82) we note that they differ only 
in the value of the constant N. Consequently, all the remarks and 
components made in the previous section and following (6.82) apply 
in this case as well. Accordingly, a general representation on the 
controlled process behavior in an S, system with inertial coordinate- 
operator feedback may be gleaned from examining Fig. 6.15. 

To conclude this topic we note that the qualitative properties of 
the S, systems (6.55)-(6.56) and (6.96), (6.84) are fairly close. The 
realization of the law (6.84) can be achieved easier than that of 
(6.50). These control algorithms experience no sliding modes in 
transient processes, but their CFB and COFB loop gains always 
exceed those for the integral COFB laws (6.55). 


6.9 Integral Coordinate-Operator Feedback 
with Variable Integration Rate 


The binary control algorithms of this work are essentially 
nonlinear and at the time being the more natural technological basis 
for their realization is suggested by discrete, specifically micro- 
processor, hardware. In discretization of binary control system 
equations used for direct digital control, the preference, of course, 
should be given to those control algorithms which allow for large 
steps of integration. Preserving the specified quality of control, 
this approach is at the same time sparing in the available computing 
resources. In this section we shall look at one of the possible modific- 
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ations of control algorithm with integral COFB described in Section 
6.7. 

Like all other algorithms evaluated in this section, this algorithm 
also relates to the class of 4, algorithms and is specified by relation- 


ships (6.53)-(6.54) and the following differential law of operator 
variable w (t) 


u(t)= —asatd(t) for |u(t)|<1 
= —- cop (2) for |w(t)|>1, ly(%)!< 1, taet, (6.99) 


Here, sat (-) is given by (6.12); the function A (t) -= A (a (é)) is 
defined, as before, on the solutions of the control system as A (t) = 
o (x (t))/6 | x (t) |, where o (zx) is defined by (6.84); a and ow are 
positive numbers from the set of control algorithm parameters. The 
dedication and choice of w have been discussed in Section 6.7 when 
treating the equations of the integral COFB law (6.55). 

Equation (6.99) describes an integral coordinate-operator feedback 
with variable integration rate. This implies that the aforementioned 
effect can be achieved by varying the quantization step in a numeric- 
al realization of the control algorithm (6.53)-(6.54), (6.99). The 
limitation | uw | <1, required in the problem formulation of the .4,, 
algorithm concerned, is ensured by introducing into the right-hand 
side of equation (6.99) discontinuities on the manifold |u| = 1 
at which, generally speaking, sliding mode might occur. It will be 
emphasized again that such sliding modes take place in the control- 
ler, rather than in the primary loop closing through the plant. As 
can be seen from (6.99) and the expression for A (x), the equality 


u — —asgno always holds on the boundary of Gs and beyond it. 

The S, system resulted with the 4, algorithm of COFB law in 
P,x-process control is specified by equations (6.56) and (6.99). Its 
solutions are pairs of functions (x (t), u (t)) and as usual we shall 
stick to considering V solutions only. The concept of V solution, its 
existence and continuity on the entire semiaxis ¢ >f, are taken 
up with reference to the findings of Ref. 93. 

A qualitative investigation of the S, system (6.96), (6.99) will 
be conducted in the scheme employed in the two foregoing sections. 
Because in this case the convergence of controlled processes to zero 
for x (t) € Gg is also decided by Theorem 6.7-1 and Corollary 6.7-1, 
the evaluation of the S, system (6.56), (6.99) reduces essentially 
to defining the conditions for G, invariance and to proving that the 
> x-process is steady .4, controlled. To begin with, we shall elucidate 
the first subject since it makes up the subject matter of Problem B. 

Problem B. For the S,, system (6.56), (6.99) the relationships en- 
suring x (t) € Gs for t >t, if x (t)) € Gy are given by the following 
theorem. 
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Theorem 6.9-1. Let c > 0 and for the S, system (6.56), (6.99) 
k® > i? (6.100) 
a >> (k® + k%) 8/6 (6.101) 


the constants /° and k° being defined by (6.86) and (6.72), respectively. 
Then the domain Gs, is Gy invariant for such S,, system. 

Comparison of (6.100) and (6.101) with (6.60) and (6.61) indicates 
that a change from the integral COFB law of constant integration 
rate to the integral COFB law with variable integration rate does 
not inflict a change for the CFB loop gain, while the COFB loop gain 
increases fourfold. The effect for which the COFB law (6.99) las been 
suggested does take place. 

Proof. Consider for t >t, some V solution (x (¢), p (¢)) of the S, 
system (6.56), (6.99) such that x (#,) ~ O,. It can be verified, as 
before, that for this solution the controlled process x (¢t) ~ O, for 
all ¢ >t). We wish to demonstrate that if x (t,) € G, then, given 
(6.100) and (6.101) are met, x (¢) € Gs for t > tp. 

Assume that at some ¢ = t’ the considered process reaches the 
boundary 0G, of Gs. Single out an interval (¢,, ¢’] where o (a (t)) 
experiences no sign reversal for the V solution in question and de- 
monstrate that uw (¢’) = —sgn o (& (t’)) provided (6.101) holds true. 
We prove this statement indirectly. Assume that the above is not 
the case, then from o (t) > O for allt € (t,, t’], this assumption yields 
u(t’) > —1. From (6.99) we have for p (é) at ¢ € [t,, t’] 


u(t) = uw (ty) —@ | A (t) dt (6.102) 


Let g be some number, say g = 1/2. In view of the continuity of 
i (t) on the interval [¢,, ¢’] there is a time instant ¢, such that A(t) > 
1/2 for t in [tz, #’] and | 7 | =t’ —t, > 0. With these designations 
we have from (6.102) the obvious equality 


ui’) <p) —a | 7 I2 (6.103) 


Observe now that by assumption yp (t’) > —1 and also u (¢,) < 1. 
Then from (6.103) we get an estimate for | 7 |, viz., 


| 7 |< 4/a (6.104) 


Similar to proving our earlier theorems, here we convince ourselves 
that on the V solution concerned (x (¢), u (é)) at any ¢ in [¢,, U’] 
for the function A (t) = o (zx (t))/6 | x (¢) | the integral equation (6.88) 
is valid. According to the above assumption, A (t,) = 1/2, therefore 
from (6.88), after estimating the absolute value of the integrand at 
t = t’, we get 


|r (t’) | << 4/2 + (c/6) (ko + ke) | TY 
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We relax the estimate provided by this inequality by invoking 
(6.104) and (6.101), viz., 


La (t’) | <A/2 + (4c/8A) (ko +h) <1 


The last inequality in this series is seen to contradict the assumption 
| A (t’) | = 1 because zx (t’) € 0Gs and, hence, we arrive at the desired 
equality uw (t’) = —sgn o (@ (t)). 

To conclude the proof we should repeat the argument from the 
final section of the proof of Theorem 6.7-2 whence we get that for 
the V solution concerned 2 (t) € Gg for all t >t). Q.E.D. 

By way of comment to Theorem 6.9-1 we note that when its con- 
ditions, and those of Theorem 6.7-1 and Corollary 6.7-1 are met, we- 
have for the controlled processes x (¢) of the S,, system (6.56), (6.99) 
the bound (6.58) at least from the time ¢, when the equality o (x (¢,))= 
O holds for such controlled processes for the first time. The bound 
(6.58) can be refined for such controlled processes, the refine- 
ment is displayed in the following remark proved similar to Remark 
6.8-1. 


Remark 6.9-1. Let g = °/k® be taken between 1/2 and 1, and the 
parameters of the control algorithm (6.53)-(6.54), (6.99) be selected 
consistent with (6.100) and (6.101). Then for the controlled processes. 
x (t) of the S, system (6.56), (6.99) for which x (¢,) € G at alli >t, 
we have zx (t) €G6, ( Gs and 


I (2) |< FEE *e | w(t, [exp [ —"* ¢— 4) | (6.105) 


Cc 


where 6, = (1 + q) 8/2. 

Now we would like to touch upon the question of the conditions. 
that would ensure convergence of controlled processes to the domain 
Gs. Because answering this question for the S, systems (6.56), (6.99) 
does not entail somewhat significant distinctions from the procedure: 
for the S, systems (6.56), (6.84) we shall confine ourselves here to. 
brief remarks. Simultaneously we shall evaluate the asymptotic 
behavior for those controlled processes which beginning from a cer- 
tain time find themselves outside Gs. According to our convention, 
these topics will be handled under separate problems. 

Problems C and D. Consider for t >t, a V solution of the S, sy- 
stem (6.56), (6.99) such that x (¢,) ¢ Gg. If on the time interval [¢,, ¢,] 
of length ¢, — t, = 2/a the function o (x (t)) is other than zero on 
this solution, then for ¢ > ¢t, we have wu (¢) = —sgn o (z (#)). 

We can easily convince ourselves that this is the case by examining 
equations (6.99). Therefore for ¢ > 7, the controlled process z (t) 
corresponding to this V solution will be determined with the VS. 
system equation (6.65). Since relationship (6.100) is equivalent to. 
(6.60) the findings established for the S, system (6.56), (6.84) and 
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contained in Theorems 6.7-3 and 6.7-4 apply in this case as well. 
Consequently, inequality (6.60) for & = O and inequality (6.67) ensure 
Gs being a domain of attraction for the S, system (6.56), (6.99). 
It is quite obvious also that to those controlled processes x (t) which 
for t >t, manage to reach Gz, in a finite time, at the moment of 
reaching t’ there corresponds a value of the second component of 
the respective V solution (z (¢), u (¢)), which is defined as u (¢’) = 
—sen o (x (t’)). The argument used in proving Theorem 6.9-1 enab- 
les us to prove that x (t) € Gs for all subsequent ¢ > ?’. If in addition 
inequality (6.71) is satisfied, then such processes in a finite time ap- 
pear inG, after which under the conditions of Theorem 6.9-1 the bound 
(6.70) or (6.105) holds true. For convenience of further reference 
‘we summarize these considerations in the form of a theorem. 


Theorem 6.9-2. Let relationships (6.59), (6.67), (6.71) and (6.101) 
be valid for the S, system (6.56), (6.99) at a constant c > 0. Then 
all the controlled processes in such S,, system possess the property of 
lim || # (t) || =O and divide themselves into two families, x1!(t) 
{— 


OG 
and x!! (¢) processes. Beginning from a certain time, for x! processes, 


the bound (6.105) is valid. 


This theorem defines the conditions of convergence of all control- 
led processes in the S, system (6.56), (6.99) to the origin of the phase 
space; earlier this property was referred to as the system being 4, 
controlled. To complete the qualitative study of such S, system we 
need only to establish the fact of stable .#,, control and evaluate the 
dependence of the dynamic properties of controlled processes on the 
SF, parameters. Analysis of these topics constitutes the subject of 
Problems E and F. 

Problems E and F. The verification of the property of stable 4, 
controllability for the S, system concerned has a certain salient fea- 
ture to it. The respective result will be formulated as a lemma ana- 
logous to Lemmas 6.7-2 and 6.8-1. This lemma indicates the value 
for the constant N in inequality (4.4a). 

Lemma 6.9-1. Given all the conditions of Theorem 6.9-2 are satis- 
fied, for any controlled process x (¢) of the S, system (6.56), (6.99) 
we have for all t >t, 


i] (2) |< (FSS) " exp (4P/x)|] (to) | (6.106) 


where the constant P is given by (6.74), and cy, == max (c, 1). 

Proof. We prove the lemma in two steps. First, we strengthen the 
result established in Theorem 6.9-1. Essentially this strengthening 
concerns the fact that under the conditions considered G, is in fact 
Ga, invariant for the S, system (6.56), (6.99). Then we resort to the 
argument of the proof of Lemma 6.7-2. 
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Step J. Let (x (¢), w (t)) be a V solution of the S, system under 
investigation and such that 2 (t)) € Gey. and |p (t)) |< 1. The 
function A (t) = o (ax (t))/6 | x (t) | varies for t >t, along such a 
solution as 


“t 
A (t)= 4 (bo) be \ Mai —aab + &) sgn a+ kop] de (6.107) 
where € = (1 + 6&)/c and € = A (é) sgn z (6). 

Assume that at some t’ >t, we have | A (¢’) | = 1 — this corres- 


ponds to the controlled process appearing on the boundary of Gz. 
Then owing to the continuity of A (¢) there exists a time instant ¢t, > 
t) such that | A (¢) | > 1/2 for all ¢ € (¢,, tJ]. From equation (6.107) 
it can be seen (see also Remark 6.9-1) that | A (¢) | may increase, ge- 
nerally speaking, subject to the inequality 


—w (t) sgn o(@ (f)) <q 


where g = 10/ko and 1/2<q<1 (notice that sgn A = sgn o for 
t € (t,, t’]). Making use of (6.102), as in the proof of Theorem 6.9-1, 
we obtain for |7 |=t' —t, 

[fF l|<a2(4 + ga 


Considering now expression (6.107) for ¢ > ¢, and using the above 
derived inequality for | 7 | we get, under the assumptions made 
above, the following sequence of inequalities: 

[AL < > +2 (4+) | TI < At <1 

the last of which contradicts the assumption of | A (t’) | = 1. The- 
refore, for all t >t, | A (t) |<< 1 and, hence, the domain G, is G3,, 
invariant. 

Step 2. Consider a V solution of the S, system (6.56), (6.99) for 
t >t,. Assume t, = t, + 4/a. If at some ¢’ in [t), ¢,] the inequality 
| (t’) |< 1/2 is satisfied, then, as has been indicated above, 
|’ (4) | <0 1 for all t >?’ and, hence, the estimate (6.58) will be 
true. If for the V solution considered | A (¢) | > 1/2, then at t = t, 
we face two situations: either z (¢,) € Gs, or x (t,) ¢ Gs, for both 
situations pw (¢,) = —sgn o (@ (t,)). 

For the first situation, from Theorem 6.9-2 the controlled process 
z(t) €G, for all ¢ >#, and inequality (6.58) is met. If the other 
Situation takes place, then it is examined like case 2 of the proof 
for Lemma 6.7-2. In all situations, the use of the first inequality 
from the sequence (6.77) at ¢ = t, produces the desired estimate 
(6.106). Lemma 6.9-1 is proved. 

We have proved that under the conditions of Theorem 6.9-2 the 
parametrically ill-defined #,-process is steady #, controlled with 
the algorithm (6.53)-(6.54), (6.99). Because all the relationships of 
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the theorem, except (6.67), can always be satisfied by a suitable 
choice of control algorithm parameters, it may be deemed established 
that given (6.67) is met, the following relationship holds for the said 
A, algorithm 


P64, {Foy Ia;  (—2**)" exp Sh (6.108) 


This relationship is equivalent to (6.82) and (6.89), differing from 
these by the content of the constant V. Therefore, all the remarks and 
conclusions outlined in detail in Problem E of Section 6.7 relate to 
the properties of controlled processes in the S, system (6.56), (6.99). 
They also concern the dependence of the dynamic properties of con- 
trolled processes on the #, parameters or system’s structural para- 
meters and the possibility to achieve an asymptotically independent 
behavior with respect to parametric disturbances. A qualitative 
insight into the nature of transient processes in the S,, system (6.56), 
(6.99) can be obtained from examining Fig. 6.10. 


6.10 Continuous Inertial 
Coordinate-Operator Feedback 


Under certain conditions the 4, algorithm with COFB 
(6.99) treated in the previous section enables numerical integration 
of closed-loop system equations to be done with a greater step than 
for the equations of S, system with the 4, algorithm (6.53)-(6.55). 
The respective integration of S, systems with COFB (6.99) and with 
COFB (6.55) may be effected accurate only to the first order of accu- 
racy. This is associated with the fact that in such S, systems there 
is a likelihood of sliding modes occurring in the auxiliary control 
loop on the sets |p | = 1. The 4, algorithm with inertial COFB 
devised in Section 6.8 prevents such sliding modes from occurring. 
In this connection it appears reasonable to consider a control algo- 
rithm which would unite the advantages of the control algorithms 
evaluated in Sections 6.8-6.9. The ensuing section will be devoted 
exactly to such an algorithm. 
This control algorithm is given by relationships (6.53)-(6.54) and 
the following differential law for the operator variable uy (t): 


u(t) = —aly (t) + sata (é)], t> ty (6.109) 


In what follows we shall refer to this COFB law as a continuous 
inertial law. 

The behavior of the S, system with the said control algorithm 
is defined by equations (6.56) and (6.109) with continuous right-hand 
sides. The properties of solutions are completely elucidated within 


6 Coordinate-Operator Feedback 125 


the classical theory of differential equations. These systems of diffe- 
rential equations can be numerically integrated using traditional 
difference techniques of high order. 

Within the framework of the analysis scheme outlined above we 
wish now to investigate the S, system (6.56), (6.109), treating in 
depth only those system properties which differ substantially from 
the dynamics of other S, systems and limiting ourselves to brief 
comments in other cases. 

A solution of the S,, system (6.56), (6.109), as the solutions of all 
closed-loop systems with dynamic COFB laws, is constituted by a 
pair of functions (x (¢), wu (¢)). Of all the system solutions we shall 
consider only V solutions which correspond to the initial conditions 
(£5, Uo) of the set V = {(x, wu): e € R?, | uw | <1}. We shall focus 
our analysis in particular on the V’ solutions corresponding to the 
initial conditions from the set V’ = {(x, uw): x ER?, |p| <1}. 
The possibility to limit our discussion without loss of generality 
to evaluating only the properties of such solutions has been taken 
up in depth in Section 6.8. 

First of all we wish to clear out the conditions under which the 
controlled processes x (t) in the S, system (6.56), (6.109) belong to 
the domain Gs. 

Problem B. Like with all S, systems with dynamic COFB the 
property x (f) € Gs may be warranted for the controlled processes 
taking off from G,. Definition 6.7-1 refers to this property as G, 
invariance. The sufficient conditions for the domain G, to be G, 
invariant are defined by the following theorem. 


Theorem 6.10-1. Let h be a number between 1/2 and 1, c be a posi- 
tive constant, and for the S, system (6.96), (6.109) 


ko > k°/(4—h) (6.110) 


4 


2 — 
a > 7 (K° + k°) In hod 


(6.114) 


where the constants #° and k° are calculated in accord with (6.86) 
and (6.72). Then the domain Gz, is Gy invariant for such S, system. 


Relationships (6.110) and (6.111) determine the CFB and COFB 
loop gains. Comparison of (6.110) and (6.111) with (6.100) and (6.101) 
indicates that the incorporation of a continuous inertial COFB means 
that these gains have to be increased. It will be recalled that choice 
of parameters k° and @ for the control algorithm is a matter of trade- 
off achieved by a suitable specification of constant h. 

Proof. We shall only lay out the scheme of the proof, respective 
details may be reconstructed by invoking the argument from the 
proofs for Theorem 6.8-1 and 6.9-1. 

We consider for ¢ 7, a V’ solution (z (¢), u(¢)) such that A (t)) = 
‘0. The last equality implies that o (x (t,)) = 0. Assuming that rela- 


126 Part Two. Free Motion Control 


tionships (6.110)-(6.111) hold true and on the said V" solution at 
some t = t, >t, the controlled process reaches the boundary 0G» 
of Go, i.e., | A (t,) |= 1, we demonstrate, as in proving Theorem 6.9-1, 
that —u (f,) sgn A (t,) >> 1—h. Indeed, from the continuity of 
i (t) we infer that there exists a time interval [t,, ¢,], t, << ¢,, on 
which | A (t) | > 1/2. On this interval the variation of w (¢), accord- 
ing to (6.109), is governed by the equation 


u(t) =p (t,)e-% F-t) —& |" e~%*(-)) (t) dt 


With account of the inequality | A (¢) | >> 1/2 satisfied for all ¢ 
in (¢,, ¢, ] and assumption of the inequality —w (f,) sgn A (t.) << 
1 — h contradicting that required, we can readily obtain the length 
bound for the interval [t,, ¢,], viz., 


A 


1 
2—-y IN 


(6.112) 


Then we use the integral equation (6.95) to estimate the variation 
of A (¢) on the interval [¢,, t,] and, observing (6.112), arrive for ¢ = 
t, at the following sequence of inequalities (similar to proving Theo- 
rem 6.9-1): 


0+ Ko) 


{ = 4 k 4 
(ts) << +E (e+ #9) (ht) << + EE") in =A 


From the last inequality and (6.111) we get | A (f,) |<< 1, and that 
contradicts the assumption of x (t,) € 0G». Consequently, we arrive 
at the desired inequality —p (t,) sgn A (¢t,) 2 1— A. Further ap- 
plication of the argument from the proof of Theorem 6.8-1 reveals 
that if (6.110) is true then zx (t) € Gs for all t >t). Q.E.D. 

To summarize, if the parameters of the #, algorithm with COFB 
(6.109) are selected in accord with the conditions of Theorems 6.7-1 
and 6.10-1 and Corollary 6.7-1, then the controlled processes taking 
off in the domain G, converge to the origin of the phase space and 
obey the exponential bound (6.58). With a sufficiently small va- 
lue of 6 we may speak of a weak dependence of the dynamic proper- 
ties of such controlled processes on #, parameters arbitrarily varying 
within the ranges (4.2). It is worth emphasizing that in the S,, sy- 
stem considered this property can be achieved with smooth control 
laws and finite gains. 

Suppose that a choice of system’s structural parameters is made 
in one way or another, then the bound (6.58) for the S,, system 
(6.56), (6.109) can be refined. This refinement is contained in the 
following remark, similar to Remarks 6.8-1 and 6.9-1 made for other 
S,, systems. 
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Remark 6.10-1. Assume relationships (6.110), (6.111) hold at 
some / taken between 1/2 and 1, and (1 — h) ko > k®. Then if h = 
1 — k%/k® and for t >t, 2 (t) € Gs, — Gs, we have 


lar ()|] << AFEES” |e (2,)[] exp | —A—"* (¢-t,) | (6.113) 


where 6, = dq (hk), and g (h) = In Alon — 1)]/In [4/(2h --. 1)] < 4. 

We omit the proof of this remark as this can be readily obtained. 
from the reasoning outlined in proving Theorem 6.10-1. 

What remains to complete our qualitative study of the S, sy- 
stem (6.56), (6.109) is to establish convergence to the phase space ori- 
gin for those controlled processes x which do not belong to Gg, and 
also the fact of stable 4, controllability of #,-processes with the 
control algorithm (6.53)-(6.94), (6.109). 

Problems D and E. For the S, system (6.56), (6.109), the condit- 
ions for Gs attraction, asymptotic behavior of controlled processes. 
x (t) @ Gg, and the fact of stable 4, controllability of #,-processes 
can be evaluated in much the same way as in Section 6.8 for the S, 
system (6.56), (6.84). Also, direct analogues of Theorems 6.8-2 and 
6.8-3 and Lemma 6.8-1 can be formulated. Their proofs will differ 
from the origins only insignificantly, therefore we omit them here, 
limiting ourselves only to phrasing the ultimate statement on the 
properties of the controlled processes x (¢) in the S, system studied. 

Theorem 6.10-2. Let relationships (6.59), (6.67), (6.111) and (6.96) 
hold for the system S, at some positive constants c and h, 1.2< 
h< 1. Then all the controlled processes exhibit the property of 
lim || x (¢) || = O and divide themselves in two families, x! (¢#) and 
{ 


xi! (t) processes. Each x! process may be bounded for all ¢t >t, as 
1+6 2 / Pp 4 
Ia (t) |< “™ (== *)" exp (In = 4 ) lle (to) (6.114) 


where the expression for P in terms of system parameters is given 
by (6.74). For the x!! processes, the bound (6.113) is valid begin- 
ning from some time instant ¢, > fp. 


This theorem defines the conditions of convergence for all consi- 
dered controlled processes in the S, system (6.56), (6.109). In line 
with the adopted concepts this implies that the =,-process is 4, con- 
trolled by the control algorithm (6.53)-(6.54), (6.109). The theorem 
asserts also that this 4, controllability is stable and indicates the 
constant N appearing in (4.4a). 

It will be noted now that all the relationships indicated in Theo- 
rem 6.10-2, except the condition (6.67), can be satisfied in control 
system design. Therefore, the following property of 4, algorithms 
(6.53)-(6.54), (6.109) may be thought of as being proved. 
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Given the condition (6.67) is met, the following relationship is 

valid for 4, algorithms with continuous inertial COFB: 
2 

PeCCHA (Fe, Iy3 ™ (-+°r<) exp [In a4 | (6.145) 

Since this expression differs from (6.82) in the value of N only, 
the general properties of S, systems with COFB (6.109) are similar 
to those of S, systems with COFB (6.509) and, therefore, all remarks 
made above in connection with the analysis of (6.82) apply here as 
well. A qualitative insight as to the character of transient processes 
in the S, systems (6.56), (6.109) at some fixed parameters of the 
F,-process can, in this case also, be gleaned from inspecting Fig. 6.10. 

In summary, we have demonstrated that with allowance for some 
increase for CFB and COFB loop gains, the designer may change 
from discontinuous COFB laws to continuous laws retaining all the 
positive properties, typical of S, systems with discontinuous COFB 
laws. This transition is attracting by the appearing possibility to 
employ ordinary difference schemes of desired accuracy for the nu- 
merical integration of such continuous dynamic systems. This ad- 
vantage may prove significant in exploiting such control algorithms 
in direct digital control systems. 


6.141 S, (2) Systems Under Integral 
Coordinate-Operator Feedback Law 


For the S, systems treated in the foregoing sections, 
the property of stable 4, controllability has been proved on the as- 
‘sumption the condition (6.67) is met. Of course, this assumption li- 
mits the class of #,-processes for which stable 4, control is avai- 
lable. In what follows we will attempt to lift this limitation. The 
approach suggested for this purpose consists in changing from 4, (1) 
algorithms to 4, (2) algorithms, the number “2” in parentheses mean- 
ing that the CFB law employs direct action not only in the z (é) 
coordinate, as is the case with #, (1) algorithms, but also in the 


x (t) coordinate. This leads to 4, (2) algorithms and, respectively, 
to closed-loop S, (2) systems. 

Of course, transfer to 4, (2) algorithms complicates the controller 
but it is attractive in a number of positive properties it brings along. 
‘One of them we have already mentioned, the other is associated with 
substantial simplification of system design as the conditions of in- 
variance for G, domains take on an especially simple form in such 
cases. 

We shall evaluate the properties of systems with 4, (2) control 
algorithms for the integral COFB law only. Systems with other COFB 
laws may be handled in a similar manner. To avoid confusion we 


6 Coordinate-Operator Feedback 129 


note from the very outset of our consideration that a complete solut- 
ion of the control problem is inachievable in S, (2) systems. That 
is to say, a weak dependence of system dynamics on #, parameters 
can be ensured only for a portion of controlled processes in the class 
of continuous control actions, while asymptotically independent 
response to parametric disturbances is absent altogether. However, 
as before, a suitable choice of control algorithm parameters may 
drive the system arbitrarily close to the property (6.51), though at 
the expense of possible increase of COFB loop gain. 

Now we demonstrate the relationships defining the 4, (2) algo- 
rithm with integral COFB under investigation. The control in the 
primary (CFB) control loop is generated as 


u(t)=k(@)|ze@|+kh@Ol2@ | (6.116) 


where the functions k, (¢) and k, (¢) representing the gains depend 
upon the operator variable uw (¢) and are defined as follows: 


k, (t) =kKu@, i=1, 2 (6.117) 
Here k} are positive constants entering the set of 4, (2) algorithm 
circuit parameters. 


Since only integral coordinate-operator feedback will be treated, 
the variation law for the operator variable u (t) must have the form 
(6.55). We repeat this law for convenience: 


w(t)=—asgno(x(t)) for |p(t)| <1 
= — op (t) for |u(Z)J>1, [u()| <1, tat 


Substituting (6.116) and (6.117) into the equation for #,-process 
(Chapter 4) we get the following differential equation in z (t): 


x (t) + ay (t) x(t) + a4(t) x (t) = — hou (2) |x (2)| — Ay (t) | (2)], 
t>t, (6.118) 
Equations (6.55) and (6.118) and inequalities (4.2) completely 
define the S, (2) system on hand. As usual, the solutions to such a 
control system will be given by pairs of functions such as (zx (t), 
u (t)). As for the notion of solution to S, system (6.58), (6.118), its 


existence, continuity into the semiaxis ¢ > 7,, and behavior, all re- 


marks made in Section 6.7 for S, (1) system solutions apply here 
as well. 


Because in our further explication of results we wish to recourse 
to Definition 6.7-3, we give the equation of VS (2) system tied with 
the S, (2) system (6.55), (6.118), viz., 


x (t) + a, (t) x (t) + a (t) x (t) 


=lk |x) | +R x(t) llseno(@@ (i), t>t (6.119) 
9—01213 
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where o (x (t)) = —ex (t), e = (1, c), and the functions a, (¢) and 
a, (t) satisfy (4.2). 

In references to Definition 6.7-3 we shall also assume that in its 
formulation the term VS system is replaced with VS (2) system. 
We note also that in the qualitative study of the S, (2) system (6.55), 
(6.118) we shall confine ourselves to evaluating its V solutions only. 

Like in similar situations above, we convince ourselves that it is 
generally impossible to keep the exact equality o (# (¢)) =O on 
S,, (2) system solution beginning from a certain time instant. There- 
fore, like in Section 6.7, the choice of structural parameters Ay, 
ks, a 6, andc of the J, (2) control algorithm is aimed at an appro- 
ximate fulfillment of this equality. In this section this approach will 


be understood in the sense of x (t) € Gs (at least for some controlled 
processes x (t)), where the domain G,C R2 is given as 


Gs = {x: |o (x) |< 5B | }} (6.120) 
where B = [f8,, B.] is a row vector of constant components 0 < 
<6;<1,i=1, 2; |x | = [z, z]™, and 6 is a positive constant. 


The boundary of the domain G, will be denoted as 0G, and defined as 
0G = {x:[o* (x) =o (x)— 6B la| = 
U [07 (2) =0 (x) + 6B |x| = 0}} (6.121) 


The geometrical pattern of the domain G, coincides with that of the 


domain Gs, indicated in Fig. 6.7. 
For convenience, we convert equation (6.118) in the vector-matrix 


form 
x(t) = A(t) x (t) — p(t) bk | a (t) |, tty (6.122) 
by denoting A (t) = [a', a*] the 2 x 2 matrix of column vectors 
a; (t) = |0, —a, (t)]™ and a? (t) = [1, —a, ()J7; 6 = [0, 1], and 
k° — |k°, ki]. In this notation the control function u (¢) becomes 
u(t) = p(t) kh a (| 
and equation (6.119) of the VS (2) system rewrites as 
x (t) = A (t) x (t) + w(t) Ok | (t) | sgnox (t), t> te 

Finally, we tie up with the #,-process on hand some constants 
which appear in statements to be phrased below. For a certain c > 0 


we introduce six constants, viz. _ BS, hk, and ie? i = 1, 2, as follows: 


kg = sup | ca’ (t) |c, i = 41, 2 (6.123a) 


ta1to 


ke? = max sup \cai (t)!/|eb|, i= 1, 2 (6.123b) 
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where 3,=(6:0 <0-+8, $[8y teh f= £ 8B, #= 1,2) 
i = max sup lca’ (t)|/|ed|, i=1,2 (6.123c) 


tex, to 


where 2. == fe:e = c + 2E, JA; <1, E=[E,, &], 
E; = +68:, i=, a} 


From examining (6.123) it is not hard to see that whenever these 
expressions take sense, the knowledge of the variation ranges for 
the parameters a, and a, of the &,-process is sufficient to compute 
them. Comparison of (6.123) with (6.72) and (6.86) suggests also 
that the constants A} and Af, i = 1, 2, are simpler to compute than 
k° and k® from (6.86) and (6.72). 

In the qualitative study of the S, (2) system (6.50), (6.122) we 
shall adhere to.the scheme of analysis developed in Section 6.7 and 
consisting of solving a set of Problems A through F. This investigat- 
ion will be displayed in detail, for it differs markedly from the cases 
evaluated earlier. We begin our S, (2) system analysis by solving 
Problem A. 

Problem A. It deals with the asymptotic properties of the controlled 


processes x (t) € Gs. Similarly to Section 6.7, the equation (diffe- 
rential constraint) 


x(t) = —— ( t)—— 0 (t) 
will be pivotal for the analysis. 


Used together with the inequality | o (¢) |< 6B | a (¢) | valid 


whenever z (t) € Gs, this equation yields the bounds for the norms 
of controlled processes under the considered conditions and pinpoints 
the conditions for these processes to converge to the phase space origin. 

The formulation and proof of key statements will be preceded by 


deriving some bounds. We note that for x € Ga, | x |< |a\Ve+ 
(6 Ve<la fle + lle ll mie, 
where By, = max (38,, 6,). 

Using this inequality we find for 2 € Gs the bound for the norm 
Iz I|=|a2}4+|a|, viz, 
le ]< |x | (ce + 1)/(e — 6B yn) (6.124) 


which is valid subject to a constant 6 being such that c — 6f,, > 0. 


Accordingly, for €Gs; we have another bound |o (x) |< 
6B | x | (ec + 1)/(e — 88,,). 


Ow 
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Now that we have finished with the new notation and the prepa- 
ratory inequalities, we are in a position to prove the following theo- 
rem on the norms of controlled processes. 

Theorem 6.11-1. Assume that at some positive constants c and 6 


6B <c (6.125) 


and x (t) € G» for some V solution (x (¢), u (t)) of S, (2) system for 
allt in [é,, t,],¢, >t, >t). Then for this V solution at alltin[t,, ¢,] 


1-+6 1—6 
Ha (2) || < =" |e (tI exp | ——" ¢—t | (6.126) 


where the constant 6 is given by 
5 = 6B, (c+ 1)/(c —8B,m) (6.127) 


We omit the proof tor this theorem as being traditional for the theo- 


ry of differential equations. 
Comparing the statements of Theorems 6.7-1 and 6.11-1 we see 
that the S, (2) system case contains an additional condition (6.125) 


due to specifying the domain G, in the form (6.120). This condition 
is not hard to meet by a suitable choice of 6 or B;, i = 1, 2. It will 


be noted that inequality (6.125) warrants the boundness of k?, &°, 
i = 1, 2, and the positive sign of the product c-b. 

Observing the bound (6.126), inequality (6.125), and expression 
(6.127) it will be an easy matter to prove the corollary of Theorem 
6.11-1 which defines the conditions for controlled processes to con- 
verge to the origin of the phase space. 

Corollary 6.11-1. Let all the conditions of Theorem 6.11-1 be met, 


t, = oo and 


6 <clBm (c + 2) (6.128) 


Then for any V solution of the S, (2) system (6.55), (6.122) we have 
lim || x (¢) || = 0. 
t—>0o 

Determine now the conditions under which 2 (t) € Gs for some V 
solutions of the S, (2) system (6.55), (6.122). Evaluation of these 
conditions makes up the subject of Problem B. 

Problem B. Its solution is given by the following theorem. 

Theorem 6.11-2. Let for the S,, (2) system (6.55), (6.122) there be 
valid inequality (6.125) and the relationships 


kk, i=1, 2 (6.129) 
at max _2cb (k° +k) /88, (6.130) 


i=1, 2: c€Z, 
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where the set , is defined in (6.123c). Then the domain G5 is Gy 
invariant for this S,, (2) system. 

Relationships (6.129)-(6.130) determine the choice of gains in the 
CFB and COFB loops. They are seen to be simpler than the respective 
relationships for S, (1) systems. It is worth noting also that given 
inequality (6.125) is met, the product c-6 is strictly positive. 

Proof. We omit the details of the proof as they can be readily re- 
constructed from the proof of Theorem 6.7-2, confining ourselves to 
displaying only the key relationships. 

For the V solutions at hand we introduce the function A (¢t) = 
o (x (t))/6B | x (t) | varying for ¢ >t, on a V solution as defined by 


t o(t)—hr(1)8 : 
W(t) = A(t,)+ \. G(T) A (7) OP |e (eI era dt 
_ t —e (AS*—ybk®) |x| | 
=A (ty) + \ ee (6.131) 


where c = c+ ASBS*, S* (t) is the 2 <x 2 diagonal matrix of the ele- 


ments s,, = sgn x (¢) and s,, (t) = sgn x (t). This equation has been 
derived with the use of equation (6.122). Changing to scalar form in 
the integrand, after some algebra we get 


>t Tebk? —ol che — en2 ; 
h(t) =h (ty) \i [ucbk 1 — ca! sgn ee ca® sgn c] |zi a, (6.132) 
Noting that the maximum of the integrand never exceeds the 


absolute-value ratios of the coefficients of | z | and | x | in numerator 
and denominator, we get 


t |uc bky —ca! sgn z| 
IA (2) | S JA (4) | + ||, max (Soe 


1 


lucbk9 — ca? sen 
——~e dt 
After an obvious relation this bound takes on the form 


>} ch ; ~~ ei 
\A(t)| <1 a(t) | 4 \. max eb (2 | ea LY de 


< | A(t) [+ |) max TEE (at + By dy (6.133) 


where the constants k?, i = 1, 2, are defined in (6.123¢). 
Assuming now that at some time instant t’ > 7, the controlled 


process at hand reaches the boundary of Gs, i.e. x(t) E€ AG», we 
prove that, as in Theorem 6.7-2, at this time instant for the second 
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component of the V solution wu (¢') = —sgn o (a (t’)). To this end, 
we invoke inequalities (6.133), (6.130) and the fact that A (¢,) = 0, 
i.e. the V solution takes off from the domain Gy. Further we take 
up equation (6.132) to examine it att = ¢° with account of the proved 
equality u(t’) = —sgnd (t’), | A(t’) | = 1, inequality (6.129), and 


the fact that given (6.125) is met cb > 0 for all ¢ >#,. As a result, 
we find out that | A (¢) | falls off for ¢ > ¢’ which means that zx (t) € 
G,, thus completing the proof. 

Thus, given the conditions of Theorems 6.11-1 and 6.11-2 are satis- 
fied, any controlled process starting from G, will converge to the 
origin of the phase space. Now we wish to look at conditions under 
which any controlled process converges to zero, i.e., the &#,.-process 
is .4, controlled. Evaluation of these conditions constitutes the sub- 
ject of Problems C and D. 

Problems C and D. For the S, (2) system at hand the conditions 
of G, attraction are given by Theorem 6.7-3 and the following state- 
ment, substituting in this case for Theorem 6.7-4. 

Theorem 6.11-3. Let for a constant c > 0 


k>k, i=1, 2 (6.134) 


Then the domain G, is O-attracting for the VS system. 
The proof of this theorem is straightforward and immediately 


follows from examining the expression for the derivative o = 


o (x (t)) obtained with the use of equation (6.122), viz., 
== —cr = —c(Azx-- bk*|zr| sgno) 


= —(ck, sgno+ca' sgn x) |x| —(ck, sgn o + ca? sgn x) |x| 


Taking into account relationships (6.134) and (6.123a), and then 
Lemma 6.7-1 on the right-hand side of the above expression yields 
the proof for Theorem 6.11-3. 

Comparing Theorem 6.11-3 with similar theorems for S, (1) sy- 
stems we note that S, (2) systems no longer need the assumption 
(6.67) to be met, accordingly, 4, (2) algorithms are applicable for 
control over a wider class of #,-processes than 4, (1) algorithms. 

Put into a more tractable perspective, Theorem 6.11-3 states 
that under the aforestated conditions two types of control process 
behavior are possible in S, (2) systems. For one type, x! (¢), of the 


process the attainment of the domain Gs is ensured beginning from 

a certain finite time instant. As for the other type, x!!(t) processes, 

from some finite time instant they belong to the area Ri\G,s (where 

as usual the slant line means “less than”) and lim || x!! (¢) || = 0. 
t—> 20 
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Using equation (6.132) it is not hard to verify, like in Section 6.7 


that x! processes reaching by the time instant t’ the domain G, with 
the second component of V solution satisfying u (¢’) = —sgn o (xi(t’)), 
subject to 


Kh, i=l, 2 (6.135) 


appear in G, in a finite time not exceeding 


At= max  6f,/eb(k? —k°) (6.136) 


i=1, 2: c€E, 


and later the bound (6.126) is ensured for these processes. These 
reasonings lead us to define the conditions for the #,-process being 
A, (2) controlled, i.e. for the convergence of all controlled processes 
in the S, (2) system (6.55), (6.122) to the point O,. Below we display 
the theorem accurately formulating these conditions. 

Theorem 6.11-4. Let relationships (6.125), (6.128), (6.130), and 
(6.135) hold for the S, (2) system (6.55), (6.122) at some positive 
constants c and 6. Then all controlled processes x (¢) in the S, (2) 
system possess the property lim || z (¢) || = O and divide themselves 

t—>0oo 


into two families, x! (¢) and x!! (t) processes. Beginning from a cer- 
tain time instant, for the zx! (f) processes the bound (6.126) holds. 

What remains to prove to complete our qualitative study of the 
S,, (2) system (6.55), (6.122) is that the .4, (2) control of &,-process 
is stable. The scheme of reasoning would be the same as has been used 
in Section 6.7 for proving a similar assertion for the 4, (1) algorithm 
with integral COFB. To save space, we drop it, confining ourselves 
to stating that for the S, (2) system at hand, under the conditions 
of Theorem 6.22-4, the bound (6.74) is valid upon substitution of 


6, defined in (6.127), for 6 and using for P the expression 


P= max — sup |la*(t)—dbk}|| (6.137) 
i=1, 2; ldiJ<xi tt, 
where ||-|| stands for the octahedral norm. 

We have proved thus that the #,-process is stable, and 4, (2) 
controlled by the control algorithm (6.116), (6.117), (6.55) without 
any additional assumptions on the &,-process behavior. It follows 
from the fact that all the conditions of Theorem 6.11-1 to 6.11-4 can 


be satisfied by a suitable choice of system’s circuit parameters. 
Therefore in this case 


PCC 402 { Fos I,m (ttbiey! exp — \ (6.138) 


C 


where the constant 6 is given in (6.127) and P in (6.137). 
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All the remarks made in Section 6.7 on the dependence of the con- 
trolled process dynamics on #, parameters and 4, (2) parameters 
apply here as well. It will be noted that similar results take place 
for 4A, (2) algorithms with other COFB laws, as those described in 
Sections 6.8-6.10. Figure 6.15 provides a correct insight into the 
character of motions in such S, (2) systems. 

Summarizing the investigation of this section we are in a position 
to say that the 4, (2) control algorithms do not introduce prin- 
cipal alterations into the controlled process behavior as compared 
to those achievable with .4, (1) algorithms. It should, however, be 
recognized that this case is advantageous by a more convenient pro- 
cedure for computing S,, (2) system parameters, attainable at the 
expense of certain sophistication of the control algorithm. More 
significant advantages of S,, (2) systems concern a wider class of 
F..-processes amenable to control and, generally speaking, lower 
values of gains in the CFB loop. 


6.12 Application of 4, Algorithms 
with Inertial 
Coordinate-Operator Feedback 
to S System Control 


In this section we shall be concerned with adaptation 
of the approach to control developed in this study to dynamic plants 
of more general form than those treated in earlier sections. This 
adaptation reveals a number of salient differences due to the methods 
of analysis and synthesis of control systems and the properties which 
may be ensured for the closed-loop control system in this case. All 
considerations will be outlined for the case of an 4, control algorithm 
with inertial COFB. Of course, all results established here can be 
developed for other types of 4, algorithm as well. This can be rea- 
dily achieved on the lines of reasoning used to advantage in the fore- 
going sections. The suggested analytical approach is general in 
nature and may be employed for controlled plants with arbitrary 
state space dimensionality. 

Let us define the class of controlled plants to be considered below. 
Whereas in earlier sections we handled &.,-processes, i.e. those des- 
cribed by one differential equation, this time we shall be concerned 
with more general type of processes described by a set of differential 
equations, say of first order. In Chapter 4 these processes were term- 
ed S systems. In the absence of external coordinate or additive 
disturbances, the S systems to be considered are defined by 


ry (t) = ay, (£) 2, (£) + Gy (t) Lq (t) + OB, (t) u (2) 
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Xp (t) = Gg, (tf) XZ (t) + Agog (t) Ly (t) + 02 (LUCE), tty (6.139) 
where aj; (t), i, j = 1, 2, and 6; (), j = 1, 2 are in general some 
unknown scalar time functions. Further we assume these functions 
being bounded, piecewise continuous, and for ¢t >t, obey 


ij aj; (t) Say, it, fj = 1,2 
by <b; (t)< of, 7 = 1,2 (6.140) 


where the constants aj; and b3, defining the variation ranges for S 
system parameters, are deemed known. In equations (6.139), z; (t), 
i = 1, 2, are the S system's state variables (error or actuating sig- 
nals) which, upon stipulating a control action u (t) form the vector 
function «x (t) = |x, (¢), zx, (t)]7, termed the controlled process in 
this context. The problem at hand consists thus in selecting a control 
u (x, t) — this procedure is referred to as system synthesis — from 
the information available on the S system, viz. J, = {a (t), a3, 
i, j =1, 2; 65,7 =1, 2; t >t,}, such that the resulted closed- 
loop control system, S,, so long as the form of u (z, ¢) is not elabora- 
ted, possesses one of the properties outlined in (4.3), (4.5), (4.7), 
or (4.8). 

In what follows we shall use the system of scalar differential equat- 
ions (6.139) in vector representation 


z(t)=A(t)ha(t)+0b(thu(t), tt, (6.141) 


where 6 (t) = [b, (t), 6, ()J" is a vector column, and A (t) = 
[a' (t), a® (t)] is the 2 < 2 matrix constituted by the vector columns 
a’ (t) = [ay (4), doy (EIT, @* (f) = [aye (f), Gee (A). 

It will be in order to note here that under certain assumption the 
system of differential equations (6.139) can be transformed to one 
differential equation by incorporating new variables (see, e.g. Refs. 34, 
38), that is, the control of the S system reduces to that of the #,- 
process. But even when such a transformation is feasible—this is 
far not always the case—the resultant #,.-process will be described 
by a differential equation whose parameters may not meet the assump- 
tions deemed to be satisfied in this evaluation. Therefore, in general, 
the findings of foregoing sections would not be valid to apply without 
appropriate assumptions and restraints made to this effect. 

It will be interesting to apply the approach developed in this work 
directly to the control of S systems specified in the form (6.139) or 
(6.141). In what follows we undertake this problem and demonstrate 
that this handling of S systems yields new features in addition to 
those established in preceding sections. These are connected with 
the convergence of controlled processes x (¢t) to the origin of the phase 
space and with the dependence of their dynamics on the S, system 
parameters. 
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Let us define more accurately the objectives of our evaluation 
and the class of controlled S systems (6.141) to be handled. Following 
rigorously along the lines of the approach developed in this volume 
we define for the controlled processes x (t) of the S, system a functio- 
nal relationship o (x (t)) = cx (t), where c = [c’, 1] is a row vector 
and c’ is a constant. Notice that the vector e differs from the earlier 
used vector c = [1, c] in that now c’ is not necessarily positive. Of 
course, the form of stipulating ¢ is not of principal importance, but 
the new ec will be more convenient for the working of this section. 

The principal objective of control, formulated earlier as 
lim || x (¢) || = O for all the controlled processes concerned will not 


t—> oo 

be achieved in a direct way, rather we shall strive at it indirectly by 
creating conditions under which the equality o (x (t)) = 0 can be 
fulfilled exactly or approximately from a certain time. Then, as 
will be demonstrated below, under some assumptions additional to 
(6.140) the control problem can be solved asymptotically. 

For the strict equality of o (x (t)) = O on the S, system solutions 
beginning from some time instant ¢ we speak of the required depen- 
dence of controlled process dynamics on the parametric disturbances 
(A (t) and O(t)) acting upon the S system. When this equality is 
fulfilled only approximately, say in the sense of |o (x (t)) |< 
6 || x (¢) || satisfied for some sufficiently small constant 6 > 0 
and time posterior to some instant f, we speak of asmall deviation 
of controlled process dynamics from the specified dependence. When- 
ever the constant 6can be selected at will, the control law parameters 
of course have to be altered to this effect. we say about the possi- 
bility to change the dependence of controlled process dynamics on 
S, system parameters in the desired direction. Further all these 
concepts will be elucidated by invoking some differential equations. 

The concepts just introduced differ from similar concepts used in 
foregoing sections in the context of #,-process control. Whereas ear- 
lier we spoke of the dynamic properties of controlled processes being 
independent of #. parameters (referred to as being “parametrically 
astatic’), now in S system control we in general may speak only of 
the controlled process dynamics as having a required dependence on S$ 
system parameters or a dependence which deviates only insignifi- 
cantly from that specified in advance. This is one of the features 
facing the control engineer in handling S systems. 

The aforestated objectives of control are attainable for S system 
provided some assumptions are made. Here we dwell on some of them. 


Let c= [c’, 1] be some fixed row vector. We construct c=c +& 
with € = [&,, €,] such that &; = +6, i = 1, 2, and 6 is some po- 
sitive number. Now we formulate a proposition concerning the § 
system. 


Proposition 6.12-1. There exist a constant vector ec and 6 >0 
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such that for any fixed 6 < 6 the product cb (t) is positive for all 
t >t ), moreover 


cb (t) > cy = constant > 0 (6.142) 


Note that Proposition 6.12-1 is intimately connected with the 
controllability of the S system (6.141). 

Let us establish a differential relationship between the functions 
o (t) =o (x (t)) and z, (t). Given Proposition 6.12-1 holds true, 


compute O (x (t)). Omitting the argument ¢ throughout we get 
Go = cAx + cbu 


Solving this equation for u, expressing the component zx, of « 
from o (x) = c’x, + X%. aS Ly = O — CX, and substituting the re- 
sultant expressions into the first equation of (6.139) we obtain the 
desired differential relationship between zx, (t) and o (t) (referred to 
as differential constraint) as 


x, (t) = de (t) m1 (t) + be (a(t) + R(t) OW, tty (6-143) 


where the functions a, (t), b, (t), and 6, (t) are related to the initial 
parametric functions of the S system as 


Ge — Qi —_— b.ca' —c’'b. 
Qc = 5,/cb (6.144) 


b. — Q45 — b.ca* 


For S systems, the differential relationship (6.143) plays the role 


of x = —xz/c — o/c employed in the evaluation of #.-process con- 
trol systems. The parameters in (6.143) are unknown and time va- 
riable, their ranges of variation, however, are known and can be 
determined by (6.144) and inequalities (6.140). This is another fea- 
ture that manifests itself in handling parametrically ill-defined S 
systems. We shall exploit the notation introduced above to formulate 
some more propositions concerning the S system. 


Proposition 6.12-2. There exist a constant vector ec = [c’, 1] and 
a constant 6, > UO such that for all t >t, 


ae (t) < —6, (6.145) 


Again we confine ourselves to notice only that if the S system is 
controlled, then Proposition 6.12-2 can be satisfied by a suitable 
choice of vector c. 

The following proposition constrains the family of vectors 6 (é) 
involved in the S system description such as (6.139). 
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Proposition 6.12-3. For any constant vector ¢ validating Proposi- 
tions 6.12-1 and 6.12.-2, and positive constant b¢ 


| be (t) | < be (6.146) 


for all ¢ > fy. 

The foregoing propositions provide an accurate characterization 
for the class of controlled S systems to be dealt with below. For 
convenience of further reference to this class we give the following 
definition. 

Definition 6.12-1. We write S €£(6,) and say that the S system 
(6.141) belongs to the class £(6,) if Propositions 6.12-1 through 
6.12-3 are valid simultaneously. 

It should be noted once again that this work does not touch upon 
how the property S € & (6,) is related to such fundamental properties 
of the controlled S system as, for example, controllability or stabi- 
lity. We confine ourselves to mentioning that these properties of 
the S system are intimately connected with the property S € ¥ (6,). 

Now we concentrate on the relationships characterizing the 4, 
algorithm employed to control the S system (6.141). We have pro- 
mised above to consider an #, algorithm with inertial COFB, ac- 
cordingly we choose the #,,(1) algorithm for our consideration. Ac- 
cording to the pertinent earlier definitions, this implies that the 
principal control signal wu (¢) is formed as 


u(t) =p) A | a, (| (6.147) 


where the positive constant k, is the control system’s circuit para- 
meter, and the function w (¢) interpreted as an operator variable is 
defined by 


w(t) = —aly (t) + sgno (w (t))], |e (to) 1<1, tty (6.148) 


Here o (x) = cx and a positive constant @ is another parameter of 
the qcontrol algorithm. 

Ehuations (6.147) and (6.148) specify an 4, (1) control algorithm 
witi inertial COFB, and together with the S system (6.141) they 
deine the S,, (1) system to be evaluated below. Obviously, the solut- 
ions to such an S, system will be represented by a pair of functions 
(x (t), w (¢)). The initial condition for wu (¢), given in (6.148), singles 
out amidst all the (z@ (¢), u (t)) solutions the so-called V solutions. 
We shall also take up the V’ solutions for which | u (t,) |< 1. All 
the remarks concerning the general properties of the S, system’s V 
solutions made in Section 6.8 apply here to the V solutions of the 
system (6.141), (6.147)-(6.148) as well. 

The adopted #, algorithm means that the domain G, is specified 
as 


Gy = {x: |o (x) |<6|2, |, o =constant>0, &< 6} (6.149) 
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such that if x (t) € Gs we say that on the solutions of the S, system 
considered the required functional relationship o (z (¢)) = O is ful- 
filled approximately. For a sufficiently small value of the constant 6, 
we may Say in this case that the dependence of the controlled process 
dynamics on plant parameters is close to the given dependence. The- 
refore, as in the foregoing sections, our investigation will be focused 
on the evaluation of conditions under which the domain Gg is at- 
tracting (Definition 6.7-1) and G, invariant (Definition 6.7-2). 
Accordingly, the investigation scheme for the S, system (6.141), 
(6.147)-(6.148) coincides in general with the one outlined in Section 6.7 
as consisting in solving problems A through E. 

In our first evaluation we shall be concerned with the convergence 
to the origin of the phase space for those controlled processes of the 
S,, system (6.141), (6.147)-(6.148) which beginning from a certain 
time belong to G,;. This evaluation makes up the subject matter of 
Problem A. 

Problem A. The behavior of the controlled processes x (t) € G; 
is investigated with the differential relationship (6.143) and the 
inequality |o |< 6 |2z, |. Rigorous conditions for the convergence 
of such controlled processes to O, are given by the following theorem 
and its corollary. 


Theorem 6.12-1. Let S € # (69), for some V solution of the S, 
system (6.141), (6.147)-(6.148) x (¢) € Gs fortin[t,, ¢,],¢, >t, > to, 
and 


6 sup [bc (t)| <1 (6.150) 
St, 


Then for this V solution on the interval [¢,, ¢,] we have the estimate 
{+6 sup | be (4) | 
, tAty 
lx ()I| < (1+ le] +9) 73 ap ew 
>t, 
x ||x (z,)I| exp {—(6,.—5M) (t—2,)} (6.1951) 


where the constant /V/ is defined as 


sup | De (t) ae (t) bg (t) —b% (2) | 
==t 


__ tat 
1>t, 


Similar to the like theorems and corollaries formulated above, this 
theorem and its corollary mean that given the conditions (6.150), 
or the like, and the inequality | o (¢) |< 6 | z, (t) | are met, the 


exponential stability of the elementary solution to x, (t) = a, (t) 2, (t) 
is not violated in the presence of a consistent disturbance 6, (t) o (t) + 
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b(t) o (t). We display the proof of this theorem in full as it contains 
new elements of reasoning as compared with that for Theorem 6.7-1. 

Proof. For t >t, consider a V solution to the S, system (6.141), 
(6.147)-(6.148) satisfying the conditions of the theorem. This solut- 
ion satisfies (6.143) and |o (@ (f)) |<. 6 | 2, (t) | for ¢>4,. Let 
us represent the solution to equation (6.143) in integral form treating 


the function b, (t) o (t) + b,(t) o (t) as a disturbance, namely, 
ty (t)= 4, (t,) exp {\" Qe (yp) dy yi \ exp {{" a. (¥) dy} 
x [be (t) 6 (t) +06 (t) 6 (t)] dt 


Integrating by parts carries this expression to 
7 
y(t) = (ty) exp { | ae (y) dy} 


+(+),, exp {}ac(v) dy} b. (2) 0 (x) at 


ty 
+B; (t) 0 (t)—b¢ (t,) 0 (z,) exp [ | ae(y) dy | 
_ \\ exp { \ “a (y) dy} [b5 (t)—a, (2) Be (t)Jo(t) dt (6.153) 


Estimating the expressions on the right-hand side by absolute 
value and observing that S € £(6,) and |o (t) |<. 6 |2, (¢) | by 
the theorem conditions, we arrive at the integral inequality 


}zy (t)| < [14-5] be (t,)| ] [ey (4,)| exp {—5 (¢—2)} 
+8]; (#)| |x (t4)| +8 |) [be (t) + ae (tx) be (4) —b: (x) 
x exp {—6, (t—T)} |x, (t)| dt (6.154) 


Collecting like terms, multiplying the result by exp [+ 6, (¢ — t,)], 
invoking the Gronwall-Bellman lemma, and multiplying the resul- 
tant inequality by exp |—6, (é — ¢t,)] we get, with the notation of 
(6.152), 

1-dsup |b¢| 


Jri(t)| < T= sup TET Jr, (t)| exp {—(8)—8M) (t—#,)} (6.155) 
—"0 


In order to derive the norm estimate for the controlled processes— 
recall that throughout this work we employ the octahedral norm 
| ~ |] = | 2, | + | 2 | — we resort to the inequality || a ||< (4 + 
|c’ | + 6) | 2, | which follows from the sequence 


x|] = [ry] + [rol = lay] + lo—e'x,| <]z,] +6 |x| + le’||2,| 
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Substituting the bound (6.105) in the above inequality and ob- 
serving that always | xz, | < || az || we immediately arrive at the bound 
(6.101) thus proving the theorem. 

With the bound (6.155) on hand it is an easy matter to formulate 
the conditions for the controlled processes x (t) € Gs to converge to 
the origin of the phase space. These conditions are given by the fol- 
lowing statement. 

Corollary 6.12-1. Let all the conditions of Theorem 6.12-1 be satis- 
fied and 


6M <6, (6.156) 


then for any controlled process of the S, system (6.141), (6.147)- 
(6.148) such that x (t) € Gs for ¢ > t, we have || x (t) || —~ Oast— oo. 


In other words, when S € (6,) a value of parameter 6 can be 
readily indicated such that all the controlled processes in the S, 
system (6.141), (6.147)-(6.148) converge. to O,. It is important there- 
fore to reveal the conditions under which zx (t) € Gs. They will be 
evaluated below. 

Problem B. Here we evaluate the conditions under which the do- 
main G» is G, invariant for the S, system at hand. For convenience 
of formulating such conditions we introduce the following constants 
and sets: 


‘acl AE, [AL <1, E= +8} (6.457b) 


? 


where, as before, c’ is the first component of the constant vec- 
tor c=[c’, 1]. 


\ca! (t)—ca? (t) c’ | 


kj = max Sup = (6.158) 
es? {>t |cb (t)| 

£9 — sup —leat—ea? (He (6.159) 
(Sty [cb (t)| 

i? max sup Le Wate (6.160) 


CESe t2t, [cb (t)| 


where the sets 2; and 2X, are displayed in (6.157) and the vector func- 
tions a‘ (t), i = 1, 2, and 6 (t) are borrowed from (6.140) and (6.141). 

It is not hard to verify that the values, or at least estimates, for 
the aforelisted constants can be found for the class of S systems un- 
der consideration. 
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The following theorem defines the condition for Gs to be G, in- 
variant. 


Theorem 6.12-2. Let h be some fixed positive number between 
zero and unity and for the S, system (6.141), (6.147)-(6.148) Propo- 
sition 6.12-1 be satisfied and 


kt > ki/(1 —h) (6.161) 
a >> max sup oto (ko + ke) In = (6.162) 
CeX, 70 


Then the domain Gs is Gp invariant for such an S, system. 
It will be noted that relationships (6.161) and (6.162) are very 
much alike to (6.85) and (6.87), the distinction being only in the va- 


lues of constants A; and k,. Therefore, in this case, all the remarks 
given above in the discussion of Theorem 6.8-1 apply as well. More- 
over, the proof of Theorem 6.12-2 is similar to that for Theorem 6.8-1, 
so that we confine ourselves to giving here only brief interpretations. 

Interpretation. Since this theorem, when proved in detail, incor- 
porates some elements of the reasoning outlined in proving Theo- 
rems 6.8-1 and 6.11-2, we limit ourselves here to deriving the ex- 
pression for the function A (t) = o (x (t))/6 | x, (t) | and the follow- 
ing inequalities which enable us to establish that —np (t’) 
sgn o (x (t')) > 1 — fA for that V solution to the S, system on hand 
which satisfies all the conditions of Theorem 6.12-2, i.e., x (t)) € Gy 
and there exists a time instant t’ such that z (¢’) € 0G»s, when | A (t’) | 
= 1, where 0G, is the boundary of Gs. 

In a manner similar to that used with (6.131) we have for 
{>t >t 


A) = A(t) +) SORT at 


O |x, (T)| 
t cal Ca2 cb k° 
—A(t,) + j, eee ee ed (6.163) 


where the following shorthand notation is used c (t) = ce — OA (8) 


S=(t) is arow vector, and S* the row vector with elements s, (¢)= 
sen x, (t) and s, (¢) = U. 

It is assumed that ax (t) € G, at t = t,, i.e., A (t;) =O, and A (é) re- 
tains its sign on the interval (¢,, t’]. The variable z, (¢) can be re- 
presented as 2, (t) = o (t) — c’x, (t) = OA (é) | z, (f) | — cz, (t) = 
—c'x, (t), where c’ =c’ — 6A sgn x,. Vector ec and scalar c’ are re- 
lated as c = [c’, I. 
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Incorporating 2, (t) = —c'x, (t) into the integrand of (6.163) 
carries it, after some manipulations, to 
_ t (ca!—care’)x, + cbpk9|2, | 

d (t) = A (ty) + \ See el de (6.164) 


Performing modulo estimation, this equality can be reduced to 


OL < AG) + |) ACL G+ a) ae (6.165) 


where the constant k} is given in (6.160). 

Observing in this inequality first relationship (6.162), then the 
estimates for the time interval ¢ —1?, (6.89), and the fact that |A (¢,)|= 
1, by assumption, leads us to the desired inequality —uw (t’)-: 
sgn o (t') >1—h. Observing this inequality in (6.164) with 
account of (6.161) indicates that the bound | A(t) |< 1 is valid 
for all ¢ >+t,, hence, the domain Gs is G, invariant. This remark 
concludes our interpretations for Theorem 6.12-2. 

Pausing for an intermediate account, we have proved that the re- 
lationships between the S system parameters and #,-algorithm pa- 
rameters stated in Theorems 6.12-1 and 6.12-2 and Corollary 6.12-1 
warrant convergence to the origin of the phase space for those con- 
trolled processes in the S,, system (6.141), (6.147)-(6.148) which take 
off from G,. Now we are to determine conditions which ensure for 
any controlled process either that it appears inG, or that lim ||x (¢) ||=0. 

t—>0o 


Prior to embarking on the search we make a remark, similar to 
Remarks 6.8-1, 6.9-1, and 6.10-1, concerning a refined exponential 
bound for the norms of controlled processes x (t) € Gs. We shall 
deliver it without proof as in all similar cases above. 

Remark 6.12-1. Let h be some fixed number, 0<h< i, S€ 
f (6,), inequalities (6.150), (6.161), and (6.162) hold, and (1 — 
h) k} > k°. Define also h = 1 — k,/k}. Then for ¢ > t, we have for 
the controlled processes considered in Theorem 6.12-2 zx (t) € G5,c 
Gs and 


(1-+ 5p, oUF |be)) 
ha (2) < (Le! + 8) ye 


6p sup |0¢]) 
t>1) 
x || (s)]] exp [—(S>—5,M;) (¢—44)] (6.166) 


where 6, = d@;(h), p (A) = In (2/h)/In (2/h) < 1, and the expression 
for M, results from (6.152) upon substituting 6, for 6. It is quite 
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obvious also that once the inequality 6, > 6,M, is satisfied, then 
for the said controlled processes we have tim || 2 (z) |] = 0. 


Having finished with the preparatory remarks we may now turn 
to solving the problem of attraction of the domain Gx, and establish- 
ing the fact that the control algorithm (6.147)-(6.148) ensures stable 
A, control for S systems of the class f(6,). 

Problems C-E. In solving these problems we shall resort to the 
concepts of Gs attraction and C-attraction introduced by Definit- 
ions 6.7-1 and 6.7-3. In our discussion we shall follow the scheme 
of reasoning utilized in Section 6.8. To the S,, system we put in cor- 
respondence the VS, system described, for the constant h,0O<h< 
1, by the vector differential equation, ¢ > t,, 


x(t) = A (t) x (t) — 6 (£) ky (t) | 2 (4) | sgn o (@ (2)) (6.167) 
where o (x) = cz, and k” (t) is a scalar function of time satisfying 
for t >t, 


kh (t) > k® (1 — h) (6.168) 


The relation of the VS system (6.167)-(6.168) to the S, system 
(6.141), (6.147)-(6.148) clarifies with the aid of the remarks similar 
to those made in Section 6.8 on the relation of the VS; system (6.91)- 
(6.92) to the S, system (6.56), (6.84). 

With these definitions we are in a position to formulate a theorem, 
which is a direct analog of Theorem 6.8-2, by replacing the VS, 
system (6.91)-(6.92) there with the VS, system (6.167)-(6.168). Re- 
call that this theorem is to establish the general conditions of G5 
attraction for the S, system (6.141), (6.147)-(6.148) and reduce them 
to the condition of ©-attraction by the domain G, for the VS, sy- 
stem (6.167)-(6.168). The theorem, accordingly, concerns the suf- 
ficient conditions of O-attraction for the VS; system (6.167)-(6.168). 
These conditions ensure Gs attraction for the S, system (6.141), 
(6.147)-(6.148). 


Theorem 6.12-3. Given S € £ (6,), A some positive constant, 0< 


h< 1, and 

sup ca? (t) <0 (6.169) 
{>t 

ki (14—h) > ky} (6.170) 


where ky is given in (6.158). Then G, is O-attracting for the VS, sys- 
tem (6.167)-(6.168). 


We note that in handling S systems the condition (6.169) replaces 
(6.67) exploited in &,-process control, i.e. now this condition also 
limits the class of admissible S systems. 

The proof of the theorem will be preceded by a lemma taking the 
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part of Lemma 6.7-1 in the proof of Theorem 6.7-4. This Jemma oc- 
curs in various versions and has been proved in many treatises on 
control theory. These proofs, as a rule. overlook the fact that such 
lemmas are in turn direct corollaries of some more frequent asser- 
tions. In what follows we recognize this connection and note that it 
helps clarify some topics concerned with the type of differential 
equations describing the motion in discontinuous dynamic systems 
under sliding modes and also with the dependence of solutions to such 
differential equations upon “small deformations” on their right- 
hand sides. A detailed discussion of this topic would however lead 
us astray of the objective of this study. 

Lemma 6.12-1. Let for ¢ > t, there be given the scalar differential 
equation 


r(t)=a, cto xOQ+uw@xr@ (6.174) 


where y (¢) is a continuous function defined for ¢ > ¢, and such that 
| ¥ (t) | > 0 as t > o; a, (t), b, (t), and b, (t) are some functions 
displayed in (6.144) and _ satisfying Propositions 6.12-1 through 
6.12-3. Then for an arbitrary solution z(t) to equation (6.171) 
lim x (t) = 0. 
t-—>00 

Proof. Like in the proof of Theorem 6.12-1, for ¢t >t, for an ar- 
bitrary solution z (¢) to equation (6.171) with the initial condition 
x (t;) we can obtain an expression of the type (6.153) with function 


o (t) replaced there with y (¢), viz., 


z(t) =z (ty) exp { | a.(y) dy} +2: (8) x (0) 
— ba (ty) x(t) exp {)) ae(ydyf+ |) exp {\" a.(y) ay} 
X [be (t) + ag (1) b; (1) —Bz (x)] y(t) at (6.172) 
Modulo estimation for the functions in (6.172) yields 
z(t) ] S (le (x) |r |e (e4) 1 1X (44) 1) exe {\\ a. () dy} 
+ 1b: (1 1X1 + sup 1b, (2) +a, (t B5 (t) —B6 (2) 


x J exp {)° a.(v) dx} Ix (x) | at (6.173) 


Given the conditions of Lemma 6.12-1 are satisfied (see the proof 
of Lemma 6.7-1 where the respective reasoning is elaborated), for 
any arbitrary small number e > 0 there exists a time instant t, (e) 
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such that the sum of the first and third terms in (6.173) will be less 
than ¢/2 for all ¢ > ¢, (e), while the second term will be less than 
e/2 for all t > ¢, (e), where ¢, (e) is a time instant, in general, other 
than ¢, (¢). Therefore for all t > max (#, (€), t, (e)) we have | x (t) |< 
e, thus proving the lemma and paving the way for the proof of Theo- 
rem 6.12-3. 

Proof. Consider for ¢ > ¢t, >t, an arbitrary solution z (t) to the 
VS, system (6.167)-(6.168) with the initial condition zx (t,) ¢ Gp. 


The derivative o (t) = Cx (t) along this solution has the form 


co = ca’o + (ca* — ca*c’) x, — cbk* | x, | sgno (6.174) 
Given the conditions of Theorem 6.12-3 are met, equation (6.174) 


suggests that G (t) << O for ¢ >t, and therefore either there exists 
a finite time instant t° such that o (t’) = O, or no such instant exists 
but lim o (¢) = QO. In the last case, invoking the differential relation- 


t->0o 
ship (6.143) and Lemma 6.12-1 leads to lim x (¢) = O for the consi- 
t—>0o 


dered solution, whence z (¢) > 0. Because ©, €G,, the domain G, 
is © attracting for the VS, system (6.167)-(6.168). Q.E.D. 

Now in view of the collective conditions of Theorems 6.12-1 through 
6.12-3 and Corollary 6.12-1 it is not hard to prove on the lines 
of the reasoning used in Section 6.8, that 4,-algorithms (6.147)- 
(6.148) render S systems (6.141) .4, controlled. This result is sum- 
marized in the following statement. 


Theorem 6.12-4. Let S € £(6,), h be some positive constant 
O<h<1, and there hold expressions (6.150), (6.156), (6.162), 
(6.169) and the inequality 


eA — kh) > (6.175) 


where ke is given in (6.160). Then all controlled processes x (t) in 
the S, system (6.141), (6.147)-(6.148) possess the property of 
lim || x (¢) || = 0 and divide themselves into two families—that of 
t—>0o 


a' (t) and z!! (t) processes. Beginning from a certain time instant, 
for the x! processes the estimate (6.166) is valid. 

To conclude the qualitative investigation into the asymptotic 
behavior of controlled processes in the S, system (6.141), (6.147)- 
(6.148) it remains only to establish the validity of the estimate (4.4a) 
for all controlled processes for ¢ > t,. Given this is the case, then, 
subject to the condition (6.169), the S system is steady 4, control- 
led. The required estimate is provided in the following lemma, 
being a generalization of Lemma 6.8-1; its proof, like that of Lem- 
ma 6.8-1, is omitted. 
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Lemma 6.12-2. Given all the conditions of Theorem 6.12-4 are 
satisfied, for any controlled process x (¢) of the S, system (6.141), 
(6.147)-(6.148), then for ¢ > tf, 


. 1-0 sup [bc (2) | 
le (Oi< >=" (1 ++ [c" | +4)? 4—6 sup | be (t) | 


x exp {P/a( 1n 2/h)}|| x ( (t,)|) (6.176) 
where c, =max (1, |c’|), and 
P= max sup ||a' (t)— db (t) || 


i=1, 25 ldJ <1 tt, 


We summarize the results of the above investigation with an ex- 
pression as follows: given S € /(6,) and the condition (6.169) holds 
true, then for the .4,-algorithm (6.147)-(6.148) 


SEG 4,1F I; N} (6.177) 


where the constant N represents the quantity preceding the norm 
|| z (€>) || on the right-hand side of (6.176). 

Expression (6.177) means that the parametrically ill-defined S 
system is steady #, controlled in the class of continuous control 
actions under information /. No exponential estimate can be war- 
ranted for all controlled processes. 

The general properties of binary systems for &#,-process control 
are thus seen to coincide with that of S systems. The only difference 
consists in the nature of control process dependence on the control- 
led process or system parameters. This difference is disclosed below. 
Before we dwell on it, however, we note that the constraint (6.169) 
in the formulation of the property (6.177) can be lifted by changing 
from #, (1) algorithms to ~%, (2) algorithms (see Section 6.11). 

Problem F. Here we would like to look at the dependence of con- 
trolled processes in the S, system (6.141), (6.147)-(6.148) on the S 
system parameters and circuit parameters. ‘Turning to the differen- 
tial relationship (6.143) we see that given Proposition 6.12-3 we may 
change the variable in this equation by 


y (t) = x, (t) — be (é) o (Z) 
to obtain for ¢ > ft, 
y (t) = de (t) y (t) + [belt) + ae (t) be (1 6 (t) (6.178) 


Here, as before, the function o (¢) is treated as an external distur- 
bance, but this time (and this is essential) the right-hand side has 


no component with the derivative o (t). Therefore, equation (6.178) 
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readily suggests which differential equation can describe motion iu 
the closed-loop control system when o (¢) = o (x (t)) = O. This equa- 
tion has the form 


y(t) =a-(thy(t), t>t (6.179) 


where ¢, is a time instant from which the equality o (t) = 0 holds 
identically. 

We notice now that when o (¢) = O the equation for new variable 
reduces to y (t) = 2, (t), and the above equation may be rewritten 
in the first component of ‘contealled process, i.e. foro (t) =O, t > ft,, 
we have 7 


x, (t) = dg (t) x, (bt) : (6.180) 


It should be recognized that in general it would not be easy to 
derive a similar result from equation (6.143) without invoking any 
additional assumptions and hypotheses. Of course, the above sim- 
ple approach to deriving equations of motion over some manifold 
in system's state space may be extended over more general situations 
and types of dynamic systems. 

Much interest is usually attracted towards probing equations of 
the type (6.179), (6.180) for insensitivity or “coarseness”, i.e. for 
their capacity to reflect the nature of motions with the latter pro- 
ceeding not exactly on a manifold, say o (x) = O, but rather in a 
narrow neighborhood. This property can readily be established with 
equation (6.178) and theorems on differential equations (see, e.g., 
Ref. 96). Such classical results suggest in particular that if the above 
neighborhood is characterized by the condition || o (x) ||<y, n = 
constant >> O, then on a finite or infinite time interval the solutions 
to equations of the type (6.179), (6.180) are close to the exact solu- 
tion, whereas for || o (x) || <4 || x |], 6 = constant > 0, the dyna- 
mics of solutions of the approximating equations is close to that of 
the exact solutions. 

The change of variable y (t) = z, (t) — b¢ (t) o (t) reduces the 
proof of Theorem 6.12-1 and Lemma 6.12-1 to invoking familiar re- 
sults of differential equation theory for (6.178). Thus, in proving 
Theorem 6.12-1 we let the function o (t) on the right-hand side of 
(6.178) satisfy the inequality 


|o (t)| <5 ly (4) |/[1—9 sup [be (4) |] 


which immediately follows from |o |< 6 | 2, |, provided by the 
conditions of Theorem 6.12-1, and lay | l\<f{y|+]be| |o| re- 
sulted from the expression for new variable. To prove Lemma 6.12-1, 
we let o (t) ~ O as t > oo in equation (6.178). We have however no 
space to discuss this topic here at some length. 
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Equation (6.180) is valid whenever o (¢) = 0, but then x, (¢) + 
cx, (t) =O so that z, (t) = —c’z, (t). This argument leads us to 
representing the respective controlled process as 


a(t)=[1, —e'JTx,(t), tty 


Since c’ is a constant it can be seen that for.ideal motion, i.e. for 
o (x (t)) = 0, the dependence of controlled; process dynamics in 
the S, system on S system parameters is completely defined by the 
dependence of x, (¢) upon these parafneters. This dependence is eva- 
luated with equation (6.180) in tugn;.governed completely by the 
function a, (¢). In view of (6.144), this upetiogh can be written in 
terms of S system parameters as oth run t is omitted 
throughout): a 


Qe = Ay, — C'Ayo + (0,/eb) (c'ca*® — ca’) (6.181) 


This expression suggests that a, depends on S system parameters, 
so that even in the ideal case the controlled process dynamics in S 
systems is dependable on S system parameters. We can only hope in 
such a situation to shape this dependence of a,, and hence of z (t), 
on S system parameters into a desired form by a suitable choice of c’, 
for example, so that Proposition 6.12-2 be valid for a given number 65. 
Specifically, we may try to secure the equality 6, = 1/c, where c 
is a constant employed in foregoing sections to provide the desired 
dynamic behavior for #,-process control systems. 

Now we look at a situation with the coefficient a, in (6.180) being 
independent of the variable parameters of S system. Assume the co- 
lumns at (t) and a? (t) of the matrix A (¢) in (6.141) and vector b (t) 
vary in time so that the following relations hold: 


a’ (t) =ai+ b(t)a;(t), i=1, 2 (6.182) 
b (t) = a, (t) by (6.183) 


where ai, i = 1, 2, and 6, are constant and known vectors, and a; (é), 
i= 1, 2, 3, are unknown functions of time validating the constra- 
ints (6.140) and Propositions 6.12-1 and 6.12-2. Substituting these 
equations into (6.181) yields 


a, (t) = ae = aj, — c’a,, + (bi/eb,) (c’ca® — cat) (6.184) 


where zero superscripts mark the components of the respective vec- 
tors. 

Now the quantity az is constant, so providing it with a desired 
value, say ac = —6,, for the given positive constant 6,, we may 
resolve the resultant algebraic equation for the constant c’. If this 
equation has a solution, then Proposition 6.12-2 is valid and the ideal 
motion is independent of the variable parameters of S system and 
has a desired form. 
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Let us now look at the dependence of controlled process dynamics 
in the S, system (6.141), (6.147)-(6.148) on S system and contro] 
algorithm parameters, and also at the possibility to achieve an asym- 
ptotically independent response with respect to parametric distur- 
bances. It should be noted at the very beginning that the dynamic 
properties of x'! processes (recall that r!! (t) Gs after some time 
instant) depend on S system parameters even with (6.182) and (6.183) 
being valid, and an exponential bound for the norm of such con- 
trolled processes is rather hard to derive. That is why expression 
(6.177) lacks the term reflecting the existence of an exponential 
bound for norms of all controlled processes. Therefore, here, like in 
FJ ,-process control, we have to confine ourselves to an analysis of 
the dependence of x! processes, i.e. those for which z (t) € Gs, on 
plant parameters. 

Following the methodology of Section 6.7, we introduce a space 
of parameters x, tied with the coefficients of the differential equa- 
tion characterizing the behavior of controlled processes under zx (t) € 
Gs. For S systems, this space would be convenient to define in the 


space (y, y) rather than in x’s as in Section 6.7. For this purpose 
turn to equation (6.178) rewritten as 


y (t) = ae (t) y (t) the (t) a(t), t> te (6.185) 


where h, = Db. + acbe — bo. 

To an ideal motion (see equation (6.179) in the space x, there 
corresponds a nonstationary point x’ = (a, (¢), 1), and with (6. 182) 
and (6.183) holding true, there corresponds a fixed point n° = (a2, 1). 
Recall that the coordinates of points in this space derive from the 


condition ny = aly, yl]? = Q, where T stands for the transpose. 
With x (t) € Gs we have |o (t) |< 6 | z, (é) | which can be re- 
duced, as shown above, to the form | o (¢) |< 6 | y (¢) |, where 


§ = 6/[14—6 sup [be (t) |] 
t>to 


It is quite obvious that under these conditions there exists a 
bounded function A (t) such that o (t) = A (t) 6y (¢) and [1 (f)| <1 
if y (t)=40. Using this function we can put in correspondence to 
equation (6.185) in the parameter space nm, a point m= (a, (t)+ 
h, (t) 4 (t) 6, 1) whereas with expressions (6.182), (6.183) at hand, 
aYpoint m? = (a2+ nA (t) 6, 1), where h® is the upper bound for the 
function h, (t). 
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° ° t 
The distances Ai, and A; between points x’ and 7;, and n° and 
nm? are, respectively, 


An= || nt—s* || =6 |h, (t) A (é)| (6.186) 
Ad = || m{— n° |] = 5 [hed (é)| (6.187) 


Because for the S, system concerned the condition A (f) > O as 
t + oo in general does not hold, .4,-algorithms are incapable, even 
in asymptotic approach, at finite values of k® and a, of providing 
exactly the desired dependence of controlled process dynamics on S$ 
system parameters [for (6.186)] or asymptotic independent response 
to parametric disturbances [for (6.187)]. What can guarantee is 
that the dependence of the dynamic properties of x (¢) on plant’s 
parameters will be close to the desired in the sense of the inequality 


An = || 14 —z! || <5 sup |, (f)| (6.188) 
t>to 


valid in a general case, or the presence of a weak parametric depen- 
dence in a specific case of (6.182), (6.183) when 


r= || MEH |< [he (0.489) 


Nonetheless, because parameter 6, and hence 4, is of the circuit 
parameter variety, when it decreases the system will come arbit- 
rarily close to the aforestated properties as can be seen from (6.188) 
and (6.189). 

With 6 tending to zero in the control algorithm on hand (actually 
for any .4,-algorithms) the COFB loop gain a grows to infinity as 
can be seen from (6.162). In the limit, the inertial COFB becomes a 
bang-bang COFB, and the S, system becomes a VS system for which 
under the relationships and assumptions stated in Theorems 6.12-1 
through 6.12-3 a portion of solutions appears in the domain G, ina 
finite time. On this domain there occurs a sliding mode and the first 
component of VS system solution satisfies the differential equation 
(6.180). From the moment the sliding mode occurs, the dynamic pro- 
perties of solutions coincide with the desired properties. This re- 
sult, however, is attainable for the control actions wu (t) from the class 
F, of time functions discontinuous at every point rather than in 
the class ¥, of continuous time functions as required in the control 
problem formulation. In this respect, the properties of S, systems 
with #,-processes or S systems coincide, which fact is outlined by 
expression (6.177) coinciding in its form with expression (6.98). 

Summary and Conclusions. 

This chapter has been devoted to the evaluation of binary control 
systems with two types of feedback, namely, coordinate feedback 
(CFB) and coordinate-operator feedback (COFB). The behavior of 
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control systems has been investigated for various CFB and COFB 
laws providing the system with different sets of properties. The ana- 
lysis has been aimed at revealing the possibility of attaining the com- 
plete solution of the control problem stated in the introductory por- 
tion of the chapter. The principal requirements to this effect have 
been formulated in (6.51). 

It has been demonstrated that the complete solution to the cont- 
rol problem is unattainable with 4, control algorithms, either static 
or dynamic. This solution can, though, be approached, however clo- 
sely, by a suitable choice of system’s circuit parameters. A weak 
dependence of control process dynamics on plant parameters in S, 
systems may be ensured only for a portion of processes, specifically 
when #,-processes or S systems are controlled subject to (6.182) 
and (6.183). 

For S systems of general type subject to S € & (65), 4, control 
algorithms are capable of drawing the dependence of control process 
dynamics arbitrarily close to the given dependence. 

For step variation of #,-process or S system parameters, asympto- 
tic independence of the parameters cannot be achieved and what can 
be ensured in the class of admissible control actions is a weak de- 
pendence. In this context it would be interesting to investigate the 
capabilities of binary control systems with other types of feedback 
or their combination. One of such systems is fitted with operator 
feedback. It will be studied in the ensuing chapter. 
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In this chapter we shall be concerned with binary control 
systems of Chapter 6 augmented with an operator feedback loop, or 
OFB for short. All control systems evaluated in this chapter can be 
described by the generalized block diagram depicted in Fig. 7.1. 
In agreement with the nomenclature devised in Chapter 4, all such 
feedback systems will be referred to as S, systems. 

As can be seen from our previous discussion, Syo systems result 
from incorporating into S systems or J,-processes a nonlinear feed- 
back loop with an 4,4, control algorithm. We shall use a number gq 
in the symbols for algorithms and control systems—appearing as 
Ayo (g) or Syp (q)—to denote, as before, the number of components 
in the state vector x (t) which is explicitly involved in the CFB law. 

The principal object of control in this context is seen as the achie- 
vement of the complete solution to the control problem. In what 
follows we shall focus on the case with the operator feedback func- 
tion, represented in Fig. 7.1 by the operator C,, being a static one. 
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Figure 7.1 


First of all we should be clear as to the objectives aimed at by in- 
troducing OFB. In Part One we mentioned that OFB is designed to 
ensure “nearing” of the dynamic properties of the reference (setpoint) 
element A, and the S, system. This nearing must be achieved with- 
out any information on #, parameters. Now we are going to disclose 
the meaning we put into the term “nearing” of dynamic properties. 

In Chapter 6 we noted that S, control systems with dynamic COFB 
may experience oscillations of control processes relative to the domain 
o (x) = VJ. These oscillations are more clear-cut in S, systems with 
integral COFB and constant integration rate, studied in Section 6.7. 
Indeed, for any V solution (x (¢), uw (¢)) to such an S, system we have 
x(t) € Gs, subject to the conditions indicated in Section 6.7, for 
all ¢ >1¢,, where ¢, is a certain time instant. According to (6.99) 
and (6.63) for | x (t) | 340 we have for such V solutions A (f) = 
o (x (t))/6 | x (t) |, and the time variations for the functions u (t) 
and AX (t) are as follows: 


p(t)= —asgnd(t) for |u(t)| <1 

= —op (2) for |u(t)|>1, lu(é)| <1 (7.1) 
A(t) =Qu+Or(t), tah 
where the constant 92 = ck®/d, r (t) =a, (t) —a, (t) € + G, FC = 
[1 + 6& (t)]/c, & (¢t) = A (t) sgn x (t), and the other designations are 


the same as in Chapter 6. It can be readily verified that given the 
domain Gs is Gy invariant for the S,, system in question, sup | r (t) | 


< 1. aa | 
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If we assume that for ¢ > ¢, the function A (¢) experiences no sign 
reversals, then, as can be st seen from the first equation of (7.1), the 
variable w (é) reaches extremum in a time not exceeding 2/a, and 
beyond this time interval uw (¢) = —sgn A (¢). Substituting this equa- 
tion into the second equation of (7.1) and accounting for the fact 
that sup |r(t)| < 1 indicates that the functicn |A (Z) | 


ta1t9 
monotonously falls off and there exists a finite time instant t’ when 


| a(t’) | = Oand A (t’) ~ O. A sign reversal in A (t) = o (t)/6 | x (Z) |, 
however, means that the controlled processes oscillate about the 
domain G, = {x: o (x) = O}. This argument in particular suggests 
that the frequency of x (¢) oscillations about G, increases with a 
while the amplitude decreases. 

If with an operator feedback the G, invariance of Gs is achieved 
at a lower a and the aforementioned oscillations of controlled pro- 
cesses vanish, then we say that such OFB brings closer the dynamics 
of the reference input element f, and that of the S,, system. 

There exist a number of ways to eliminate oscillations of error sig- 
nal o (t) in the COFB loop. A traditional approach in control theory 


is to employ the derivative o (t) in the control law—in the COFB 
law in this case. In this approach, for the .4,-algorithm under study 
equation (6.00) must read 


u(t) = —a sgn fo (t) + do (t)] for |u(t)|<1 
=—op(t) for |u(t)|>41, lw ()|<1, tlt, (7.2) 


where d is a positive constant characterizing “weight” of the deriva- 
tive, and o (¢) is computed on the solutions to the closed-loop con- 
trol system in accord with (4.9). 

The block diagram for an S,, system with such COFB law is depicted 
in Fig. 7.2. To implement, such systems need a greater amount of 
information on the F.,.-process under control as now not only zx (t) 


and x (t) but also x “(t) must be known for ¢ > fp. 

Let us have a closer look at the S, system with COFB law (7.2). 
We perform the analysis of the S, system (6.06), (7.2) under a number 
of additional assumptions and constraints, some of which occur na- 
turally and are unavoidable, while the others are introduced for the 
sake of convenience. Although our discussion will be of a rather rigo- 
rous nature, no exact statement about the properties of controlled 
processes in such an S, system will be done. This is due to our prime 
purpose being to establish the general character of analytical find- 
ings to be employed further in comparing the properties of control 
systems belonging to various classes. Where necessary, a rigorous sub- 
stantiation to all the results being obtained may be given on the 
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Figure 7.2 


lines of the reasoning used above and partly exploited below in this 
section. 

Like for all S, systems, the solutions to the S, system (6.96), 
(7.2) occur as pairs of functions (x (f), uw (¢)). The conditions specified 
by (7.2) single out from these solutions the so-called V solutions. 
In what follows we limit ourselves to analyzing only those V solu- 
tions (x (¢), uw (¢)) for which x (¢t) € Gg as otherwise under some condi- 
tions the properties of these solutions would be close to that of the V 
solutions to the S,, system (6.50)-(6.96) and their behavior then could 
be evaluated as in Section 6.7. This all, however, will be true pro- 
vided the parameter d in (7.2) is not arbitrary but tied by a certain 
relationship with #, parameters and control algorithm parameters. 
We are going to derive this relationship. 

Designating 


a, (t) = [ca, (t) — 1]/e 
a, (t) = [ca, (t) — 1]/e — ca, (t) (7.3) 


carries (6.97) to the form (¢ is purposefully dropped out) 
c= —AgO — a,x + chu | x | (7.4) 


All further efforts will be concentrated on revealing the conditions 


under which in the S, system concerned the equality o +do=0 
once achieved is valid for all later times. Therefore our decision to 
limit the analysis to only those V solutions where x € Gz is correct 
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as from o 4- do = O there follows |o |< 6 |2z |. Substituting the 
expression for o from (7.4) into this equality we get 


ax— chu sgn x 
ld — ao| 


with the obvious assumption d + 4g. 
The required inequality will take place if d satisfies 


Oo = 


|ax— ck | 
su x_n § 7.5 
t>to; or |d—a;| (7.9) 


Let us determine now the conditions under which we can keep 


identically o + do = 0 in the S, system at hand. To derive them 
we shall be in need of the following proposition. 
Proposition 7-1. Almost everywhere on the semiaxis t > t, we have 


ag < constant << co (7.6) 
|| < constant < oo 


These inequalities constrain the rate of &, parameter variation 
on the continuity intervals of a, (¢) and a, (t). 

Finally, we make another remark on the type of the COFB law 
(7.2). As we have already mentioned, the value of wo > O is immate- 
rial in integral COFB laws, moreover for | u (¢) | > 1 the very type 
of the equation of motion is not so significant. What is essential is 
that in a finite time the function p (¢) must enter the interval |—1, 1]. 
This obviously will take place, for example, when 


u= —asgn [o + do} for |u|<1 

= —asgnu for |u| > 1 

This expression can be rewritten in a more compact and convenient 
form by letting og = o + do, indeed, 
p= —asgn(og+p |og|), |u(e)|<1 (7.7) 


Let us obtain the derivative of o, (t) for the S, system (6.56), 
(7.7) subject to og = 0. After some straightforward algebra we get 


Salo ,—0 = Ago+ A,x— cha |x| sgn (og + p |oa|) (7.8) 
where 
Ag = —dz + axle — d? — da, — k®u sgn x (7.9) 


A, = —dy, + a,/c — k*u sgn x (7.10) 


7 Operator Feedback 159 


Now we notice that given (7.5) the condition og = O suggests that 
x € Gs and, consequently, |o | < 6 | z |, therefore, at a sufficiently 


large a the sign of og will be opposite to that of og, and a sliding 
mode is possible on the manifold og = O in the space (x, uw). The 
respective value of a is easily estimated as follows: for almost all 
t>t,and|§|<t 


a > (1/ck) | bAg (E) + Ax (&) | (7.14) 


where A, (€) and Ax (€) outwardly coincide with A, and A,, the 
difference concerns the substitution of € for uw sgn z in (7.9) and 
(7.10). Deferring for the moment the question of whether or not 
there exists a finite time instant when og = O in the S, system on 
hand, we turn to discussing the possible consequences following 
from og = 0. In the circumstances, the COFB loop error o (¢) varies 
according to an exponential law in compliance with the equation 


G = —do, d = constant > 0 (7.12) 


the exponent being independent of &, parameters. This imme- 
diately suggests that no oscillations exist of the function o (¢) about 
zero and, consequently, of the controlled processes, and the error 
o (t) satisfies the condition lim o (t) = 0. The rate at which o (Z) 


t—0o 
goes to zero can be set at will by an increase in d, which necessitates,. 
however, an increase in @ in the COFB law (7.7). 

It is worth noting also that the neighborhood of the domain G, 
where such effect can be achieved decreases with increasing d. If 
the downslope of | o (¢) | is steeper than the falling rate of the con- 
trolled processes « € Gs, this implies that the controlled processes 
are getting closer to G,, i.e., asymptotically independent behavior 
with respect to parameters takes place. In a formal way, this fact 
follows from analyzing the function A (¢) = o (t)/6 | x (¢t) | repre- 
senting instantaneous values of the slope for the curve passing through 
the origin of the phase space and a point zx (t) € Gg. 

Hence the derivative of COFB loop error o (¢) used in the COFB. 
law does eliminate the oscillations of this error about zero and this: 
fact is not surprising but rather it is ordinary in control theory. 
Another fact draws attention in this respect, namely, that in this 
case at least a portion of controlled processes (more specifically x! 
processes) may behave in the limit, at bounded loop gains inde- 
pendently of #, parameters under unknown variation laws of these. 
parameters. For linear feedback systems with constrained gains 
and the same amount of information on the controlled process used 
in the control law, this, generally speaking, does not hold. 

Still another fact that seems to be of great significance is that. 
a negative static operator feedback in the S, system (6.05)-(6.56) 
eliminates oscillations of error signal o (¢) about zero. Linear control! 
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systems fail to enjoy such effect — a negative static feedback cannot 
cope with error oscillations. 

Consider S,) systems resulted from augmenting S, systems in- 
vestigated in the previous section by a static operator feedback loop 
in a manner depicted in the block diagram in Fig. 7.1. All control 
systems to be investigated below had their OFB (operator Cy in 
Fig. 7.1) generated as 


p(t) = Sp (t) sgnx(t), t>ty (7.13) 


where 6 is the positive number involved in the description of Gs. 

With this manner of OFB organization, this feedback, like COFB, 
is sign-variable. We use the output variable o (¢) of the OFB loop 
to alter the reference input operator A, in such a way as to get the 
reference variable x’ (f) it generates in the form 


r(t) = —cex(t) +p ()z(), tte (7.14) 


The associated COFB loop error o° (t) = o’ (x (¢), w (¢)) then takes 
on the form 


o’ (t) = —{ex (t) + [1—p (£)] 2 (8)} 
=o(t)+Sp(t) |x(t)|, tty (7.15) 


where, as before, o (t) = —cx (t) — = (1). 

Our further evaluation will be devoted to S,,) systems occurring 
with the use of the OFB law (7.13)-(7.14) in conjunction with various 
COFB laws. The investigation scheme this time will be the same as 
was used in Chapter 6, i.e. will consist in sequential solving Pro- 
blems A through F. 


7A S,. (1) Systems with Integral 
Coordinate-Operator Feedback 


The block diagram of the S, systems considered in this 
section is depicted in Fig. 7.3. The respective equations characteriz- 
ing the 4,, (1) control algorithm, upon elimination of certain 
variables, take the form 


u (t) = w(t) k° |x (2)| (7.16) 
u (t)= —asgno’(t) for |p (t)|<1 (7.17) 
= —wu (t) for |u(t)|>1, [u()|<1, tot 


where the error signal o’ (t) is defined by (7.15). 
The 4, algorithm (7.15)-(7.17) along with a &,-process specify 
the respective S,, system. All remarks made in Section 6.7 about 
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Figure 7,3 


the determination of solutions (x (¢), p (¢)) to S, systems apply here 
to S,, systems and their general properties as well. As before, we 
shall limit ourselves here to evaluating only V solutions to; Sy, 
systems. 

The asymptotic behavior of V solutions to the S,, system (6.56), 
(7.15)-(7.17) subject to x (t) € Gs is completely clarified by Theo- 
rem 6.7-1 and Corollary 6.7-1. From (7.15) it can be seen that given 
the inequality | u (t) | <1 is satisfied — this is valid for any V 
solution to the S,,, system — and the condition of x (t) ¢ Gs, the 
functions o’ (t) and o (¢) are of the same sign. This implies that in 
both S,, and S, systems V solutions are described by the same 
differential equations. Therefore the properties of V solutions to 
Sup Systems for x (t) ¢ Gs can be established with the respective 
statements from Section 6.7. This enables us to confine ourselves 
here to proving only one assertion similar to Theorem 6.7-3. 

In the space (x, uw) define a domain [ as follows: 


lr = {(e, p): ow) + Op tz} =0, |pl<1} (7.18) 


This domain corresponds to the zero value of error o’ (x, wu) for 
V solutions to S,, system. A V solution appearing in this domain 
means therefore that the COFB-loop error vanishes away. The follow- 
ing theorem dwells on the conditions reducing the question of o’ (t) 
vanishing to that of O-attraction for a certain VS system. 


1141-01213 
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Theorem 7.1-1. Let the domain G, be © attracting for the VS system 
(6.65), then the domain [ is O attracting for the S,, system (7.15)- 
(7.17). 

Proof. Assume the converse is true, i.e. for some V solution of the: 
Sup System on the semiaxis t > ty | o (x (¢)) + Su (¢) | x (@) | | > O, 
moreover lim | (oz (¢)) + 6u (t) |x (t) | | => 0. These inequalities. 


t—>oo 
mean that for ¢ >t, the function o’ (¢) has no sign reversals. Then 
examination of equation (7.17) indicates that for ft >t, + 2/a we 


have uw (f) = —sgn o’ (t), so that for ¢t > 7,0 (¢) satisfies the con- 
dition | o (x (¢)) | > 6 | az (t) |, that is, o (¢) and o’ (t) are of the 
same sign. If, however, u (¢) = —sgno (t), then the controlled 


process x (t) satisfies the VS system equation (6.65) and under the 

conditions of this theorem there exists a finite time instant ¢, when. 

o (x (t,)) = O or for all ¢ | o (v (t)) | > O but with lim |{z |] = 0. 
t—>oo 


Both situations contradict the initial assumption, thus proving 
the theorem. 

Hence under the conditions of Theorem 6.7-4, there exists a finite 
time ¢, when o’ (¢,) = O (these are x! processes), or lim || 2 (¢) || = 0 


and from some time instant x (t)¢ Gs (these are git processes). 

It is in order to note here also that if from some time instant. 
o’ (t) = 0 for some V solution, then because always | u (t) | < 1, 
| o (t) | <6 | 2 (#) | which is equivalent to x (t) € Gs. Consequently, 
the error vanishing in the COFB loop implies that the controlled 
process appears in the domain Gz. If subsequently o’ (t) = 0 then 
G, is [I invariant. The respective conditions make up the subject 
matter of Problem B. 

Problem B. We recall that the concept of G invariance of Gz has. 
been defined earlier (Definition 6.7-2) for the domain Gc Rj. 
Because the domain [CH#R# , the concept of I invariance is 
not defined in formal terms. We fill the gap by giving generalizing 
Definition 6.7-2. 

Definition 7.1-1. The domain G,; < R3 will be referred to as [ 
invariant (CT €R3,,) for S, system, for ¢ in [t,, ¢,], ¢, > 4,, 
if for any its V solution (& (¢), wu (f)) such that (@ (¢,), uw (é,)) EF 
we have x (t) € G, for allt € [t,, ¢,]. For ¢, at infinity, the time inter- 
val is not indicated. 

The following theorem defines the conditions for the domain Gz 
to be I’ invariant. 


Theorem 7.1-2. Let for the S,,) system (6.56), (7.15)-(7.17) 


ko > fp (7.19) 
a >> (c/8) (ko + k°) (7.20) 
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where k° and io are defined by (6.86) and (6.72), respectively. Then 
Gs is T invariant for such an S,, system. 


Comparing (7.19)-(7.20) with (6.60) and (6.61) for the S, system 
with integral COFB indicates that when augmented with a static 
OFB such an S, system retains the value of 4° in the CFB loop whereas 
its COFB loop gain may be decreased by half. Below we present 
a complete proof for this theorem, for it differs significantly from 
those for similar results of the S, system. 

Proof. Let (x (t), p (é)) be an arbitrary V solution to the Sy, 
system (6.56), (7.15)-(7.17) satisfying the initial condition o’ (¢t,) = 0. 

If x (t,) == O, then the V solution in question is (O,, wu (t)), 
| uw (t) | <1 for all ¢ >T,. Here p (¢) is some absolutely continuous 


function such that | uw (¢t) |< a. For such a V solution, z (t) €G, 
for ¢ > fy. 

Let now « (t,) #O,, but then x (t)  O, for all t >t,. Assume 
t, >t, is a time instant when o’ (¢,) = O but such that for all ¢ 
in (¢,, t, + A) |o’ (¢) | > 0. Here A is a positive number such that 
| x (t) | >> O for ¢ in (t,, t; + A). This number has to exist as 
| x (t;) | > O and z(t) is continuous. At ¢ = ¢, there can be the 
following alternative: either | uw (¢,) |<< 1 (case 1) or | uw (¢,) | = 1 
(case 2). 

For case 1 we can pinpoint a positive number A, < A such that 
for ¢ in (¢,, t; + A,) | uw @) |< 1, of course, at | z (t) | >O and 
| o’ (t) | >> 0. Under these assumptions the equations for the S 
ysstem yield 


ot (t) = {e[ay—a, (1488) 4 Ubi 88D 1 


+ ck |x| —ad |x| sgn o | dt (7.21) 


Lp 


where &, = uw sgn zx and & = Asgnvz. 


Here, as before, we assume | z (¢) |° = z (¢) sgn x (t). From equ- 
ation (7.21) it is not hard to see that given (7.20) the integrand and 
o’ (t) have different signs at any ¢ in (t,, t, + A,). Consequently, 
for ¢ close to ¢t, o’ (t) = 0. 

Now we turn to case 2 limiting ourselves to analyzing the situ- 
ation of p (é,) = 1. Letting o’ (t) > O for ¢ close to and following ¢, 
leads us, in view of equation (7.17), to | u (¢) |< 1 for these ¢. This 
again, after invoking equality (7.21), subject to | x (t) | > 0, brings 
us to controversy meaning that o’ (t) = O for ¢ close to t,. 

Now we return to the main line of the proof to consider the last 
of remaining possibilities. Assume that o’ (t) << O and ! 2 (t)|>0 


iie 
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for ¢ close to and following 7¢,, then wu (¢) = 1 and instead (7.21) 
we have | : 


o’ (t)=c " [((a,—a.6+ 0°) r+ h° |x|] dt (7.22) 


& 


where ¢ = (1 — 6 sen a)ic. 

Observing in this equation the inequality (7.19) with account of 
c > 0 we obtain that for ¢ close to and following ¢, o’ (¢) > 0 which 
contradicts our assumption. Hence, again for ¢ close to 7, o’ (t) = O. 
Repeating, where necessary, the above argument we convince our- 
selves that for ¢ >t, the desired identity o' (t) = O holds true, but 
this identity is equivalent for V solutions to the property x (¢) € Gs; 
for all ¢ >). Q.E.D. 

We have proved thereby that under the set of conditions outlined 
in Theorems 6.7-1, 6.7-4 and 7.1-2, and in Corollary 6.7-1 all the 
controlled processes in the S,, system (6.56), (7.15)-(7.17) converge 
as t — oo to the origin O, of the phase space. In this case we say that 
the #,-process is #,y, controlled with the control algorithm (7.15)- 
(7.17). These facts are accurately summarized in the following state- 
ment. 

Theorem 7.1-3. Let relationships (6.59), (6.67), (7.19) and (7.20) 
be valid for the S,, system (6.06), (7.15)-(7.17) at some constants 
c>0O and 6>0. Then the #,-process is 4,, controlled and all 
controlled processes in such an S,, system divide themselves into 
two families — that of x! (t) and x!!(¢) processes. For the x! pro- 
cesses, the bound (6.97) holds beginning from a certain time in- 
stant, while the z!! processes satisfy the condition of lim ||x!! (¢) || = 

t—> 


Q and from a certain time instant x! (t) ¢ Gs. 

It remains to prove only that the &,-process is steady 4) con- 
trolled with the control algorithm on hand. The proof of this state- 
ment completely parallels that of Lemma 6.7-2 for the .4, algorithm 
with integral COFB, moreover, the bound (6.74) is valid in this 
case as well. Therefore, for the S,, systems (6.56), (7.15)-(7.17), 
subject to the assumption (6.67), we may write 


PCB 4. {Fer [yy Sm (EPE*)” exp (2P/a)} (7.23) 


where c,, = max (1, c), P is defined in Lemma 6.7-2, and a@ is de- 
termined in agreement with (7.20). 

Expression (7.23) coincides with (6.82) accurate to a, therefore all 
remarks made in Section 6.7 for (6.82) apply here as well. Some 
peculiarities of control process behavior in the S,, system being 
examined will be disclosed in solving Problem F. 
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Problem F. Here again, as before, we confine ourselves to examin- 
ing the x! processes only, as the x!! process behavior is generally 
hard to draw any conclusion about except that lim || x#!! (t) || = 0. 


t—> oo 
A basis for our further analysis will be provided by a differential 
equation satisfied from some time instant by zx! (t) processes in the 
So system under examination. 
Under the conditions of Theorem 7.1-3, any xz! process (henceforth 
we omit the superscript in the process designation) satisfies the 
equation o’ (t) = 0 from some finite time instant, i.e. 


o (a (t)) + dp (t) | 2 (t) | =0 (7.24) 


where wu (f) is a component of the V solution corresponding to the 
controlled process z (tf). 

Letting | x (t) | > O for all ¢>t,, which is true as has been 
proved above provided | zx (¢,) | > 0, we resolve (7.16) for uw (t) 
to substitute the result into (7.24). As a result for t > t, we get 


u (t) = —(k°/6) o (x (t)) 
= (k/8) [ex (t) + x (t)] (7.25) 


Substituting this expression for the manipulated variable in the 
equation for #,-process yields the following differential equation: 


r()+[a(t+zelz@+la@+z]z)=0, tt, (7.26) 


satisfied by the examined controlled processes beginning from a 
certain finite time (individual for each z (2)). 

The relationship (7.24) and equation (7.25) just derived allow us 
to draw some qualitative conclusions on the properties of S,,, sys- 
tems and static OFB. 

(i) The incorporation of a nonlinear static OFB into a nonlinear 
S, system (6.55)-(6.56), converts the closed-loop control system into 
a linear system, at least for a portion of controlled processes. We 
may therefore speak of a linearizing property of OFB. 

(ii) For a portion of controlled processes in S,, systems, the 
manipulated variable (7.16) generated as a function of error zx (é) 
with variable gain is equivalent in its effect to a manipulated vari- 
able formed as a linear combination of the error coordinate and its 
first derivative with a constant gain equal to the ratio k°/6. Therefore 
we may speak of a rate property of OFB. 

(iii) Under the assumptions made earlier, the CFB loop gain is 
not to exceed its maximal value /°®, but the ratio k*°/6 exceeds k® 
when the conditions of convergence are satisfied (cf. Corollary 6.7-1). 
The incorporation of an OFB thus may be said to be accompanied 
(again in some cases only) by the effect of increasing CFB loop gain. 
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Specifically, with 6— 0, S,,) systems can experience the effect 
of infinitely large gain. But then this effect takes place in a portion 
of the phase space, specifically on the domain G5, contracting as 6 
decreases (as 6-—> 0 the domain Gz, contracts to G,). 

This is an essential difference of this indirect method of gain 
buildup from the direct technique when large gain may be used at 


any values of x (t) and z (t). This implication proves to be of decisive 
importance for control being exercised under deficient information 
on the control system status or in the presence of imperfections in 
the implementation of control laws, or under inaccurate modeling 
of the controlled process or system. Whereas in linear control sys- 
tems with large gain the control problem is unsolvable altogether 
or has a A-accurate solution, binary control systems can handle it 
asymptotically, retaining the principal properties of the controlled 
processes. 

It should be noted also that equation (7.26) is helpful in under- 
standing and treating in ordinary terms the eifect of a decreasing 
dependence of controlled processes in S,, systems on the A, para 
meters a, (t) and a, (¢) when 6 falls off to zero. To demonstrate, in 


this case k°/56 — oo and equation (7.26) boils down to cr + x = 0 
independent of a, (¢) and a, (t). It should be emphasized that under 
the circumstances the primary control loop of the S,,, system employs 
limited gains. 

(iv) It is an easy matter to verify that under the conditions of 
Theorem 7.1-3 the solutions to equation (7.26) are aperiodic time 
functions. Moreover, at arbitrary fixed values of the parameters 
a, and a, from the range (4.2) all the controlled processes in the S,, 
system examined approach the solutions corresponding to the asym- 
ptote defined by the largest root s* of the characteristic equation 
for the closed-loop control system 


s? +- (a, + c) s+ (a,+4-) =0 (7.27) 


Consequently, under the aforestated conditions and constants a,, 
i= 1, 2, the phase trajectories of the S,, system can evolve into 
a phase portrait such as that in Fig. 7.4, where the straight line 
o* =O represents the asymptote corresponding to the root s*. 
It indicates that the aforementioned oscillations of controlled pro- 
cesses about the domain o (x) = 0 with a frequency proportional 
to a vanish away as a static OFB is incorporated into the S, system. 
This means that under uncertain constant #, parameters a static 
OFB is equivalent in its effect to incorporating the derivative of the 
error o (t) into the COFB law. Notice that this result is achievable 
with a lower amount of information on the controlled process than 
in the case with the COFB law (7.7). An asymptotically independent 
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x"(t) 


Figure 7.4 


behavior with respect to parametric disturbances cannot, however, 
be achieved in S,, systems; this will be discussed at some length 
below. 

If we now take into account this property of OFB and the fact 
that the COFB loop gain may be half as large in S,, systems as in 
S,, systems, then we will be right to say that operator feedback does 
ensure a nearing of the dynamic properties of the reference input 
unit R, and the S,, system in the sense of the definition given at the 
outset of this chapter. In this respect, the objectives pursued by 
the incorporation of OFB are seen to be attained. 

Consider now the prospects for achieving an asymptotically inde- 
pendent response to parametric disturbances in S,, systems with 
static OFB. For a constant parameter #,.-process it has been estab- 
lished that given zx (¢) € Gs all controlled processes approach asym- 


ptotically the solutions of the equation 2 — s*x = O, where s* is 
the largest root of the algebraic equation (7.27). In the circumstances 
the function A (f) =o (t)/6 | x(t) | tends to the limit A* = 
—f(1 + cs*)/6] sgn x. Now we recall that for x (t) € Gs the variation 
of x (t) is described by cx (¢) + x (t) = —6A (t) | x (£) | or in a more 
convenient form as cz + (1 + 6A sgn z) x = 0. 

This implies that in the parameter space x to such motions cor- 
responds a nonstationary point m' = (c, 1 + 6A (t) sgn zx (t)). At 
fixed parameters a,, a, the function A (t) > A*, therefore this point 
also has its limit ny, = (c, 1 + 6A* sgn x) = (c, —cs*). Since to 
the ideal motion (consistent with the equation cz + x = OQ) in the 
Ite Space there corresponds the point x, = (c, 1), it turns out that 
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under the stated conditions the distance Az between points a, and 
1, is defined as Az = || ty — Ny || = | 1 + cs* | = constant. This 
expression means that at constant process parameters, S,, systems 
with static OFB exhibit a parametrical static (steady-state) error, 
or “statism” in the parlance of the Russian text, depending on the 
external disturbance in an ordinary manner as the value of s* and, 
hence, the magnitude of static error Ax are decided by the values 
of a, and ay. 

Consequently, static OFB may be thought of as an ordinary static 
feedback. Indeed, in linear control systems, static CFB gives rise 
to a steady-state (static) error (or its variation) in responding to the 
jumps in coordinate or additive disturbances. In binary control 
systems, a static OFB has been recognized to exhibit a similar res- 
ponse but only with respect to steps in process parameter variation 
or with respect to multiplicative disturbances. 

In the parameter space =, a parametrical static error implies the 
presence of a consistent deviation of the process dynamics from the 
specified performance. It is essential, however, that with such a de- 
viation no static error is exhibited by the main controlled variables 
and the control problem is solvable asymptotically. 

Finally, we note that for a, (t) and a, (t) being functions of time, 
the S,, systems examined may, naturally, exhibit no parametrical 
static error. For the variable a, (¢) and a, (t), only a weak dependence 
on parameters (parametrical “dissipatism”) can be warranted since 
the distance between points n, and x‘ obeys the bound 


Ag = || x — m% || <8 (7.28) 


This bound suggests that both asymptotic independence and 
weak dependence on parameters vanish as 6 ~ O, but for this ulti- 
mate case the relation (7.20) indicates that @ is at infinity and the 
Sip System on hand degenerates into a VS system. Accordingly, the 
complete solution to the control problem cannot be achieved in S,, 
systems either, but an arbitrary close approach to such solution 
can be ensured. 


1.2 Sp and Sno Systems 
Under Imperfect Information 


In this section we shall be concerned with the effect of 
inaccuracies, occurring in deriving information on the &,-process 
being controlled, on the performance and properties of some binary 
control systems. The focus of our examination this time will be S, 
and S,,, systems with integral COFB and static OFB; incorporation 
of other COFB laws results in similar conclusions. 
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It will be recalled that in linear control systems inaccuracies in 


deriving information on the derivative x (¢) may render the control 
problem at hand insolvable under the constraints on the class of 
permissible controls assumed in this study. It would be of interest. 
therefore to evaluate the behavior of binary systems under imperfect. 
information and to compare the qualitative properties of such sys- 
tems with that of linear control systems investigated in Sections 5.6- 
O.1. 

Let us refine the problem statement. Now the &,--process concerned 
is ill-defined with the parameters in the range (4.2). The information 
available for control is now inaccurate and is completely defined 
by the set 


I, = {x (t), w(t), > to; ay, i=1, 2; T = constant > 0} (7.29) 


where in place of x (t), as earlier in the set J/,, there appears its. 
bound w (¢) derived by actual differentiation. The differential law 
of w (¢) variation is as follows: 


Tw (t) + w(t) =z, t>t, (7.30) 


where 7 is some positive constant from J. 9» Given this information 
I, for the control algorithms with integral COFB and static CFB, 
it is required to determine relationships between system’s parameters. 
and define the conditions under which the &,-process will be steady 
Ay, and Ay, controlled. 

First of all consider the block diagrams of the respective control 
systems. Because now the information available for control is con- 
tained in the set J, given by (7.29), the reference input element R,, 
in the block diagram of Fig. 7.3 can no longer be represented in its 
earlier form. In forming the reference input x” (t) of the COFB loop 
we use the bound (7.30) in place ofj the ideal derivative to get 


xz’ (t) = —cw (tf), t > ty (7.31) 
where c is the former constant. 
This form of the function z(t), naturally, changes the expres- 


sion for the COFB loop error, now denoted by o,, (t), and defined 
under the given conditions as 


Oy (t) = —cw (t) — =z (t) (7.32) 


This method of generating the reference input 2” (¢) and error 
Oy (t) seems to be fairly justified as for T—>O 2° (t) ~ —ex (2), 


and o,, (ft) > o (t) = —lex (t) + x (t)], so that in the limit we get 
the earlier examined binary control systems with ideal information. 
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Figure 7.5 


If we now invoke the integral COFB law with the operator variable 
a(t) varying in accord with 
u (t) = —a@ sgn oy, (t) for |u(t)|<1 

= —wp (t) for |p) |>1, |w(to)|<4, tt) (7.33) 

and apply the CFB law of the form (7.16), i.e., 
u(t) = p(t) | 2 (Z) | 
we obtain the si system to be examined. Its block diagram is de- 
picted in Fig. 7.5. Relationships (7.16), (7.32) and equation (7.33) 


specify the respective An control algorithm. 

The block diagram shown in Fig. 7.6 pictures a natural way of 
introducing the static OFB (7.13) into the Si system on hand. We 
shall refer to the S, system that results as the Sy, system, and the 
respective control algorithm as the Ano algorithm. 

Figure 7.6 readily suggests the relationships and equations de- 
fining such an Arp algorithm, viz., 


u (t) = p(t) K° |x (2)| 
p(t) = —a sgn oj, (t) for |u(t| <1 


= —wp (t) for |p(t)|>1, Im(o)|<1, tt (7.34) 
Sip (t) = Gry (t) + Bp (#) |x (t)| | 
0» (t) = —ew (t)—z (t) 


Tw (t)+w(t)=2z(t) 
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Figure 7.6 


As can be seen from these equations and the pertinent block dia- 
grams, this section will be concerned with 4, (1) and ap (1) 
control algorithms. We shall evaluate the behavior of the outlined 
control systems for the &,-process modeled as 


x(t) +a, (t) 2 (t)+ a, (t) 2 (t)= —u (2) (7.35) 


where a, (¢) and a, (t) vary subject to the constraints (4.2). We will 
aim at determining the conditions under which the &,-process 
(7.32), (4.2) is steady controlled. 


Examining Sj), Systems 


Here we adopt the same scheme of analysis we employed in earlier 


chapters. As mentioned above, at 7 =O the Sj system coincides 
with the S,, system investigated in Section 6.1. Under the conditions 
stated in this section a part of controlled processes of the S, system 
(x! processes) reaches the domain G, in a finite time to remain sub- 
sequently in the domain G5. It would be natural to expect that at 
a sufficiently small values of the time constant 7 the behavior of 
controlled processes in the Sj, system will be close to that of S, 
system processes. Our analysis here will be aimed at revealing the 
conditions under which such qualitative coincidence does take 
place. We shall, of course, have to deal with another domain of the 
type G, and other conditions of controlled process convergence to 
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the origin of the phase space, but it is desirable that all such con- 
ditions assume the familiar form at T = 0. 

The study of the S a system, generally speaking, is more involved 
than the study of the S, system, since the former configuration is 
of fourth order rather than third as is the S, system. The solutions 


to the S,, system are generated as the set of functions (x (¢), w (i), 
u (t)) for ¢ > ¢t, and the controlled processes x (¢) are the projections. 
of these solutions from R* onto R*. The initial condition stated in 
(7.33) for wu (¢t) selects among the feasible solutions the family of Vp 
solutions on which we shall concentrate below. The S,, system pro- 
per is characterized by differential equations with a discontinuous 
right-hand side [see (7.33)], therefore its solutions will be understood 
after Filippov [93]. The existence and continuation of these solutions 
onto the entire semiaxis ¢ > f, is also to be established as outlined 
in this publication. 

For any initial conditions on w (t) a detailed analysis is rather 
complicated even for V, solutions, therefore we limit ourselves to 
evaluating a situation with 


| x (to) — w (to) |< TBo || x (to) || (7.36) 


where B, is a positive constant. Under some conditions this inequality 
is valid also for ¢ > ¢,. It would considerably simplify our further 
evaluation and the derivation of necessary bounds. Therefore, we 
wish to formulate and prove this useful fact below. 

The proof of (7.36) validity for all ¢ beginning from some finite 


time instant will be pivoted on the fact that the function z (¢) is 
not an arbitrary time function, but rather is defined by a dynamic 
system whose solutions can be bounded from above by the solutions 
to the linear dynamic system with bounded coefficients. That is 
why we are in a position to derive a prior bound such as (7.36) 


for the difference of x (¢) and w (t). 
Lemma 7.2-1. If for the S47 system (7.16), (7.30)-(7.33), (7.35) 


1/T —P>0 (7.37) 


then for any its Vy solution (x (¢) w (¢), w (t)) such that || x (f,) || 4 O 
and for an arbitrary number e¢ > 0 there exists a constant B, > 0 
and a finite time instant ¢, from which 


|x (t)—w (t)| <TBg|| x (II (7.38) 
where 6, is defined as 
B,=P,/(1—TP)+e (7.39) 
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and the constants P, and P as 


Py =max {sup [+ |ay(Z)!J, sup [as (t)|} (7.40) 
t21t9 t>to 
P=sup || Ay (0) (7.41) 
t >to 


the matrix A, (¢) being defined in (6.76). 

We note that inequality (7.37) relates in a certain manner the 
variation rate of controlled processes in the S, system and the vari- 
ation rate for the derivative bound w (tf) obtained in a physical 
differentiating device. 

Proof. Consider a Vy solution (x (¢), wu (¢), w (é)) of the SP system 
that belongs to the family outlined in the conditions of Lemma 7.2-1. 
Again, as in similar situations above, we verify that if || x (¢,) || 4 0, 
then || x (¢) || 4 O for all ¢ > Zp. 

For the V, solution on hand, for all ¢ > f,, the function 


9) = In @ Vile @ ll (7.42) 
is defined and continuous. Here 
y(t) = 2 (t) — w(t) (7.43) 


Let @ (t)) = @p, then the variation of @ (¢) for the Vy at hand 
on the semiaxis ¢ >f, is defined as 


= fin) |*—9 (@) Ile ir 
@ (t)=%o+ \, oe ee de (7.44) 


where points as before denote time derivatives of the respective 
functions: 


In (t)|* = (+) sgn n (1) 
|] @ (a) = 2 (a) sgn x (t) +2 (t) sgn z(t) 


From (7.43) and the equations of S, system we find that for t > t 
the function y (¢) satisfies the equation (the argument ¢ is omitted 
for convenience) 


Ty = —y — T (bu |x| + aye + aor) (7.45) 
Multiplying both sides of this equation by sgn y (t) yields 
Tint =—Inl]— 7 ule | + az + az) sgn 4 (7.46) 
Observing here the inequality 

[Aw la | + ae + az | < Po lla | 
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valid for every Vy solution and ¢ > ¢,, yields the differential inequ- 
ality 

Finl<—lnl+ FPo | || (7.47) 


which will be handy in our further considerations. 
Let us now obtain a bound of the ratio || x ||*/|] z ||. To this end, 
we observe first of all that 


Ile PP] = [lel +lele 
=|zsgnz+aesgnze|<|[zr|4+)|zel|=|z2] 


Further we invoke equation (6.76) in the form 2 = A,x, which is 
essentially the vector form of equation (7.35) for the control u (¢) 
given in agreement with (7.16). This vector equation leads to the 


estimate || r |< P || x || valid for ¢ > tf,, with which we immedi- 
ately arrive at 


Wael Vlei P (7.48) 


This inequality and (7.47) will be used to bound the integrand 
in equation (7.44). We omit the elementary algebra involved to 
quote the result 


()<+ |) [Po—UIT—P) p(a)] dt, tty (7.49) 


To solve this integral inequality we define the continuously dif- 
ferentiable function » (¢) as follows: 


b()=Po+ |) [Po— (L/P) (x)] dt (7.50) 


and convince ourselves that, given (7.37), wp (t) > 9 (t) for allt > t,. 
Subtracting (7.50) from (7.49) yields 


p()—P)<— J) (UTP) lo ()—Y(a)] at 


In view of (7.37) this inequality immediately gives that  (t) — 
y (t) <0, hence, for all ¢ >,  (t) <p (¢). Recall that » (t) for 
all t >t, satisfies the differential equation 

p= —(A/T—P) p+ Po, P (fo) = (bo) (7.01) 
resulted from differentiating (7.50). The solution to this equation is 
‘p (£) = tp exp {— (1/2 — P) (¢— t)} 

+ \" exp{—(1/7—P) (t—1)} Pp dt 
e £0 
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which after integration takes the form 


p(t) = PJ/(A/T — P) +o, — P/(/T — P)) 
x exp {—(1/T — P) (t — t,)} (7.52) 


This expression immediately suggests that if 9, < TP,/(1 — TP), 
then for ¢ >it, 9 (t) <» (t) < TP,/(1 — TP). Moreover, given an 
arbitrary small e, for any initial condition 9) > 7P,/(1 — TP) 
there exists a finite time instant ¢, > ¢, such that  (t) < TP,/(1 — 
TP) + Te for all t > f,. 

Recalling the expression for @ (¢) [see (7.42)] we arrive, for ¢ > t,, 
under the considered conditions at the inequality 


In@ |< TP /( — TP) + el lle @ Il 


which coincides with the desired inequality (7.38). Lemma 7.2-1 
is proved. 

We have proved thereby that beginning from a time ?, the bound 
(7.38) holds for every V7 solution of the Sj) system provided 1 — 
TP>0. 

The said time instant ¢, is individual for each V, solution. The 
fact that bound (7.38), heavily involved in our further consider- 
ations, is valid for each V, solution from another, unknown time 
instant is not of much convenience. Of course, we could start a con- 
sideration for a V7 solution from the time Zz, so that all the subsequent 
results be valid, but this would complicate formulations for many 
assertions. It is more convenient, without much loss of generality, 
to confine ourselves to evaluating those V, solutions for which at 
the initial time instant (7.36) holds with By = Byey = P,/(1 — TP). 
Then for t >t, by Lemma 7.2-1 we shall have for such V7 solutions. 


Iz) —w@ I< TBo\|x @) ll, [Bo = Pol — TP) (7.53) 


We shall refer to such V7 solutions as V? solutions and henceforth 
focus our attention on this class. For these solutions, the following 
theorems become easier to formulate wnile the attendant proof becomes 
versatile. 

We continue investigation of S7 systems using the bound (7.53) 
as a pivotal point. According to the general methodology of binary 
system construction, the COFB loop is to close the error of this loop. 
In the case under examination this reduces to ensuring 


o,, (t) =0 (7.54) 
or, which is the same [see (7.32)], 
w (t) + x(t) =0 (7.55) 
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The function w (t), however, cannot be expressed through x (t) 
and 1 (t): from (7.30) and (7.43) we have for it w (ft) = zx (t) — yn (@). 
Therefore, fulfillment of the equality in (7.55) means also that 
a (¢t) = —cy (t) (7.56) 
‘where as before o (¢) = —[ex (t) + x (t)]. 


In agreement with Lemma 7.2-1, given (7.37), we have on the 
semiaxis t >t, for Vt solutions | y (¢) |< TB, || x (¢) ||. Observing 
this inequality in (7.56) indicates that when the desired equality 
(7.54) holds the function o (¢) satisfies 


10 () | <ePB, ll x (t) I (7.57) 


This inequality implies that under ideal operation of the COFB 


loop in the S4 system ensuring o,, (t) = 0 from a certain time, the 
e e U e eo 

projections of its V? solutions on the phase space belong to the 
domain 


Gr ={x: | («)|<eTBy|| x ||} (7.58) 


This specifically implies that there is no reckoning on a complete 


solution to the control problem on hand with o (¢) =O in Si sys- 
tems. The best we could hope for is to get an approximate solution 


by ensuring 2 (t) EG. This, however, requires keeping equality 
(7.94) satisfied, which in general is not an easy task. That this is 
the case one can easily see from examining the expressions for C1, (¢) 


and On (t) derived at o,, (t) = 0, and both o,, (t) and o,, (¢t) = OQ, 
respectively. Straightforward calculations yield 


Swlo,—0 = ain [(e+T) 2+] (7.59) 
Gulo—0 = | (+7) y+ —— SEP 4+ ko psgn x | (7.60) 
o4,=0 


The identical zero in o,, (t) =O would imply that 


p(t) ==— sy | (6+ 7) a, (t) +P | sgn 2 (Y) 

which is impossible as a, (¢) and a, (¢t) are arbitrary and piecewise 

continuous, and the parameter a in the COFB law (7.33) is finite. 
Under the circumstances it would be only natural to strive at an 

approximate fulfillment of (7.54) in choosing circuit parameters of 

an S;, system. Here, as before, we shall understand the said appro- 

ximation in the sense of meeting 


low () |< 46 | 2 () | (7.61) 
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at some fixed positive 6. For this inequality being satisfied with the 
7 solutions of the Sh system, in view of o,, = o + cy we have 


lo ¢) |< (6 +cTB,) || x (4 | (7.62) 
In the phase space to this inequality there corresponds the domain 

Gop = {x: | 0 (x) | < 87 || 2 I) (7.63) 

where 

5 =6+cTB, (7.64) 


Thus, approximately meeting the desired inequality means that. 
the controlled processes zx (¢) € Go 


It would be natural to require that such controlled processes con- 
verge to the point O,.. In order to evaluate the conditions under which 
this will be the case we invoke the transformation of Section 6.11. 


We note that since o = —(cr + 2), then c|z|—|z|[< lo] 


and with a € Gs we have |o|<6- (|x |+ |z |). These two 
inequalities yield 


lx|<|x| (1 + 8p)/(e — 6p) 
provided 
c—6,>0 (7.65) 


Under this assumption Gs, may be embedded into the larger 
domain G,, defined as follows: 


Go,,={x: |o(x)| <br |z]} (7.66) 
where the constant 6, is related to the aforementioned constants as 
5, =, (1+e)/(e—5,) (7.67) 

If we now apply the differential constraint er + x = —o and 


the inequality |o |< 6, |2z]| valid as long as x € Gs we shall be 
able to solve for such controlled processes the problem of conver- 
gence to O,. 

Similar to proving Theorem 6.11-1 and Corollary 6.11-1 we estab- 


lish that the controlled processes converge to O, when 6, <1 or, 
which is the same, when 


67 <c/(2 +c) (7.638) 
In addition, the following bound is valid for ¢ >t, 
1+6 1—6 - 
|| @ ()|| <= F"F | x (t,)I exp { -——= (¢—14,)} (7.69) 


where f, is the time instant from which = (t) € Gg,. 


12—01213 
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This result will be valid, of course, if x (t) € G¢, for all ¢ starting 
with a certain time instant. We look at this circumstance in some 
more detail. 

Problem B. In general sense, the domain G»5,, is not invariant 
in Si systems. The best we may hope for is conditional invariance 
or, in accord with Definition 6.7-2, G invariance. The key point 
therefore is to choose the domain G C Ggz,,, As such we pick up the 
domain Gy (7.58). 

We consider only V% solutions to the S, system, therefore the 
term V solution in Definition 6.7-2 must be replaced with the term 

“r solution. The associated conditional invariance of G, for such 
solutions will be called G} invariance. The conditions forG? inva- 
riance of G,,, are given by the following theorem. 


Theorem 7.2-1. Let for positive constants c and 6,,0< 6, < 1, 
the conditions (7.36)-(7.37) and the relationships 


ko > kh (7.70) 
_ 2(1—TB,) c o 1 70 
OS —FB abe) + Kt) (7.74) 


(kr, kp are displayed below) be satisfied for the Si system (7.16), 
(7.30), (7.32)-(7.33), (7.35). Then the domain G5, is G? invariant 
for such Sj, system. 

The proof of this theorem could be achieved on the lines traditional 
for this treatise, therefore we skip over the details and outline only 
the principal fragments. 

We are about to demonstrate in this theorem that for an arbitrary 

’’ solution (x (t), u (t), w (é)) to the Sj system, given the initial 
condition x (t,) € Gp, the controlled process x (t) will not leave the 
domain G5, for t >t). To begin with we assume that at ¢, x (t) 
appears at the boundary 0G,,. or Gs, and prove that then yu (t,;) = 
—sgn 0, (t,). Then we employ this result to establish that « (t): 
will not leave G5,, for t > t,. 

In order to prove the first fact we invoke the function 


i (t) =o (t)/6p |x (t)|, tt, (7.72) 


subject to | x (¢,) | «0. 
For each Vr solution, this function can be written as the integral 


equation 


L(t) = Ato) + \) [Ge (ak +) sgn c+ pH | ac (7.73) 


where € = (1 + 67&)/c, and € (¢) = A (¢) sgn z (é). 
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To simplify our working, assume z (t,) € 0Gp and x (t) € Gar.NGpr 
for t € (to, t,], where ¢, is the first instant when & (t,) € 0G6,. 
For |A (¢))| a straightforward bound results as 


1A (tp) | =o! SP Bo # Coll < TByo Ate 


Or |x (zo) br |x(to)| ~~ 1—TBy Sr 


We note only that 1 — 7B, > 0 follows from (7.68) satisfied under 
the conditions of Theorem 7.2-1. 

Assume now that at ¢ = ¢,, when by agreement | A (t,) | = 1, 
we have u (t,) #~ —sgn o,, (t,). Observing that for ¢ in (¢5, ¢,] we 
have | o (t) | >>cTB, || x (t) || we find that on this time interval 
son o (t) = sgn o,, (¢) so that under this assumption ¢, — f) < 2/a. 

Denote 


ko = max sup |a,—a,O+ C| (7.74) 
ISI<1 t2to 

ko = max sup |a,—a,t-+ ©] (7.79) 
[El=1 t2to 


where €=(1+6,&)/c. 


With this notation and the estimates for |A (f,)) | and t, —@, 
we obtain from (7.73) 


TB 1-c 2¢ 7 av lt 
Yh (ty) | <q ES teh tk) 


Using (7.71) in this bound leads us to establish that | A (¢,) |< 1 


contrary to the assumption made, and hence up (t,;) = —sgn o,, (t,). 

To conclude the proof we need to verify that for ¢ close to and 
following ¢, the equality w(t) = —sgno,, (t) = —sgno (t) = 
—sgn A (t) holds true, therefore, substituting p (t) = —sgn A (t) 


into (7.73) and observing (7.70) we obtain that for these ¢ | A (¢) |< 1 
which implies that x (¢) € Gs, and thereby concludes the proof of 
the theorem. 

By way of comment we note that at 7 = O (7.70) and (7.71) take 
on the form usual for S, systems with integral COFB. 

Theorem 7.2-1 is valid if G; is a domain of attraction for V> 
solutions of the Si system. The following problem is devoted to 
establishing the sufficient conditions for G7 to be attracting. 

Problem C. The solution of this problem hinges on the fact that 
the signs of o (¢) and o,, (t) coincide when zx (t) ¢ Gp for some V3 
solution to the Sa system at hand. Indeed, o,, = o + cy, but for 
a Vf solution | y (f) |< TB, || x (t) || and since | o (¢f) | >cTB, X 
| x (t,) || for x (t) ¢ Gp, then sgn o,, (t) = sgn (t). With this equ- 
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ality on hand we can put down for o (¢) an equation similar to (6.68) 
(t is dropped throughout) 
cag—1 ( Ca,g— 1 

C 


o=— ——— 6 —ca,| x—ck® |x| sgno (7.76) 


which is valid when the controlled process x (t) does not belong to 


Gp on a time interval longer than 2/a. 
From (7.76) we obtain that given (6.67) and (7.70) subject to 


€ = ( [this is equivalent to k® > k® with i given in (6.94)], either 
there exists a finite time instant t’ when z (¢’) € 0G, or lim o (t) = 0. 


t-—>0o _ 
The last equality is equivalent to lim || x (¢) || = 0. Hence, G-, is 
t —> co 


a domain of attraction for the S, system. In passing we have also 
solved Problem D concerning the asymptotic behavior of those V} 
solutions for which 2 (¢) € Go,. 


Now we are in a position to state that in an S, system all con- 
trolled processes divide themselves under the aforestated conditions 
into two families, those of x! (¢) and x!! (t) processes. The controlled 


processes corresponding to V} solutions converge to the origin. 
Given inequality (7.68) is satisfied, x! (t) may be exponentially 
estimated with (7.69) from some time instant. 

Thus we have demonstrated that under some conditions a para- 
metrically uncertain &#,,-process is 4, controlled. The fact that it 


is steady 4, controlled may be established with the argument of 
Section 6.7. The shorthand expression summarizing this result, 
provided, of course, the conditions (6.67), (7.56)-(7.37) and (7.68) 
are satisfied, is as follows: 


T C 


PCC yr {Foy Ty, Ge (RE )* errra} (7.77) 
—"U 


where a is borrowed from Theorem 7.2-1, P from Lemma 7.2-1, 
and k° from (7.70). 
To conclude we make another remark on the dependence of zx! 


processes on J, parameters in the S, system. No choice of circuit 
parameters is able to diminish this dependence to an arbitrary level. 
An indication of this fact is provided in particular by the lower bound 


of the distance between the points n' = (c — 6, sgn z, 1 — 674 X 
sgn x) and m® = (c, 1) in the parameter space m,, estimated as 


Aj, = || n!— 2° || > 2cTB, (7.78) 
in the limit as 50. Here 4=0/6>7 || x|] with |A|<14. 
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S,, System Analysis 
Let us look now at the behavior of S ” systems augmented 
by a static operator feedback (OFB) loop. This implies that we shall 


examine S), systems described by (7.34)-(7.35). Again we limit our- 
selves to analysis of V7; solutions under the assumption of Lem- 


ma 7.2-1 being satisfied. The lemma provides for y (t) = x (¢t) — w () 
the inequality (7.53) for t > fp), i-e., | yn (1) | < TB, || & (£) Il. 

It will be noted that the concept of V7 solutions to the Si system 
(7.34)-(7.35), the existence of these solutions and their continuity 
on the entire semiaxis ¢ >t, are clarified with the remarks issued 
for V} solutions to the S;, system in the foregoing section. 

We recall that for S,» system with complete information (when 
TY = Q) we assumed the equality o° (¢) = o (t) + 6p (¢) | x (ft) | = 0 
is maintained for system’s solutions from some instant. This assum- 
ption enabled us to determine system's circuit parameters and eva- 
luate the principal properties of system’s solutions. In what follows 
we shall adhere to these lines of reasoning. 

Let us for a V} solution to the S,) system on hand have from some 
time instant t, > 1, 
oy (t) = Oy (t) + 6p (é) | z(t) | =0 (7.79) 
Since | pw (¢) | <1 for V* solutions we have fort >2%, |o, (4) |< 
5 | x (t) |. Recalling that o,, = o + cy we see that (7.62) is satisfied. 
In view of the condition (7.65) this is equivalent to zx (¢) € Ger, 
the domain G,,, being defined in (7.66). Therefore the asymptotic 
behavior of controlled processes for such V} solutions can be exa- 
mined in much the same way as we did in the previous section. With 
(7.68) being met, the respective controlled processes converge to Ox 
and from ¢, their norms obey the bound (7.69). 

Equation (7.79) can be employed for establishing the dependence 


of some controlled processes in the Sjp system on &, parameters. 
To demonstrate, let | x (t) | 0 for ¢ > ¢,; resolve (7.79) for uw (¢) X 


| x(t) | with account of o, =o +cyn = —(cx + x2) + cn, and 
incorporate the result into the first line of (7.34), then 


u (t) = —(k°/8) [ex (t) + x (t)] — (ck°/6) n (t) 
Represent 7 (¢) as 
nt) = TBo [hy (t) @ (t) +49 (t) © (2) 
with i, (¢) and A, (t) being some continuous time functions of bounded 


variation | A; (t)|<1, i=1, 2, in view of |yn (¢t)|< TB, X 
|| 2 (¢) || for Vi solutions. 
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Substituting these expressions for wu (t) and y (t) in (7.35) we estab- 
lish that for all ¢ >¢, the controlled processes satisfy the equation 


x (t) + [a> (t) + ck9/6 + (ck°T Bo/8) A, (t)] x (2) 
A [ay (t) + k9/8 + (ck°T B,/8) hy (t)} x (t) = 0 (7.80) 


This equation suggests that, as contrasted from S,, systems, in 


Sip Systems even at constant parameters a, and a, the differential 
equation includes variable parameters, the implication being that 
such system dynamics cannot enjoy asymptotic independence of 
plant parameters. What we could reckon on in this case is to achieve 
a slight dependence on parameters (“dissipatism”’) in the extent 
estimated from below by letting 6 go to zero in equation (7.80). 
The resultant differential equation, satisfied with the considered 
controlled processes, has the form 


c[1 + Ay (t) [Bo] x(t) + 1+ Ag By] x (t) =0 (7.81) 


Therefore for the distance Ano in the parameter space m, from an 


ideal point 1° = (c, 1) corresponding to the equation cz + x = 0, 
to point nm’ = (c (1 +A,7B°), 1 + cd,TBy) corresponding to (7.81) 
we have the following sufficient bound: 


At = || xt—n° || <2cTBy (7.82) 


Comparing this expression with A, of (7.78) reveals that static OFB 
can improve the system performance. 


The Sip system processes will possess the aforementioned pro- 
perties if for system’s arbitrary V7 solution there exists a finite time 
instant ¢, when oy (t) falls off to zero and remains so for subsequent tf. 
If such a finite time instant does not exist for some V7 solutions, 
their asymptotic behavior with ¢ at infinity should be examined. In 
compliance with our classification, the first problem is to be solved 
as Problem A, the next as Problem B, and the last as Problem D. 
We begin our examination with solving Problem B. 

Problem B. Assume at t, >t, 


Ow (t4) = Oy (44) + Op (24) |x (t1)| =O (7.83) 


We are to determine the conditions under which (7.79) will be valid 
for all ¢ >1t,. It is worthwhile to handle this problem as consisting 
of two cases: (1) | p (f,) |< 1 and (2) | w (é,) | = 1. We give only 
the outline of the examination, the details can be restored on the 
lines of argument used for Theorem 7.1-2. 
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Case 1. Using (7.34) and (7.43) we can readily write the equation 
for o;, (t) variation on the evaluated V} solution for t > ¢,, viz., 


(o + Su sen xx + Ou |x|) dt 


t 

t 

=|) (—cw+art+6u sen xxz—ad |x| sgn 0,) dt 

\ (—cyn/T — Er—ad |x| sgn 0.) dt (7.84) 
where € = 1— 6du sgn zx. Inspection of the integrand suggests 
that if with a sufficiently small constant A > O for ¢ in (¢,, t, + A) 
the function | oy, (t) | >> 0, say o, (t) > 0, and 


ad |x (t)| > —(c/T) y(t) —& (8) x (2) (7.85) 


then the signs of the integrand and of o, (t) are different (i.e., 
Or (t) <O on (t,, t, -+ Al) and hence oy, (t) = O on [t,, ¢, + Al. 
By this we have shown that, given (7.83) and (7.85) are satisfied, for 
the selected Vr solution for ¢ > ¢,, and at the same time | wu (¢) | < 1, 
then for such V*} solution we have (7.79), i.e. oy (t) = 0, for all 
t >t. 

Let us rearrange (7.85) in view of the last equality to get cw (t) = 


—§, (t) x (t). Now the derivative x = w + yn can be represented as 


x(t)= —1& (Q/e] z(t) +9 (0) (7.86) 
Substituting this expression in (7.85) yields 
a8 |x (t)| >> —LclT + &, (2)] y(t) + IE ()/e] 2 (1) (7.87) 


Since for the Vp solution at hand x(t) €G5, and always |y (#)|< 
TB, || x (t)|| then for 7 (t) we have 


In (t)|<7By—= |x (1) 
C— OT 


which immediately suggests that (7.87) and, consequently, (7.85) 
will be valid for ¢ > ¢t, provided that 


4>— max { (=F "4 [44-7 ( Aes =) | Bo re —} (7.83) 


Jel<1 — > 


where € is an arbitrary number with | §& |< 1. This inequality in- 


cludes only the parameters of the Sito system, consequently, it can 
be satisfied by a suitable choice of a. 

The fact we have just proved is useful on the condition | u (¢) |< 1 
for t > 1,. It is essential therefore to reveal whether this inequality 
takes place in this case. Assume that on some interval [t,, ¢,), 
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t,>t,, |u(t)|<1 and oy (t) = 0. That such a time interval 
exists is quite obvious. For ¢ in [¢,, t,] 


Oy (¢) = \, 0%, (t) dt = | (O| zx | u—cw—£,x)dt =0 

whence 

|) Sla|pdt=— |) (cw+ &2) dr (7.89) 
ty t1 


where & =1—6y sgn x. 

Because Oy (t) = 0 means «x (t) €G,,, for such motion <x () 
experiences no sign reversal and, consequently, the integrand on the 
right-hand side of (7.89) is continuous. 

Assume now that at ¢ = ¢, the function wp (¢) attains its boundary 
value, for definiteness let uw (¢,) = 1; the case of —1 may be exa- 
mined in a similar manner. Then it is quite obvious that there exists 
a small number A > O such that 


t e e 

\. ‘ (cw+E,x)dt< 0 (7.90) 
2- 

In view of integrand’s continuity we get with the mean value theorem 


cw (0) + &, (0) x (0) <0 (7.91) 


where 9 is a point from [t, — A, ¢,]. Letting A go to zero leads us to 


cw (ts) + [1 — 6 sgn x (t,)] z (ts) <0 (7.92) 


This inequality implies that for? close to ¢, witht > 7%, the con- 
tinuously differentiable function v (t) = cw (t) + [14 — 6 sgn z (t)] X 
x (t) obeys 
v(t) <0 (7.93) 


ince by assumption v (t,) = 0. 
If we now assume that for such ¢ > ?¢, oy (t) <. O, then uw (¢) = 1 
so that in view of (7.34) 


CO, (t)= |), 0% dt = | |, lew — (16 sen x) x} dt 
— — \, v(t) dt= —v(t) 


The last is true in view of v (t,) = 0. Recalling that above we have 
proved that v (t) < O we obtain for the considered ¢ that o, (t) > 0 
which contradicts the above assumption. 

If we now assume that o,,(t) > 0 for ¢ > ¢,, then in view of (7.34) 
u (t) < 1 for ¢ close to ¢,, which brings our examination to the initial 
situation. 
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It remains to consider the case of o, (t) = O and u (¢) = 1 for t 
close to t, with ¢ > t,. Under these conditions v (¢,) = 0 and since 


Oo’, (f.) = —_yp (to), then oy, (t,) =O. Therefore the direction in 
which oy (¢) varies can be inierred in this case from analysis of its- 
second derivative at ¢ = f,. To obtain this derivative we first derive: 
some useful relationships. From o, (t,) = 0 we get 


ew (ta) = be (t2), §=1—Ssgn z (fp) (7.94). 
From o%, (t,) =O we got— cw (ty) = Ex (to) and, in view of = n/t, 
— cy (f,)/L = Ex (to) (7.99) 
Next we use L=Hn+w to establish with (7.94)-(7.95) that 

T 
1 (ty) = Ss x (to) (7.96) 
2 (ty) = — oe © (te) (7.97) 


under the obvious assumption of c+ 7E>0. 
Now we see that oy, (t,) has sense and reads as 


Ow» (ty) = —[ew (t2) + Ex (ts)] (7.98) 


Since Tw = 7 and in view of (7.45) at p= 1 y= —1/T — (k° | a] + 


a,x + yt) and x= —agrt—a; x-—k®| a2], we substitute these 
expressions into (7.98) with account of (7.96) and (7.97) and after 
some algebra arrive at the desired expression (¢, is suppressed through- 
out) 


AT (lait [(ae)'- (ate) ete) 2} 99 


From this expression it,is not hard to infer that Op (t2) > 0 pro- 
vided | x(é,) | =>0O and 


ae (<ere)t (sere) | (7.100) 


Note in passing that if at some ¢t, x(#,) =O for x (ty) €Ge,,, then 


the V% solution for subsequent ¢>7, has the form (O,, p(é), 0} 
and, consequently, oy, (t) =0. 


A a 
ko>k>}= max sup 
E—14+6 [t>1to 


The inequality o, (t,) > O just proved enables us to state that. 
for é close to t,, ¢ >t,, the function oj, (t) increases under the in- 
vestigated condition, that is for the said ¢ the inequality o% (t) >0 
must hold. 
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Turning to the differential equation for pw (¢) we find that for 


£ >t, the derivative u (tf) = —a, i.e., u (t) decreases, consequently, 
p(t) <1 for t >7,. Thus, we again return to the initial situation 
with |u(¢é) |< 1 and therefore oy, (t) = 0. Recycling the above 
‘considerations we establish that given (7.88) and (7.100) the equality 
Ow (t) = O holds for all subsequent ¢ following ¢, when it occurs. In 
the circumstances, for such a V* solution | u (4) |< 1 for allt > t,, 
the set of instants with | uw (¢) | = 1 is at least enumerable. 

Case 2. Here we are faced with a number of possibilities. The one 
‘to be taken up first is characterized by oy (¢,) = 0, w (¢,) = 1 and 


Oy (t) >OU for ¢ >#,. Accordingly, in view of w = —a sgn oy 
the function w (¢) diminishes, i.e., pw (ft) << 1 for ¢ >7#,. Invoking 
(7.84) it is an easy matter to see that, given (7.88), oy (t) = O for 
t close to ¢t, and following this instant. This reduces the examination 
‘of this situation to Case I above. 

A similar situation takes place under the following conditions: 


Ow (t4;) = 9, w(t) = —1, and o,(t)<(O0 for t¢>42, 


A third situation is described by oy (¢,) = 0, uw (¢t,) = 1, and 
Ow (t) < O for ¢ close to t, with ¢ > ¢,. This version needs thorough 
examination. Although somewhat in advance, we note that analysis 
of the next situation with oy, (¢,) = 0, uw (¢,) = —1 and o, (t) >0 
for ¢ >t, parallels the analysis of the situation at hand, therefore 
we confine ourselves to examining this case only. First of all we note 
that this situation would be impossible if o,(¢) >O for ti<t, 
as then pu (t,) 41. Consequently, for t close to but smaller than ¢, 
there should be o, (t) <0. Under the conditions stated o, (t) = 
—cw (t) — [1 — 6 sgn x (¢)] x (t) and in a small neighborhood of t, 
this function is continuous. Hence at t = ¢, it reaches a maximum 


Ow (t;) = 0, which in turn means that 0%, (t;) = 0. Hence its behav- 


ior for ¢ > ¢, can be inferred from 0, (¢,) for which we have (7.99). 
Given (7.100) this derivative is positive (we assume, of course, that 
| x (t,) | > 0) and therefore for ¢ posterior and close to t, Ow (¢) > 0. 
This, however, contradicts the initial assumption of oy (t) <0, 
t > t,. Hence under the stated conditions the situation on hand is 
unfeasible. Summarizing all the above developments and cases we 
see that given (7.88) and (7.100) the equality o, (¢) = 0 holds at allt 
beginning with the instant it occurs for the first time. Introducing 
the set 


PD, = (ez, H, w): Oy, + oy l[x| =0, lu |< t} (7.101) 


‘we can summarize the above considerations as the following state- 
ment. 
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Theorem 7.2-2. Given (7.68), (7.88), (7.100) and the conditions 
of Lemma 7.2-1, then the set I’,, is invariant for V7 solutions of the 
Sio system (7.34), (7.35). 

We have demonstrated that ifat t = ¢t, some V*? solution [« (t), 
u (t), w (t)] of the Si, system belongs to I,,,, the respective controlled 
process x (¢) € Gg, for all ¢ > ¢, and hence if (7.68) is satisfied the 
trajectory converges to the origin O, subject to the bound (7.69). 
Theorem 7.2-2 therefore is central to investigation of 5S, systems, 
but to make it useful we need to establish that the set I’,,, is a domain 
of attraction for V> solutions to the Sip system (7.34)-(7.35). A 
definition of the respective conditions makes up the content of Pro- 
blem C that follows. 

Problem C. To begin with, uote that the set I’, will be a domain 
of attraction for Sy. system’s V} solutions if at t = ¢, for any 

7¢I, there is a finite time when V7; €I,, or else lim V* € I,,. 


t—>oo 

We examine the problem at hand in two steps. The first step will 
be devoted to establishing that Gs, in (7.66) is a domain of attrac- 
tion. Next we find conditions under which a V+ solution attains I,,, 
i.e. where Oy (t) vanishes. 

To prove attraction we shall use the coincidence of signs of oy (t) 
and o (¢) for x (f) €G,,. This follows at once from oy = 6 + ey + 
du |x |, the expression for Gg,, and inequality (7.53) valid for V? 
solutions. 

Assume V7 ¢I,, for all ¢ >t), then oy (¢) experiences no sign 
reversals on this trajectory. Let for definiteness 0, (t) << 0, t > tp, 
and the respective x (¢) ¢ Gg,,. Above we have noted that sgn o, (¢) = 
sen o (¢) and if on the interval [¢), ¢, + 2/a] the controlled process 
does not attain the domain G6, then for t>f+2/a the o(t) 
satisfies (7.76). Analysis of this equation as before suggests that 
given inf ca.(t)>>1 and A°>kt, where Ay is defined in (7.75) at 

t2tq 
—€=(), for the controlled process on hand x(¢), there exists a fini- 
te ¢, such that either x (¢,) €0G6,,, or lim o (¢) =0. 
t -> 00 


The last equality implies, as has been demonstraled alrcady, 


that in the circumstances lim || x(t) ||=0O. Consequently the 
t—>0o 

domain G6,, is attracting subject to (6.67) and 4° > &’. It is essen- 

tial that under the assumptions made p(t)= —sgno,(t)=1 for 

t>t). 


Now we go over to the second step oi the proof. Consider for 
t>>t, on the V} solution the continuous function 


A(t) =A (w(t) = 0 (w (t))/Sr | @ (t) | (7.102) 
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subject to A (¢,) = —1. It is not hard to verify that for this functiom 

the following integral equation can be written 

h(t) == 1+ (/6r) |) (a, a2 6+ 2) sgn. z+ Ho] de (7.103) 
1 


where & (t) = A (t) sgn x (t) and ¢ = (1 + 6,&)/c. Notice that this 
equation coincides with (7.73) on letting w» = 1 there. 

Analysis of this equation readily suggests that for k° > k> i (t), 
t > t,, monotonously increases at a finite rate. Consequently, there 
is a finite time ¢, when A (f,) = 1. By virtue of (7.102) this implies 
that o (t) = A (t) Op | x (f) | > 6,7 | x (t) | for ¢ >7,. In other words 
the controlled process x (t) leaves G5, for t > f,. Outside G5, the 
signs of Oy (¢) and o (¢) coincide, that is for tf > t, oy (t) > 0 which 
contradicts our initial assumption of o, (t)< 0 for all t > tf). 
Therefore there has to exist a time instant ¢t’ when oy (¢’) = 0, i.e. 
when the V7 solution attains the set [,,. Q.E.D. The foregoing 
development leads us to formulate the following theorem. 

Theorem 7.2-3. Let for the Sy, system (7.34)-(7.35) at some con- 
stants c > 0 and 6 > 0 the following conditions be satisfied: (6.67), 
(7.36), (7.37), (7.63), (7.88), and 


ko > max (kb, kb, bo) (7.104) 


where k} is given by (7.74), 3. by (7.100) and k'p by (7.75) at —§ = 0. 
Then the &,-process is 4 controlled and all the controlled pro- 
cesses in such Sjp system may be divided into two families, that 
of x! (¢) and x!! (¢) processes. For x! processes, the bound (7.69) 
holds beginning from a certain time instant, whereas x!! (f) ¢ G,,. 

Under the conditions of Theorem 7.2-3 every controlled process 
in the Sip system examined converges to the origin O,. The proof 
of the fact that point O, is partially stable, i.e. the #,.-process is 
Steady Ayo controlled, may be effected on the lines of the argument 
used in Section 6.7. As a result it can be verified that given the con- 


ditions (6.67), (7.36), (7.37), and (7.68), the following shorthand 
expression holds: 


FCC yr | F estas oe (Ferrey e2rial (7.105) 


where the notation is the same as before, a is taken from (7.88), 
and k® from (7.104). 


To close the section a few remarks are in order. (i) Some increase 
in the constant B, to a value of 6, retains the validity of the results 
established above for V7 solutions of the Sip system (7.34)-(7.35) 
as well. (ii) In contrast to linear control systems, binary systems 
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operating under imperfect information on the controlled process 
are capable of high performance control with bounded gains in the 
primary feedback control loop and with continuous manipulated 
variable. All the transients involved vary monotonously and for 
a portion of them the dependence on controlled process parameters 
arbitrarily varying over bounded ranges can be diminished to a cer- 
tain level which is lower the less erroneous the data acquisition 
means are. (iii) Changing from Au (1) and Huo (1) algorithms to 
Ay (2) and 440(2) enables one to omit the constraining assumption 
(6.67), i.e. expand the class of #,-processes controlled in this way, 
preserving the qualitative nature of the above findings. 

Similar conclusions can be drawn for other types of imperfections 
in data acquisition or with due account of the approximation errors 
entailed in mathematical model build up for the controlled process 


or the entire system, and with the use of other control laws in COFB 
loop. 


7.3 Sup (1) Systems with Inertial 
Coordinate-Operator Feedback 


This section will examine binary control systems od 
‘Section 6.8 as augmented by static operator feedback (OFB) define 
in (7.13). We establish the key effects and features in S, and Sq 
‘systems performance associated with OFB, and derive the necessary 
design relationships for such systems. Figure 7.7 presents the block 


diagram for S,,, (1) systems to be evaluated below. The respective 
Ayp control algorithm is defined by 


ui) =p) Plz | 


u (t) = —a [yu (t) + sgn o’ (t)] (7.106) 
o (t) =o (t) + dp (ft) | x (2) | 
o (t) = —ler (t) + z(t], tt, 


To obtain the equations of motion for the S,,, system on hand, equ- 
ations (7.106) must be completed with equation (7.35). 

Motivation in evaluating such systems and goals aimed at by 
introducing operator feedback have been discussed in depth in 
Sections 6.8 and 7.1. In the qualitative study of the S,, system 
(7.35), (7.106) we shall confine ourselves to a schematic outline of 
principal results, the respective details can be recovered with the 
developments of Sections 6.8 and 7.1. 

Like in similar developments above, this analysis of the S,, 
system (7.35), (7.106) is based on revealing the conditions which 
‘ensure the equality o’ (t) = o (t) + 6nu (t) | x (f) | = 0 on V solut- 


190 Part Tuo. Free Motion Control 


xr 6'(t) f 4 -A 


y=0 |x 


| 

Lake 
: fo) 
{ | 

, croc pal 
| | 


S“+ OA(t)s +, (t) 
Figure 7.7 


ions [x (4), uw (¢t)] beginning from some time instant. Since for V 
solutions we always have | uw (t) | < 1, the desired equality o° (t) =O 
implies that the controlled process x (t) €Gs, where Gs = {a: 
|o (x) | <6 ||}. Therefore the problem of convergence of such 
processes to the origin O, is decided by Theorem 6.7-1 and Corollary 
6.7-1 subject to the bound (6.538). 

[It will be noted that if any controlled process x (t) @ Gs then 
o’ (t) and o (¢) have identical signs and whether or not these con- 
trolled processes converge to Gs» is decided on the basis of Theo- 
rems 6.8-2 and 6.8-3. Recall that by these theorems for one part of 
controlled processes (more specifically for x!! processes) lim || x (¢) || = 

t—> 


O, and for the other part there exists a finite 7, when o’ (f,) == 0. 
Therefore the central topic of the investigation concerns conditions: 
to maintain this equality for all posterior ¢. Solving this problem 
in affirmative implies that the set (7.18), viz., = {(x@, w): o (x) + 
ud |x| =—0, |u|<1} is invariant on V solutions of the S,, 
system (7.35), (7.106). Such invariance conditions are outlined in 
the theorem that follows. 

Theorem 7.3-1. If for some positive number h, 0< h< 1, and 
positive constants c and 6, 0O<6< 1 


(14 —h) ko = ke (7.107) 
a >> (k° + k°) c/6 (7.108) 
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where the constants k° and k® are defined by (6.86) and (6.72) res- 
pectively, then the set I’ is invariant on the V solutions of the sys-. 
tem (7.39) and (7.106). 


Some key points of the proof follow. First of all we verify that 
| z (t) | > O fort >t,. Then the variation of o° (¢) for t > fy (notice: 
that o° (t)) = 0) is defined by 


a’ (t) = | [e(ay—az ble t+ &Eule) x 
+ uck* | «|—ad|x|(u+sgno’)] dt (7.109) 


where &) (t) = 1 + 6A (¢) sgn z (¢), & (4) = 1 — Ou (¢) sgn x (t), and 
where A (t) = o (t)/6 | x (t) |. 

Making use of the fact that the sum of two last terms in the inte- 
grand of (7.109) is linear in ww we see that given (7.107) and (7.108) 
the integrand in (7.109) is always opposite in sign to o’ (t). Therefore, 
if o’ (t.) = 0, then under the conditions of Theorem 7.2-3 for all 
t >t, we have o’ (t) = OU. This equality implies that the set [ is 
invariant on V solutions of the S,, system (7.35), (7.106). 

Comparison of (7.107) and (7.108) with the relationships (6.85) 
and (6.87) of Theorem 6.8-1 for an S, system with inertial COFB 
suggests that the incorporation of operator feedback means con- 
siderable suppression of gains in the CFB and COFB loops and avoids. 
tradeoff in their choice. 

It will be noted also that since h can be taken arbitrarily small 
the conditions of Theorem 7.2-3 are equivalent to that of ‘Theorem 
7.1-2 for Sy, systems with integral COFB. Therefore for the Sy, 
system at hand we can formulate a direct analog of Theorem 7.1-3. 
to define conditions of &,-process #,, controllability. Since all 
remarks made in Section 7.1 concerning the S,,, system with integral 
COFB are valid here as well, we can also prove that the 4,, control 
thus outlined is steady in nature. Summarizing the results just stated. 
we may formulate them in shorthand as follows: 


PCC pup {Fer Ios —~m. (ATET?)* erria } (7.110) 


where the notation is as before while 4° and a@ are borrowed from 
Theorem 7.3-1. 

To close this section it is worth noting that since the equality 
o’ (t) = 0, fulfilled for the S, system in question from some time 
instant, is equivalent to the equality (7.24) for the S,,, system with 
integral COFB, all the properties of operator feedback established 
in Section 7.4 (Problem F) for the latter system are valid for the 
former. Specifically, the control law (7.106) can secure a parametrical 
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static error, whereas asymptotic independence of parameters does 
not take place, consequently the control problem is not solved 
‘ompletely. A qualitative insight into the behavior of controlled 
processes in the S,, system (7.35), (7.106) for some fixed #, para- 
meters within (4.2) is given in Fig. 7.4. 


1.4 Quasicontinuous Control Algorithm 


In this section we perform a qualitative examination of 
Suo System behavior with a new type of .4,, control algorithms. 
Application of these binary control algorithms to the class of Sy, 
control systems is motivated by an offer of a set of properties for the 
controlled processes which, generally speaking, cannot be warranted 
over the class of S,, systems. 

The principal aim of employing such control algorithms is as 
follows. In the S,, systems evaluated in the foregoing sections the 
variation of operator variable uw (¢) was described by a differential 
equation with a discontinuous right-hand side. An integral COFB 
law had three surfaces of discontinuity [o’ (x, n») = 0, |u| = 4], 
whereas for the inertial COFB law there was only one such surface, 
viz., o (x, wp) =O. Under certain conditions, such S,, systems 
experience sliding modes on these discontinuity surfaces. Although 
these sliding modes occur outside the feedback control loop closed 
via the plant, and the control function wu (¢) is a continuous function 
of time, it may be desirable for a number of situations to somehow 
avoid these sliding modes. We outline two reasons which may cause 
it to be a requirement. 

In numerical modeling of S,, systems with discontinuous COFB 
laws or in implementing the respective .4,, algorithms with logic 
elements the designer is faced with a certain hardships caused by the 
lack of well developed and efficient methods for assigning difference 
models with required properties to the differential dynamic systems 
with discontinuous right-hand side. It is desirable therefore to 
evaluate 4,, algorithms that prevent sliding modes from occurring 
in the closed-loop control system, or if such occur then they should 
have a finite duration on the main phase of transients. In this case, 
motions in this control system are modeled by differential equations 
with continuous or piecewise continuous right-hand side and the 
respective difference equations are put in correspondence to them 
by traditional techniques. We call such control algorithms quasi- 
continuous algorithms and dwell on this topic below. 

The block diagram of the quasicontinuous S,, system to be exa- 
mined is given in Fig. 7.8. The respective equations of the quasicon- 
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Figure 7.8 
tinuous 4,, algorithm [105, 108, 109] have the form 
u(t) = w(t) 12 (2) | 
w(t) = —ao’ (t) for |u(t)|<1 
= —wy(t) for |u(t)|>1, |u()|<1, tiopt, (7.414) 
o (t) =o (tf) + du O12 | 
o (t) = —(cx (t) + 2 (t)) 


Supplementing these equations with the one for the &,-process 


x(t) +a, (t) z(t) +a, (@)c(t)=—u(t), t>t, (7.112) 


having the parameters a, (t) and a, (t) varying within (4.2) we obtain 
the equations of motion for the S,, system on hand. The system, as 
these equations suggest, refers to S,, (1) systems. One of equations 
in (7.111) has a discontinuous (at | uw | = 1) right-hand side. To 
render such a control algorithm quasicontinuous we need to reveal 
conditions ensuring that every solution of the S,, system (7.111)- 
(7.112) either misses the boundary of discontinuity or, if it occurs 
there, leaves the boundary in a finite time. In what follows we shall 
be concerned with the search for such conditions. 

In this analysis of S,,) systems we again content ourselves with 
examining two types of solutions, namely, V solutions for which 
| uw (to) | <1, and V” solutions for which | p (t)) |< 1. This exa- 
mination differs from other similar treatments in that for V solut- 
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ions the equality o° (t) = O, in general, no longer holds. This fact 


can be verified by analyzing the expression for o (t) which on the 
assumption of | uw (t) |< 1 and | z (¢) | >O has the form 


a’ =¢ (a,—az oA 4 Suu ) x+uck® | x|—ad|z]o’ (7.113) 


where & (t)=1+6Asgnz, &,=1—dysgnz, and A=0/6| <x |. 
For o’ (¢t)=0 this equation takes the form 


6° =c [ay— az (§,/c) + (&,/c)*] e+ peck? | x | (7.114) 


which obviously can be of any sign for finite a. Therefore in step 
with the general methodology of binary system analysis developed 


in this book we shall aim at fulfilling |o' (4) |< dja (t) | 
at some constant 6 > 0. For definiteness we shall further assume 
o = 6/2, so that this inequality becomes 


lo @) |< |x £4) | 6/2 (7.115) 


This inequality suggests that the scheme of argument used above 
to advantage may be employed for this analysis as well. The develop- 
ment thus will be as follows. First, for every V solution [x (¢), p (t)] 
such that at? = t, > Tt, (7.115) holds we need to derive relationships 
with which this inequality is satisfied at subsequent t (Problem B). 
Then we need to define conditions which ensure the existence of 
a finite time instant ¢, when (7.115) is satisfied (Problem C). Once 
Problems B and C have been solved, we should investigate the asym- 
ptotic behavior of those controlled processes for which (7.115) is 
valid and those for which it breaks down from some time instant, 
i.e. | o° (¢) | > | x (t) | 6/2 (Problems A and D). Finally we are to 
establish the behavior of the controlled processes in a small neigh- 
borhood of the origin O, (it will be distinct from the other control 
systems) and examine the dependence of the processes on #,. para- 
meters (Problems E and F). In addition to the aforelisted problems, 
we are to establish the quasicontinuous nature of the 4,, algorithm 
(7.111) — that is the subject matter of Problem G. 

Problem A. This problem is the simplest of the foregoing list and 
will be tackled first. Assume the inequality (7.115), i.e. | o’ (¢) | = 
|o (t) + du (¢) | x (2) | | < | x (t) | 6/2 holds for some V solution 
of the S,, system (7.111)-(7.112) on an interval [¢,, f,], t, > ¢,. 
Since | uw (¢) | <1 for ¢ € [¢,, ¢,] we have in this interval 


o (t) <| x(t) 13 /2 (7.116) 


This inequality may be interpreted as x (t) € G35,. where the domain 
G36/. is defined as 


G35/o = {2: | 0 (x) |<] X | 00/2 (7.1417) 
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Whenever 2 (¢) € Gs. in [t,, t,] we may invoke Theorem 6.7-1. 
It is an easy matter to verify the following result derived from this 
theorem. 

Corollary 7.4-1. Suppose for some constant c>0O and 6>0, 
on some V solution [zx (t), uw (t)] for ¢ € lt,, t,], t, >t, Sty, we 
have x (t) € Gsg5/., then for ¢ € [t,, ¢,] 


4 36/2 4— 36/2 
| (2) || <P |] (ty) exp | —=P (tty) ] (7-118) 


Cc 


If in addition 36/2 < 41, then for all ¢ € [t,, ¢,] 
1-++-e-+36/2 , 
| a (t) |] KAPEEML | w (ty) | (7.119) 


This corollary enables us to establish the convergence of con- 
trolled processes to the origin O, if x (t) € Gs5,. for all t > t,. 

Problem C. Recall that this problem is to determine conditions 
ensuring that there exists a finite time ¢; when inequality (7.115) 
is satisfied for any V solution. More accurately the respective con- 
ditions are defined in the theorem that follows. To formulate it we 
need to introduce the definitions of open and closed spheres centered 
on the origin O,, specifically, for any constant r>O U,= 
{x: || x || << r} defines an open sphere, and U, = fx: ||a |]}<r} 
a closed sphere. 

Theorem 7.4-1. Let G, = {x: o (x) = 0} be a domain of O-attrac- 
tion for the VS system (6.67), then for any r > O and every V solu- 
tion of the S,, system (7.111)-(7.112) there exists a finite time ¢, 
such that either x (¢,) € Ggg/>. or x (t,) € U,. 

Saying this another way, the theorem states that, for example, 
when the condition (6.67) is satisfied and the domain G, is O-attract- 
ing for the VS system (6.65), every controlled process in the S,, 
system at hand either appears in a neighborhood of O,, however 
small, and thus solves Problem D, or attains the domain G54,p5. 
Notice that the theorem contains no mention of the process behavior 
for t >t,. 

The connection between the S,, system (7.111)-(7.112) and the 
VS system (6.65) is worth elucidating. Suppose for this purpose that 


for t >t, x ¢ U, for some constant r > 0 and 


| o’ (x, pw) | > | x | 6/2 (7.120) 
for some uw with | u | <1. Define also a number 5 > so that 
lo (vz, p) | <6 |e |<] az | 6/2 (7.121) 


As in similar situation before, convince ourselves that for | uw | < 1 


e|x|—(1+8) |x| <|o' (a, w)|<6(| 2] +] 2}) 


138 
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whence for c—65>>0 we obtain a bound for lxl, V1Ze, 
|t{<|a|(1+6+48)/(c—6) 
Using this bound we convert the inequality | o’ |<6||2|| 


into |o }<6|x|(1+6-+c)/(c—8). Therefore, defining the cons- 
tant 6 as 


§ =F eT (7.122) 
satisfies the required inequalities (7.121). Using these inequalities 
it is not hard to see that if | o’ |> | x | 6/2 then 

lo’ |>é]lz] (7.123) 


This bound enables us to establish that if for t >t, x€U, 
and (7.120) is satisfied then for ¢ > ft, 


lo’ (t) | > 6r (7.124) 
But then in view of (7.111) for ¢ > ¢, where 

t, = t, -+ 2/a6r (7.125) 
we obtain 

u (t) = —sgn o’ (t) (7.126) 


The inequality (7.124) indicates that o’ (¢) retains its sign for con- 
sidered ¢ and since o’ (t) = o (t) + 6u (f) | 2 (¢) | and for ¢>4, 
o’ (t) = o (t) — 6 | x (t) | sgn o’ (é), for ¢ >t, we have sgn o’ (t) = 
sen o (¢). Substituting this expression into the equation of motion 
of the S,,, system (7.111)-(7.112) we find that the controlled process 
in question satisfies the VS system equation (6.65). Now we turn to 
proving Theorem 7.4-1. 

Proof. Consider for t >t, a V solution [z (¢), u (t)] to the S,, 
system (7.111)-(7.112). Suppose that for this V solution the state- 
ment of the theorem is invalid, i.e. || x (¢) || v7 and |o (t)|> 
| x (é) | 36/2 for all ¢ > 7t,. The second inequality leads to | 0’ (t) |> 
| x (t) | 6/2. But above we have proved that under these conditions 
for allt >t, =t, -+ 2/a6r with 6 defined in (7.122) the controlled 
process x (t) is determined by the VS system equation (6.65). By 
the conditions of the theorem such controlled processes either con- 
verge to the origin, i.e. lim || x (£) || = 0, or there exists a finite 


time ¢, such that o (¢,) = 0. “The last equality means that o’ (t,) = 0 
which ‘contradicts (7.124) satisfied under the assumption made. Con- 


sequently, there is a time ?¢, when x (¢;) €U, or |o’ (t,) |< 
| x (t,) | 6/2. Q.E.D. 
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Now with the proven theorem on hand and with Theorem 6.7-4 
on ©-attraction for the VS system (6.65) we are able to formulate 
a corollary with an exact formulation of Problem C solution. 

Corollary 7.4-2. Let all the conditions of Theorems 6.7-4 and 
7.4-1 be satisfied and r be a positive number, then for every V solution 
[x (¢t), p (é)] of the S,, system (7.111)-(7.112) there exists a finite 
time t, such that || x (¢,) || <r or 


| o [x (ty)] + Op (t,) | x (tr) | |<] 2 (é,) | 6/2 


Problem B. This is devoted to evaluating the conditions for the 
domain Ggs;. to be conditionally invariant. Denote the set 


Ti2={(a, p): |o(a) + Sn] 21 |<] c[8/2, [wI<4} (7.127) 


The construction of this set appears natural with account of The- 
orem 7.4-1. Indeed, this theorem states the conditions for a V solu- 
tion of the S,, system (7.111)-(7.112) to appear in the set Iy,.. If 
in subsequent motion V € [',;,, then we may employ Corollary 7.4-1 
for analyzing the asymptotic behavior of the respective controlled 
processes. Problem B is solved by way of the following theorem. 

Theorem 7.4-2. Let r be a positive number, and with some con- 
stants c > 0 and 6 > 0 for the S,, system (7.111)-(7.112) we have 


ko > sup | a,—a6-+ @ | (7.128) 
t>1to 
for all € with | — | = 3/2, and 
2(1- 6/2 
apr eseie) (49+ sup | a;—aeb-+ 6? |) (7.129) 
=to0 


for all € with |§ |< 3/2, where: ¢ = (1 + 6&)ic. Then every V 
solution belonging to I'\;. at ¢ = t, belongs to this set at all ¢ € 
[t;, to], t. >t, St) if e (t)¢ U, for ¢t E[t, tol. 

The choice of parameter a is seen to depend onr > O and its value 
varies inversely with r. This fact essentially separates quasicontinu- 
ous algorithms from other binary control algorithms. This theorem 
along with Corollary 7.4-1 and Theorem 7.4-1 warrants that in 
a finite time every control process enters the sphere’ ,. Subsequent 
behavior of such process x (¢) calls for a separate study. What perhaps 
is clear is that r predetermines accuracy of control problem solution 
which is better the higher the value of a. This subject will be taken 
up at length while solving Problem G, thus far we are going to 
prove (7.128) and (7.129). 

Proof. Let [x (¢), pw (t)] be some admissible V solution of the S,, 
system (7.111)-(7.112), i.e. || x (¢) || > rforét € [t,, t,] and | 0’ (t,) |< 
| x (t,) | 6/2. We are to demonstrate that | o’ (t) |< | x (¢) | 6/2 for 
all ¢ €[t,, t,]. Assume the contrary is true, namely, there exists 
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a time ¢’ and a positive number A such that (t’, t’ + A) Cc [t, #,] 
and 


|o’ (t’) | = | 2 (t’) | 6/2 (7.130) 
and for ¢t € (#’, t’ + A) 

lo" (t) | > | 2 (é) | 6/2 (7.131) 
Let A be sufficiently small so that x (t) ~ O fort € (#’, t’ + A). Such 
a A must exist as otherwise x (t’) =O and hence || 2 (¢) || = 0 


contrary to the condition of the theorem. With such a A we may 
write the function 


M(t) =o" (é)/6 |x) |, tElt’, t’? + Al (7.132) 


with lim | A’ (t) | = 1/2 in view of (7.130). Using this function we 
t—>t’ 


rearrange the readily verifiable inequality | olf<jlo|[+6|az| 
to the form valid for ¢ € [t’, t’ + Al], namely 


lo@|<M+ {VO U6 lz | (7.133) 


It is straightforward to see that for the modulus of o = —er — 2 
we may always write the bound 


lolclz]—|cl=cllx||—GA+0)|z} (7.134) 


From inequalities (7.133) and (7.134) we can derive the lower bound 
of | x (¢) | in [t’, t’ + Al, viz., 


| z(t) | >See ons || x (%) || 
which on account of || zx (¢) || > r becomes 


cr 


| x(t) | > Terttvels° ¢ E [t’, Uv - A] (7.139) 


Finally, substituting (7.135) into (7.130) and (7.131) leads to the 
bound, again for t €[t’, t’ + Al, 


, 6 cr 
Lo Ol > 2 Tee OS (7-199) 

This bound indicates in particular that o’ (t) retains its sign 
on the considered time interval. Thus far we have not examined the 
magnitude of wu (¢) for ¢ € [t’, t’ + Al], now we turn to this aspect, 
dividing it for the sake of consideration into Case 1 of | wu (t’) |< 1 
and Cases 2 and 3 of | u(t’) | = 1. We investigate them one by one, 
assuming that o’ (t) ca; for t¢E€[t’, t’ + Al. 
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Case 1. If | wu (t’) |< 1 then for a sufficiently small A the inequ- 
ality | u (t) |< 1 will be true for ¢ € [z’, ¢#’ + AI, therefore for such 


2 in view of (7.111) we shall have u (t) = —ao’ (t). As usually in- 
troduce the function A (t) = o (¢)/6 | x (t) | which is obviously de- 
fined on the considered time interval and related to A’ (¢) of (7.132) 
by 


a(t) = (t) — u(t) (7.137) 


From this equation and the function A’ (¢) itself it is straightfor- 
ward to conclude that lim | A (¢t) | < 3/2. 
tt’ 


Let us now evaluate the variation of A’ (¢) in (7.132) for the con- 
sidered V solution for ¢t >t’. The equation of motion for the S,, 


system, equation (7.137), and the fact of u (t) = —ao’ (t) under the 
above assumption, taken together, lead to the following equation 
for t >’: 


big t of —N6[2|° 
grag t otdu | 2|—6a' |e l*+opl 2 I° 
=N (y+) eee eee dt 


—_ 4" (#! t (o—dAlzl? 

SMF |, (Sp 90") at 
The first term in the integrand was computed before; incorporating 
the result we go over to the equation 


1 y= (e+ SCG [emer B+ ()*] sone 
+- 1h%c/8— co’ } dt (7.138) 


where &, (t) = 1 + OA (é) sgn =z (t). 

Note now that given (7.136) and (7.129) the integrand is opposite 
in sign to A’ (t) for ¢ >t’. Therefore, for ¢ close and posterior to ¢’ 
the function | A’ (¢) | is not increasing. Hence for ¢ >?’ | A’ (t) | < 
1/2 . This inequality contradicts the assumption (7.131) of | A’ (¢) | > 
1/2, therefore in Case 1 for ¢ > t’ there must be | o’ (t) |<< | x (t) | X 
6/2. 

Case 2. Suppose now that pu (¢’) = sgn o’ (t’). This case is rather 
easy and reduces to Case 1. Indeed, since for t > t’ (7.136) holds true, 
then by virtue of (7.111) | u (f) |<. 1 for ¢ sufficiently close to and 
following t’. Therefore, equation (7.138) holds along with the con- 
clusions drawn in the analysis of this equation. 

Case 3. Let wu (t’) = —sgno’ (t’), then by virtue of (7.136) and 
Syp system’s equations of motion the function p (t) = —sgn o’ () 
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for all t €[t’, t’ + A]. Now for the shown ¢ equation (7.138) for 
dX’ (t) may be replaced with 


MN’ (t) =H (#’) + = \, {| a,—a2 Sh 4 (=) "] son x—k® sgn n'} dt 
(7.139) 


where sgn A’ = sgno’. 

Given (7.128) is satisfied and a sufficiently small A > 0, the sign 
of the integrand in (7.139) is opposite to that of A’ (¢), consequently 
| A” (¢) | diminishes for the said ¢. This conclusion contradicts the 
initial assumption (7.131). This proves Theorem 7.4-2 and solves 
Problem B. 

Theorems 7.4-1, 7.4-2 and Corollaries 7.4-1. 7.4-2 indicate the 
conditions that ensure for every controlled process in the S,,. system 


(7.111)-(7.112) attainment of the sphere U, in a finite time. We now 
wish to demonstrate that under some condition such controlled 


processes remain at all subsequent ¢ in some other sphere Up, > U,. 
This assertion will be proved in Problem E. 

Problem E. Consider for t >t, a V solution [x (t), wu (¢)] to the 
Sup system on hand subject to the initial condition 2 (¢,) € U,. 
Since for x (t) € U, Theorem 7.4-2 is invalid, the exact behavior of 
x (t) for ¢t >, is difficult to evaluate. Therefore we content our- 
selves with sufficient and, generally speaking, rough estimates. The 
reasoning employed below follows along similar lines to those used 
for Lemma 6.7-2. 

Denote R >r as 


R= (A4eE re)" exp (2P/a6r) (7.140) 


where cy, = max (1, c), 6 is defined in (7.122), constant P is com- 
puted by (7.41), and @ is borrowed from Theorem 7.4-2. 

We wish to demonstrate Jthat given Theorems 7.4-1, 7.4-2 and 
Corollaries 7.4-1, 7.4-2, the controlled process concerned zx (t) € Up 
for all ¢ >7,. We are going to provide this statement assuming the 
converse, that is, under the stated conditions there exists a finite 
time fp >, such that || z (tg) || = AR and || x (¢) |] > A for t > tp. 
Then there is a time ¢, with ¢, <t, <( tp such that || x (¢,) ||] =r 
and x (¢t) belongs to the open spherical layer Up\U, for all t € 
(t,, tp), where as usual the slant line means “less than”. 

Consider the interval [¢,, ¢,] where 


t, —t, = 2/a6r (7.144) 
and from (7.122) 6 = 6¢/2 (14 +c + 36/2). 
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Let us verify that in this time interval || z (¢) || << A. To demon- 
strate, for the controlled process on hand we can write 


x(t)=A, (a(t), t>t 
so that for all t €[t,, ¢,] 
x (t) I< |] x (4) llexp [P (t, — t,)] = rexp (2P/a6r) (7.142) 


where P is given in (7.41). 

It will be seen that the number of the right-hand side of (7.142) 
is less than R introduced by (7.140), therefore x (¢,)€ UpgNU, 
and hence t, < 7p. Now if at a point ¢ on [t,, t,]|o° WU) |< 
| « (t’) | 6/2, then under the conditions of Theorem 7.4-2 for all 
t >t’ weshall have z (t) € Ggg,.. This allows us to employ the 
bound (7.119), viz., || z (¢) [|< lla @) |] + ¢ + 36/2)/c, t> 0. 
Applying (7.142) to the right-hand side of this inequality at ¢ = ?t’ 
we obtain for all ¢ > 12, 


a(t) J ATEESM y oxp (2P/ar) (7.143) 


Again we see that the right-hand side of (7.143) is less than R in 
(7.140), hence in this case |] x (¢) || €C UgNU,. 

Suppose now that for all ¢ € lt,, tol 0’ (t) | > | x () | 6/2. But 
then in view of || x (¢) || >r we may write inequality (7.124), 
i.e. | o’ (t) | > 6r for t € [t,, t.], where 6 is given in (7.122). Accord- 
ingly, from (7.111) we find that at ¢ = ¢, there must be wu (t,) = 
—sgn o° (¢,). Consequently, for ¢ > 7, the controlled process on hand 
is defined by the VS system equation (6.65). Under the conditions of 
Corollary 7.4-2 such a controlled process either in a finite time has 
to attain the sphere U, or there exists a time ts such that | 0’ (f3) |< 
|x (t,)| 6/2. It is important to note that in the first case for all 
t €[t,, ts) we have 


2(4 36/2) em 
|| a (t) || SAE ESE SE) Sm |) oe (ty) | (7.144) 


where cy, = max (I, c). 
The validity of this bound follows from the fact that for the 
VS system under the conditions of Theorem 6.7-4 always | o (é,) | > 


|o (t) |. On the other hand, always |o (x) |<c | x }+jel< 
Cm || z |], in addition o° (t) = o (t) — 6 | x (t) | sgno’ (¢t) on the 
time interval [¢,, t,), hence for the said t | o (t) | > | z (t) | 36/2. 
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Applying the differential constraint 2 = —(o + x)/e and the bounds 
derived above in succession yields 


le) l=12<@I+12()1<Llo(t) | +1 2(d [Ve 
+ | x(t)|=[lo(t)|+(1-+e) | x(t) |W/e<] o(#) | 
[14 (1 +e) 2/36]/e<PFECES o,, | a(t) | 


The last inequality is seen to coincide with (7.144). To obtain a 


bound for || x (¢) || we make use of (7.142) and (7.144). As a result 
for all ¢ >7, we get 


{| x (t) || qe fOr ee) £m y exp (2P/a6r) (7.145) 


Again, comparing the right-hand side of this expression with R 
from (7.140) we convince ourselves that either || x (t) || € Up when 
x (t) reaches the sphere U, or || x (t;) || € Up NU, when | o’ (¢3) |< 
| x (t,) | 6/2, therefore ¢, belongs to [t,, tp). 

Finally, from the time instant ¢,, under the conditions of The- 
orem 7.4-2 and Corollary 7.4-1 we have for the controlled process the 
bound || zx (é) || < || x (¢,) || @ + e¢ + 36/2)/c until the process 
reaches the sphere U,. Incorporating the bound for || x (é3) || 
from (7.145) into this inequality yields for ¢ > t, 


|| x (¢) | (terre )* exp (2P/adr) = R (7.146) 


contrary to the assumption of || zx (t) || > A for t >t, with some 
finite tp. Thus we have proved the following assertion solving Pro- 
blem E. 

Theorem 7.4-3. Let r be a positive number and for the S,, system 
(7.111)-(7.112) at some constants c >0O and 6 > 0 there hold the 
condition (6.67), relationship (6.60) at € =O, inequality (7.119), 
and relations (7.128)-(7.129). Then for every V solution [x (t), wu (t)] 
to this system, x (t,) € U, means =z (t) € U, for all t >t,, where R 
is defined in (7.140). 

It should be noted that the hound (7.146) can be improved by 
removing the factor 2/5 and letting 6 = (6/2) c/(2 + c) to get 


R =e (<tot*\" exp [2P (1+-c)/ar (1—8) ¢] (7.147) 


Theorem 7.4-1 produces essentially a bound such as (4.4b), 
and since at a sufficiently large parameter a the number r may be 
arbitrarily small, in accord with the earlier introduced terminology 
the #&,-process can be said to be steady #,, quasi-controlled with 
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the control algorithm (7.111) subject to the condition (6.67). Thus, 
given (6.67) the situation may be defined in shorthand as 


£ .. EGC 4 1) (F o I,; N} (7.148) 


where for every a and the attendant r the constant 


1+6 2 2P (1 
N= em ( oe) exp acest 


This, of course, implies that at every finite a the considered system 
is dissipative only, i.e. the control problem is solved A-accurately 
with R as given in (7.147). 

A qualitative insight into the behavior of certain controlled pro- 
cesses in such a control system with #, parameters a, and a, fixed 
within (4.2) is given in Fig. 7.9. 

Now we wish to cast a brief glance at how the controlled processes 
of the S,, system (7.111)-(7.112) depend upon #, parameters. It is 
quite obvious that this topic is meaningful to consider only subject 
to x (t) € Gsg;,. This property, however can be warranted only on 
a short time interval until the controlled process enters the sphereU ,. 
On such a time interval, all the remarks made earlier in similar 
situation for x € Gs are valid, i.e. on this interval the said dependence 
diminishes with 6. The parameter a, however, increases, and in the 
limit as 6 > 0 a— oo, that is, at 6— 0 the S,, system (7.111)- 
(7.112) degenerates into the VS system (6.67). 

For a sufficiently small r such that given || z || < A (r) the requi- 
rements of the accuracy of control are satisfied, we may say, though 
conditionally to a certain degree, that the S,,. system in question 
possesses properties close to those of S,, systems with other COFB 
laws, but is advantageous over them in that for | p (t) |<< 1 none 
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of the control loop exhibits sliding modes. The last fact follows from 
the continuous right-hand sides of the equations of motion in this 
case. Hence, what remains to be clarified is conditions ensuring 
| uw (é) |< 1 which would imply quasicontinuity. This is Problem G. 
Problem G. Taken formally, solving this problem means that for 
every V’ solution to the S,, system (7.111)-(7.112) the variable 
u (t) is at its boundary value | uw | = 1 at most in one time interval. 
Notice that pw (¢) appearing on the boundary | uw | = 1 means a slid- 
ing mode to occur. For an accurate formulation of the respective 
conditions we resort to a term introduced by the definition that 
follows. Recall that S, denotes a closed-loop control system. 
Definition 7.4-1. We call a time interval [t,, ¢,] a wu-constant 
interval in [t,, ¢,] for a V solution [x (t), uw (t)] of an S, system if 


lt;, t,) — [4, t.], and pw (¢t) = —1 or wu (t) =1 for ¢ €[ti, tj] and 
there is no interval [¢;, ¢,] such that lt,, t,] < It, tj] C lt, Zl, 
[t,, t,] 4 [t3, tj] and w (tf) = —1 or p (t) = 1 for ¢ € [#5, ti]. 


With this definition, solution of Problem G reduces to establish- 
ing that for V’ solutions of S,, system (7.111)-(7.112) a p-constant 
time interval is unique. The respective sufficient conditions are 
given in the following statement. 


Theorem 7.4-4. If with positive constants c, r, and 6 the relation- 
ships (7.128)-(7.129) are met for the S,, system (7.111)-(7.112) and 


ko > 2k° (7.149) 
with & from (6.86), then for every V’ solution [x (¢), w (¢)] to this 
system there is at most one p-constant time interval in [to, ¢,) if 
a (t)¢ U, for all ¢ € [to, t,]. 

The direct proof of this theorem is fairly unwieldy. so we take 
instead a course with three lemmas preceding the major discussion. 
The first of them, Lemma 7.4-1, defines the sign of o’ (¢) when u (2) 
enters the boundary. 

Lemma 7.4-1. If for some V solution lz (¢), u (t)] to the Sy, 
system (7.111)-(7.112), | uw (¢) |< 1 for t close to t’ witht, <M t<ci?’ 
and | uw (t’) | = 1. then for this V solution 


u (t’) o' (t’) <0 (7.150) 


Proof. Consider a V solution satisfying the lemma conditions and 
assume, without loss of generality, that u (¢’) = 1. Now suppose 
the converse, i.e. that wu (t’) o’ (t’) > O instead of (7.150). Then by 
the continuity of o’ (¢) for ¢ close to t’ and t < ft’ o’ (t) > O. Since 


in the circumstances 4 = —2o’ the derivative uw is negative that is 
for the said ¢ w(t’) <1 which contradicts the lemma. Q.E.D. 

The following lemma determines the sign of the function o (¢) + 
u(t’) 6 | x(t) | at time instants following t’ provided o’ (t’) =O 
and |u(é’)|=1 
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Lemma 7.4-2. If (7.149) is met with some constant c >0O and 
; > 0 and for a V solution of the 5S, system (7. 111)-(7.112) o’ (@’) = 


0, |u(t’) | =1, and |z (f’) | #0 at some ¢’, then for ¢ posterior 
and close to 0’ 
u(t) [o (f) + dp (f°) | e @) [> 0 (7.151) 


Proof. Let for convenience wu (t’) = 1. Then for ¢ > 27’ the function 
o (t) + 6 | 2x (t) | may be described by the equation 


g(t) +-8 | x(t) |= \) {ol (x) +8 | x(7) I" dt 


¢| (a.—a = Sa =a Se) ot k®9|x\jdt (7.152) 


t 
y 
where as before & =—1-+ 6Asgnz, & —1—d6sgnz, and A = 
o/6 | x |. 
Now we note that under the conditions of the lemma and the 
assumption of tim 4, (t) = —1, once the relationship (7.149) holds, 
st! 


the integrand in (7.192) is positive. Consequently, for ¢ posterior 
and close to t’ o (t) + 6 | x (t) | > 0, which coincides with (7.151). 
Q.E.D. 

The last lemma in the series yields, under certain conditions, a 
bound for o (f) over some time interval. 

Lemma 7.4-3. If (7.149) is met with some constant c > 0 and 
5 > 0 and for some V solution [zx (¢), uw (¢)] of the S,, system (7.111)- 
(7.112) in lf), ¢] |ol)| <8 |x) |, lo @ |< 2) | 6/2, then 
for all ¢ € [t,, ¢,] 


lo) 1<8 lait) (7.153) 
Proof. Assume the converse, i.e. | o (¢’) | = 6 | xz (t’) | at some 


t' € (t,, ¢,] and |o (t)|<6]|2z(t)| for ¢ € [é,, ¢t’). Without any 
loss of generality we may assume here that o (t’) < 0. Then 


o(é’) +8 [2(t) | =0 (7.154) 
and for t close to t’ with t < t’ 
o (t) + 6 | 2 (t) | >0 (7.155) 


We notice now that by virtue of the lemma condition | 0’ (¢t) |< 
| x (t) | 6/2 for all ¢ € [é,, ¢,] and the equality (7.154) we have 
o’ (t’) <0, therefore o (¢’) + du (t') | a(t’) | + [2 (t’) | 6/2 > 0. 
Resolving this inequality for w (¢’) we find with account of (7.154) 
that uw (t’) > 1/2. Let us now put down the equation for the function 
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o (t) + 6 | z(t) | for t<?@’ as derived with S,, system’s equations 
of motion, like we did in (7.152), viz., 


o(¢t) +6 | z(t) |= \¢ [ (a,—a, 24+ 34) xtwuk| zx | dt (7.156) 


where & = 1+ 6A sgn zx, & = 1 — 6, sgn z, and A = 0/6 | x |. 

Using (7.149) and the proved inequality wu (¢’) > 1/2 in the inte- 
grand we see that this expression is nonnegative and as t < t’ we 
immediately arrive at o (t) + 6|2(t)|<(0 for t<t’. This, 
however, contradicts (7.155), therefore no such instant t’ € [¢,, f.] 
exists. Q.E.D. Now we are in a position to prove the theorem. 

Proof of the theorem. Recall that we consider a V’ solution [x (t), 
u (¢)] for ¢ > ¢, and assume that there exist time instants such that 
| w(t) | = 1. Let ¢, be a first such time instant. It is clear that 
t, >t, and for ¢ € [t), ¢,) |u (¢) |< 1. By Lemma 7.4-1 wu (t,) X 
o° (t,) < OU. For definiteness we shall assume further that w (¢,) = 1, 
so that o’ (¢,) <0. If for ¢ € [t,, ¢,] o’ < 0, then in view of (7.111) 
u (t) = 1 for such ¢ and hence [t,, ¢,] is the desired time interval of 
constant uw. 

Let now ¢, be a time instant such that o’ (¢,) = O and uw (t) = 1 
for ¢ € [t,, t.]. By Lemma 7.4-2 for ¢ close to t,, t >t,, o (t) + 
6 | x (t) | > 0, and therefore | o (t) | < 6 | x (t) | for such ¢. Given 
(7.128), (7.129) and o° (¢,) = O we get from Theorem 7.4-2 that for 
all ¢ in [¢,, t,] | o’ (4) |< | a (é) | 6/2. Applying Lemma 7.4-3 to 
the two last inequalities yields | o (¢)|<(6|2z(t)| for all t€ 
(t,, t,]. This, however, implies that | wu (t) |< 1 for ¢ € (¢,, t,]. 
To prove, assume the converse holds, i.e. uw (¢’) = 1 for some t’ € 
(t,, t,]. This, however, entails o’ (t’) =o (t’) +6 |2(t')|<0O, 
hence o (t’) < —6 | x (t’) |, which contradicts the proved inequality 
|o (t) |< 6 | x (t) | for all ¢ € (t,, t,]. Consequently, the interval 
[t, t,] is the only one in [t), ¢,] to which Theorem 7.4-4 points. 
This completes the proof of the theorem. 

In summarizing, we have demonstrated that under an additional 
condition such as (7.149) the 4, control algorithm (7.111) examined 
is indeed quasicontinuous. The cost for obtaining such property is 
that the control problem can be solved A-accurately only. 


7.0 Sup (2) Systems with Integral 
Coordinate-Operator Feedback 


This section is a qualitative investigation of a binary 
control system resulted from incorporating a static OFB loop into 
the S,, (2) system of Section 6.11. We shall aim here at establishing 
relationships enabling parametric synthesis of a closed-loop control 
system with desired properties. Another goal will be to reveal new 
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features appearing upon the incorporation of an OFB loop. We 
shall demonstrate that the class of &,.-processes controlled in this 
way can be extended by denying the assumption (7.67). 

A salient feature of S,, systems considered in this section is asso- 
ciated with the fact that the CFB law explicitly involves x (¢) and 


zx (t) [see (6.116)]. This implies that a static OFB law to be employed 
must be different from (7.13). Indeed it seems natural, though not 
necessary, to alter the dynamic properties of the reference input 
element AR, in the block diagram of Fig. 7.4 in such a way as to 


change the coefficients affecting both z (t) and z(t). It is quite 
obvious that such arrangement of operator feedback provides greater 
capabilities, as compared with the law (7.13), for getting closer 
dynamic performance for the reference input element A, and the 
S,, system proper. 

More specifically this method of incorporating an OFB loop means: 
that the reference signal of the element should be formed as 


x? (t) = —Ie — py (t)] x (t) + p, (t) 2 (2) (7.157) 


where 0, and op, are OFB loop output signals. 
In vector matrix form, where x = lz, z]™, ec = [1, c], and 


P = [P1, Pel (7.158) 
equation (/.107) rewrites as 
x” (t) = —cz (t) + 9 (t) az (tf) + c (t) (7.199): 


With this method of operator feedback incorporation the COFB. 
loop error takes the form 


o (t) = 2" (t) —2z (t) = —cx + 9 (t) = (t) (7.160) 


This equation suggests a natural way of generating a vector-function 
o (t). In order to secure, as usual, | 0’ (t) | < 6 | x (¢) | for some con- 
stant 6 > 0, the components 0, (¢) and 0, (¢t) can be chosen as 


P, (f) = OB,p (é) sgn x (t) 


. (7.161) 
P, (¢) = Oop (t) sgn zx (f) 
where B, and f, are some numbers, 0< £8; < 1, i = 1, 2. 
Note that for 8, =O this approach coincides with the method 
used earlier [see (7.13) and Fig. 7.3]. With both B’s other than zero. 
this operator feedback is a vector feedback. 
For convenience of our further discussion we introduce in addition. 
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to the row 2-vector B = [B,, B.] the diagonal matrix 


¢ 
or e x 


0 sen x 

and a column vector |z | = Fane 

In this notation S’x = |x |, the operator feedback introduced 
in this section is described as 
p (t) = dp (t) BS* (7.162) 
and the COFB loop error as 
a’ (t) =o (t) + bp (t) Bl 2 (2) | (7.163) 
where as earlier o (¢) = o [x (t)] = — ex (t). 


The above remarks and the way to introduce an OFB loop com- 
pletely define the form of 4, (2) algorithm used in this section, 
namely, u (t) = wu (t) k° | x (£) | 


w(t)=—asgno’(t) for |p(t)|<1 
= — op (Z) for [p(t)|>14, | (to) |<1, toetp = (7.164) 
o' (t) =o (t) + Op (t) B| x(t) | o(t) = —ex (t) 


where k° = [k}, kj] is the row vector of positive components ki, 
i= 1, 


These equations taken together with the equation of &#,-process 


z(t) =a, zi) +a (2) =—u( (7.165) 


where a, (t) and a, (¢) are within (4.2), describe the motion of the 
Sup (2) system being examined. 

The equation in the operator variable suggests that our analysis 
of the S,, (2) system will be limited to the evaluation of its V_ solu- 
tions [x (¢), p (t)]. As in other S,, systems, the major goal of this 
study is to evaluate conditions securing the identity o’ (¢) = O for 
all t >t, >t,. Once this equality takes place, then for the said ¢ 
we have from o’ [zx (t), wu (¢)] for the respective V solutions 


| o (t) | < SB | & (2) | (7.166) 


This inequality is equivalent to x (t) € Gs, where the domain Gs 
defined in (6.120) has the form 


Gs = {x: |o (x) |< 6B | |} (7.167) 


In other words, if o’ (¢) = 0 for some V solution lz (¢), p (é)] 
of the S,, (2) system (7.164)-(7.165) on the semiaxis f > f,, then 
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convergence to the origin O, for the respective controlled process 
x (t) (subject to the respective estimates for its component norms) 
is governed by the relationships formulated in Theorem 6.11-1 and 
Corollary 6.11-1. The associated verbal statements can be readily 
deduced from the formulations in the said theorem and corollary 
and therefore omitted here. The foregoing discussion enables solving 
Problem A. 

We turn to conditions ensuring o’ (¢) = O at some ¢ = f, for cer- 
tain V solutions of the S,, (2) system under investigation. Evalu- 
ation of such conditions makes up the subject of Problem C. 

Problem C. Consider a set I’, in the space (z, pu) 


Ps = {(a, pw): o (xv) + Sub |x| =0, [pl <1} (7.168) 


Now for a V solution o’ (x, uw) = O will mean that V € Ig. Therefore 
our problem reduces to evaluating whether or not I’, is a domain of 
attraction for the V solutions of the S,, system. Solving this pro- 
blem is similar to that of attraction of the set [' (7.18) for the S,, (4) 
system. A theorem analogous to Theorem 7.1-1 may be formulated 
in this connection too. Prior to embark on its formulation we de- 
monstrate the relation between the S,, (2) system on hand and the 
VS (2) system described by 


x (t) + ay (t) x (t) + a, (t) x (t) = k° | a (t) | sgn co (2 (0), 


t >t, (7.169) 
If o’ (¢) is other than zero on a time interval 2/a long, then at the 
end of the interval uw (¢t) = —sgn oo’ (t). Since in this case o’ (t) = 


o (t) — duB | x (t) | sgn o’ (¢), the signs of o’ (t) and o (#) will be 
the same and, consequently, equation (7.165) coincides with (7.169). 
In other words, the considered process z (¢t) satisfies the equation 
of VS (2) system. For this system, as will be recalled, Theorem 6.11-3 
is valid. It establishes the conditions (6.134) of the domain Gy = 
{x: o (x) = O} being a domain of U-attraction (see Definition 6.7-3). 
Now, securing this property for the VS (2) system turns out sufficient 
for the set I’, to be attracting for the S,,, (2) system. This fact recei- 
ves a substantial formulation below. 


Theorem 7.5-1. If with some positive constants c and 6 
k{>h, i=1, 2 (7.170) 
where ki, i= 1, 2, are defined by (6.123b), then the set Ig, defined 
by (7.168) is a domain of attraction for the S,, (2) system (7.164)- 
(7.1695). 


An elaborate proof for this theorem parallels that for Theorem 7.7-1 
therefore we content ourselves with only a brief comment. 
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Suppose the converse is true, i.e. that V & Ts, for all ¢ >t,. Then 
we find that o’ (¢) do not vanish for this V solution. In the circum- 
stances, the associated process x (tf) for t >t, + 2a satisfies the 
VS (2) system equation (7.169). By Theorem 6.11-3 for this solution 
there is a time instant ¢, such that either o (z@ (¢,)) = O or no such 
instant exists but lim || x (¢) || = 0. 


too 
For the first case, analysis of 0’ (t) = o (t) — 6B | x (£) | sgn o’ (t) 
valid for t > ¢, we find that at ¢ = t,o’ (¢) must be zero, which con- 
tradicts the assumption. Hence at some ¢ < t,o’ (t) has to vanish. 
For the second case, we have lim V €I'g. Hence I’, is attracting 


t+ 90 
for the V solutions of the S,,, (2) system. 

This theorem indicates in particular that all controlled processes 
in the examined system divide themselves into two families when 
the conditions (7.170) are met, namely, x! (t) processes for which the 
said time ¢, does exist, and x!1(t) processes for which lim || #14(¢) ||= 

t— 00 


Q. This remark essentially terminates the investigation of x!! 
processes. The behavior of x! processes for ¢t > ¢, will be evaluated 
below in Problem B. 

Problem B. Recall that this problem is to evaluate conditions 
ensuring x (t) € Gs for all ¢ >t, if for ¢ = t,x (t,) € Gs. These con- 
ditions are determined in the following theorem. 

Theorem 7.5-2. If with some constants c > VU and 6 > 0 the inequ- 
alities (6.125) and (7.170) are met, and 


a> max (kok) eb/66; (7.171) 


I=1, 23 cEXo 


Where the set 2, is defined as 


d,={e: c=ce+ 26, [A{<, §= [&, Ey], E; = + Op;, i=1,2 
and the numbers kj, i = 1, 2, are defined in (6.123c). Then the 
set I's (7.168) is invariant on V solutions of the S,, (2) system (7.164)- 
(7.165). 

Comparing (7.170), (7.171) for the S,, (2) system with (6.129)- 
(6.130) for the S,, (2) system indicates that the vector OFB (7.162) 
enables us to keep intact the CFB loop gains and to halve the COFB 
loop gain. In other words, the desired inequality |o | < 6B |< | 
is ensured with smaller (in the COFB loop) gain parameters, i.e. 
operator feedback does draw closer the dynamic behavior of the 
COFB loop reference input element to the dynamic properties of 
the S,, (2) system. 

A comment on the proof. Here we again limit ourselves to giving 
but the major points essential for the proof. Details may be recovered 
from the proof of Theorem 7.1-2. 
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In vector matrix form, equation (7.165) subject to the control 
from (7.164) becomes 


x(t) =A (t)x (t)— p(t) bo |x (t) |, t>ty 
where A (t) = la! (t), a? (t)] is the 2 * 2 matrix of the columns 


0 1 0 
a! (t) =| owl , a()=| 0 ay , and where b=| 1 |. 


With this notation the expression for o’ (t) may be rewritten, 
with account of o’ (¢,) = O, for ¢t > ft, as 


o' (t)= |) fo(e) +8 (x) B | w(t) []" at 


=|) [—cAx+-cbk® |x| p— dup | ax |} dt (7.172) 


where ¢ = c — 5uBS*. 
At |u| = 1 equation (7.172) rewrites 


o’ (t) = \. [(—eatz + cbk° |z|sgnu 


+ (—ca2zx + cbk® | x| sgn p)] dt (7.173) 
whereas for |u |< 1 (7.172) and (7.173) yield 
o’ (t)= \, (—cAar+cbk® | x | u—adp | x | sgno’] dt (7.174) 


Examine the integrands in (7.172) and (7.164) assuming ||z (¢) || > 
O for t >t, with account of the fact that the product cb is strictly 
positive provided (6.125) is satisfied. Our reasoning will follow along 
the lines similar to that used in Theorem 7.1-2. As a result we estab- 
lish that o’ (t) = O for all t >t, given (7.170) is satisfied in the 
first case, and subject to 


a >> (—cAx + cbk® | x| u)/6B | x | (7.175) 


for all ¢ >t, in the second case. 
Observing now that the maximum of the right-hand side in (7.175) 
never exceeds the largest ratio of the moduli of the coefficients of 


| x (t) | and | x (¢) | in the numerator and denominator, we find out 
that this inequality holds whenever (7.171) is valid. Therefore, in 
the conditions of Theorem 7.5-2 0’ (t) = Ofor allt >t,ifo’ (t,) = 0, 
which means the invariance of the set I’g on V solutions of the S,, (2) 
system (7.174)-(7.175). These remarks close our comment on the 
proof. 
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Notice now that all the relationships defining attraction and 
invariance of I’, and convergence to the origin O, for those processes 


which from some time instants belong to Gs and x (t) 4 Gs can be 
satisfied by a suitable choice of system’s circuit parameters. There- 
fore, the above findings establish .4,, (2) controllability of the 
F.-process with the algorithms (7.164). That #,-processes are 
steady A, (2) controlled in this case can be proved in the same way 
as we did for the S, (1) system of Section 6.7. In shorthand our 
findings can be formulated as follows: 


- 1+cté6 \2 , - 
PEC 4, (2) {| # or fo; = ( <=" | exp (2P/a) § (7.176) 
where 6 = 68, (c+ 1)/(c—6B,,) with 8,,:= max (B,, B.), P is defined 
by (6.137) as 
P= max — sup||a‘(t)—abk*|| 
i=1, 2; | aI<1 t>f, 
and a must satisfy (7.171). 

To conclude our investigation of S,, (2) systems (7.164)-(7.165) 
we need only to clarify some features in the control process depend- 
ence on the #, parameters a, (t) and a, (t). 

Problem F. Henceforth we drop the superscript in the x! process 
designation as only this family of processes will be examined. Sup- 
pose all the conditions are present which warrant o° (t) =o (t) + 


du (t) B | x (¢) | =O beginning from a time ¢,. Resolving this equ- 
ation for uw (t) subject to || zx (¢) || > O and substituting the result 
u (t) = —o (¢)/6B | x (¢) | in the expression for control yields 
1 k®? | x(t) | - 
u()= —F Bye~H 7): t>t, (7.177) 
Denote kj, = max (k;, k}), and define £; as 
6B; = k/k, i = 1, 2 (7.178) 


With this choice of the parameters the control signal u (t) of (7.177) 
becomes 


u(t) = —k%o (t)/6 = k%/6 [ex (t) + x (2) (7.179) 


Substituting this expression into (7.165) yields the linear uniform 
differential equation for ¢ >t, 


x (t) + [ay (t) + ck%,/8] x (t) + La, (t) + k/6] x(t) =0 — (7.180) 
Again, as in Section 7.1, we see that the nonlinear control system 
(S,, (2) system of Section 6.11) upon incorporation of OFB can be 


described on a certain domain Gs < R2 by a linear equation such 
as (7.180). The nonlinear feedback itself becomes equivalent to the 
linear feedback (7.179) with constant parameters, a sufficiently 
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smali 6 helps realizing the effect of a large gain whose role is played 
by kj, /5. It should be noted that direct use of the control law (7.179) 
is impossible because the constraint imposed on the class of admis- 
sible controls [see (6.1a)] no longer holds. 

Equation (7.180) is seen to coincide with (7.26) accurate to the 
designation of one coefficient. Therefore, for the dependence of 
x (t) considered in the S,, (2) system, in general, the same conclus- 
ions apply which have been drawn in Section 7.1 for processes in the 
Si, (1) system. Some difference exists in the estimates concerning 
the extent of parametrically static behavior. 

For the S,, system under investigation the function Ag, (t) = 
o (t)/6B | x (t) |, with a, and a, within (4.2), tends to the limit 
4% 1 +-cs* 


B= —~ 38, + 6pa1s= 1 2 


where sm is the largest root of the algebraic equation (7.27) at 4° = 
km, generally different from the number A* = —(1 — cs*) sgn x/6, 
found in Section 7.1 for the S,, (1) system. 

Because the equation o’ (t) = OU can be represented as 


(c + 8B.A9 sen 2) e+ (1-+ 6B,Ag sen x) r=0 


in the state space to this equation there corresponds the nonstation- 
ary point mg = [c + 6B.A, sgn z, 1 + 6f,A, sgn x] which in view 
of the above circumstances tends to the stationary limit ng = 


[c + 6B,A6 sgn x, 1 + 68,48 sgn x]. Two facts are worth mention- 
ing in this context. First, this limit is independent of the sign of 


either xz or z; second, the margin of static behavior Ag = || 1g — n° || 
where n° = [c, 1] is given as 


(Bi + Bo)|4-+-cs* | 
Bi + Be | s | 


Letting 4° = ky (in this case s* = sh) and comparing Ag with 
Ax of Section 7.1 we see that with the same 6 the magnitude of the 
parametrically static margin in the S,, (2) system may be above, 
below, or the same as that inthe S,,, (1) system and this is complete- 
ly decided by the value of | sh, |. For variable #, parameters, para- 
metrically static behavior transforms into parametrically dissipative 
being bounded as follows: 


Ag = || 18 — 2° || <8 (By + Bo) <6 (1+ Brin) (7.184) 


where Brin — min (By, Bg). 
This implies that for the same value of 6 the range of parametric- 


ally dissipative behavior in S,, (2) systems is generally larger 


Ag = 
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than that in S,, (1) systems, for which Ax <6 by (7.18). In this 
case, however, it falls off to zero as 6— 0, but in the limit the 
Sup (2) system in question becomes a VS (2) system, so there is no 
achieving a parametrically astatic behavior in this case, too. 


7.6 S System Control 
with 4% Algorithms 


This section discusses binary control systems resultant 
from S,,. systems of Section 6.12 when the latter incorporate a static 
operator feedback loop. The aim of this investigation is to generalize 
the findings of the foregoing sections of this chapter for the case 
of S systems. It will establish the principal relationships for design 
of closed-loop control systems with desired properties and demon- 
strate the salient features in control of S systems and &#,,-processes. 

As will be recalled, S systems are described by a set of first order 
differential equations such as (6.139) with the constraints on system 
parameters (6.140), or, which is the same, by one vector equation 
(6.141) subject to (6.140). Propositions 6.12-1 to 6.12-3 defining the 
class of systems examined, carry over to these S systems. In accord 
with Definition 6.12-1 we write in this case S € £(6,). 

Because we shall be concerned basically with S, systems of Sec- 
tion 6.12, essentially S, (1) systems, we may safely content ourselves 
with considering scalar static operator feedback. Similar to our 
approach in Section 7.1, such OFB can be adopted in the form 


p(t) = bp (¢) sgn x, (t), t DB ty (7.182) 


where as usual 6 is a positive constant, uw (¢) is the manipulated vari- 
able generated by the COFB loop, and 7, (¢) is the first component 
of the controlled process x (¢) = [z, (f), zz (t)]™. 

The signal o (¢) generated in this way will be employed to alter 
the parameters of the reference input element R* for dynamic pro- 
perties as 


c(o) =e + Io, OU] (7.183) 


where the row vector c = [c’, 1] defines the setpoint parameters in 
the S, system, and the row vector c (0) the parameters of such a 
reference input element in the S,, system. 

With an operator feedback loop introduced in this way, the COFB 
loop error o (x) = cx in the S, system transforms into the error 
o’ (x) in the S,, system. Equations (7.182)-(7.183) yield 


ox (t) =o lz (t)] + bu (t) | 2, (4) |, t Sty (7.184) 
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The 4,, algorithm to be examined has the form 
u(t) = p(t) ky | x, (2) | 


w(t) = —a[w(t)+sgno’ (t)], | w(t) |<1, tty 
o’ (t) =o (t) + by (£) | x (2) | (7.189) 
o(t) =cx (t) 


where k° and = are positive constants, c = [c’, 1], c’ = const > 0, 
all being circuit parameters of the control algorithm. 
This set of equations augmented by the S system equation 


x(t) =A(tha(t) + O(t)u(t), t> te (7.186) 


completely describes the S,,. system, i.e. defines its equations of 
motion. Here A (t) = [a' (t), a? (t)] with at (t) = [a,, (t), ag, (é)JT 
and a” (t) = [a., (t), deo (IT, and 6 (t) = [b, (¢), Db, (t)]*. The com- 
ponents of these vectors are piecewise continuous functions of time, 
for all ¢ >t, subject to the range constraints 

Qi; Sais (1) S53; 1, j =1, 2 

b5 << dj (t) <b}; fj =1,2 (7.187) 


where all time functions are deemed unknown, whereas all constants 
are known and incorporated into the description of the set /,, cha- 
racterizing information on the S system available for control, viz. 


I, = {x (t), aij (i, j = 14, 2), bF G=1, 2), tS} 


Solutions of the S,,, system are seen, therefore, to consist of func- 
tional pairs [x (t), u (t)] among which the initial condition | u (t,) |< 
1 selects V solutions. We shall also consider V’ solutions for which 
| w (to) |<. 

In this case the choice of parameters is also aimed at securing 
the equality o° (¢) =O beginning from some time instant ¢, > fp. 
Then for V solutions the controlled process x (t) will belong to G, 
for ¢ >t,, where 


Gy = tx: |o (4) |< 5 |x |} (7.188) 


The asymptotic behavior of zx (t)€ Gs was examined in Pro- 
blem A of Section 6.12. The respective solution is formulated in 
Theorem 6.12-1 and Corollary 6.12-1. Therefore we go over to eva- 
luating conditions retaining z (¢) in Gg for ¢ >t, if x (t,) € Gg. 
A definition of the respective conditions makes up Problem B. 

Problem B. Define the set 


Ps = {(w, w): o (w) + bp la) =0, [pl <4} (7.189) 


Again we check that V € I's means zx (t) € Gs. The solution is 
given by the following theorem. 
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Theorem 7.6-1. Let h be a positive number, 0 < h< 1, and at 
some constant c and 6 S € £(6,). Suppose that 


(1—h) ko = k? (7.190) 

where ke is given by (6.158), and 

a >>max sup (Kk, +h) cb/6 (7.191) 
CES. to 


where & is defined in (6.160) and vector ¢ in the %; set definition 
of (6.157b). Then the set I's defined in (7.189) is invariant on V 
solutions of the S,, system (7.185)-(7.187). 

Comparison of (7.190)-(7.191) with (6.161), (6.162) for the S, 
system indicates that the incorporation of an OFB loop (7.182)- 
(7.183) into such a S, system is helpful in that the gain parameters 
in the CFB and COFB loops can be substantially diminished and 
a tradeoff in their choice eliminated. 

Proof. Consider for ¢ >t) a V solution [zx (t), u (é)] of the S,, 
system (7.185)-(7.187) belonging to [', at ¢ = fy. For this solution 
o’ (tp) = 0. We are to demonstrate that given (7.190) and (7.191) 
o’ (t) = O is identically zero for all t > fp. 

In the simplest case of x, (ty) = O we haveo (t,) = O from o’ (t,) = 
O. Then zx, (¢,) =O and hence || 2 (¢) || =O for all t>2,. Now 
assume | 2, (f,) | > 0. All V solutions with such controlled processes 
belong to the set I’;, therefore we may safely assume | z, (t) | > 0 
for all t >7,, so that now 


t 
o’ (t)= |) fo (x) +n (t) | x(t) [J dt 
= |) chart ebuh? | xy | + Sy sgn (x24) +6 | x |p] de 
= |" [catx, + ca*xr,+ cbuk! | x,|+ duRi{a'z, 


+ 6uR%a2ry-+ bp2R°bk° | x, | +5 | 2, | ul dt (7.192) 


where RY =[sgn z,, OJ. 
Eliminate x, (t) between this expression and z, =o — cx, = 


AS | az,|— “x4, = —e'n,, where A (t) = o (t)/6 | xz, (t) | is defined 
for all ¢ >, as | 2, (t) | > 0. As a result (7.192) rewrites 


a’ (t)= \. {{ca!-—c' ca?] x, + ebpk° la, | +6] z, | u} dt (7.193) 


where c=c+ Ou. 
At |p (t,) | = 1 this expression becomes 
o’ (t) = \ {{ca! —c'ca?} Ly + cbk° | z, | sgnp}dt (7.194) 
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whereas for | u (t,) | <0 1, observing (7.185) it can be rewritten as 


o’ (t)= \ {[ca!—c’ ca?) L4-+ cbk° [z,|p 
—ad|z,|(u+ sgno’)}dt (7.195) 


To analyze these expressions we invoke the argument of the proof 
of Theorem 7.1-2 and establish that given (7.190) equation (7.194) 
vields o’ (t) =O for ¢ >t), and with (7.191) this identity also 
holds. Consequently, given o° (¢,) = O and the conditions of The- 
orem 7.6-1 are satisfied, then for all t >t, o’ (t) = 0, which is 
equivalent to invariance of the set [,. Q.E.D. 

Thus to establish .4,, controllability of the S system it remains 
to prove that the set I’, is a domain of attraction, therefore we go 
over to Problem C. 

Problem C. To solve this problem we invoke the method developed 
in Section 6.12. In addition to the S,, system (7.185)-(7.187) we 
consider the related VS, system described by 


x (t) = A (t) x (t) — b(t) ke (t) | 2, (f) | sen [x (t)], t > ty (7.196) 


where k* (t) is a scalar continuous function satisfying at some con- 
stant h, O< h< 1, the inequality 


kh (t) > k® (4 — h) (7.197) 


For the relation of controlled processes of the S,, system (/.185)- 
(7.187) to solutions of the VS, system (7.196), all remarks made in 
Section 6.8 on similar relation apply here as well. Now if the domain 
G, = {x: o (x) = 0} is O attracting for the VS, system (7.196) then 
the set I’, is attracting for the S,,, system (7.185)-(7.187). Recalling 
the conditions on the domain G to be © attracting for the VS, system 
determined in Theorem 6.12-3 we combine them with some elements 
of the proof of Theorem 7.5-1 to verify the following statement. 

Theorem 7.6-2. Let h be a positive number, 0< h< 1, and 
with some constants ¢ and 6 >0 S € £(6,) and 


sup ca* (t) << O (7.198) 
t>to 
i—hk>k (7.199) 


where the constant k, is defined in (6.158). Then the set I‘, defined 

in (7.189) is attracting for the S,, system (7.185)-(7.187). All the 

controlled processes x (¢) in such a system divide themselves into 

two families, namely x! (t) processes which from some time instant 

appear in G, defined in (7.188), and zx!!(t) processes which do not 

belong to Gs in addition lim || #!1(t) |] = O and fora! (¢) the bound 
t+ 0 


(6.151) holds. 
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We omit the proof for this theorem to save space. Using this 
theorem it is not hard to understand that given S € £(6,) and (7.198) 
the control algorithm (7.185) renders the examined S system yp 
controlled. The fact that such an S system is steady #,, controlled 
with this algorithm follows from the bound established in Lem- 
ma 6.12-2 and applicable in this case. Therefore this investigation 
may be summarized in shorthand as follows: 


S64, {Fer 12s N} (7.200) 


where the expression for N is as given in (6.176) with a which must 
be taken from (7.191). 

The condition (7.198) confining the class of S system for which 
(7.200) is valid can be lifted by changing from 4,, (1) algorithms 
(7.185) to Ay, (2) algorithms with vector static operator feedback 
such as (7.162). 

Problem F. In this problem our examination will be focused on zx! 
processes only and from the time when o' (¢) = o (¢) + 6p (t) X 
| x, (t) | = 0. All the conditions of Theorems 6.12-1, 7.6-1, 7.6-2, 
and Corollary 6.12-1 are deemed satisfied. 

From the above equation o (¢) = —6u (t) | 2, (t)| for t>t, 
and equation (6.185) can be written as 


y (t) = ay (t) y (t) — he (t) Bu (t) | 2, (t) |, te, (7.201) 


Here h, = 6b, + a,be — be with a,, b., and bg defined in (6.144), 
and the variable y (t) is related to x, (¢) as derived in Section 6.12, 
viz., y (t) = x, (t) — be (£) o (t). Substituting o (f) into this equ- 
ation from o (t) = —6uw (¢) | x, (¢) | yields 


y (t) = [14+ 6b¢(t) w(t) sgn x, (t)] 2, (4), tot (7.202) 


Resolving this equation for z, (t) and substituting the result in 
(7.201) we get for ¢ >t, 


"ey — 1 Su (t) he (t) sgn z (t) - 
y ()=| ae (— Sewn wm aw y (2) (7.203) 


Compare this equation with equation (6.179) y (¢) = a, (t) y (t), 
t >t, describing ideal motion when o (¢) = UO. In the x, parameter 
space, to this equation there corresponds the point 2, = [a, (t), 1] 
and to equation (7.203) the point 


a Gu (t) he (t) sen 24 (t) 
mtg = | de (2) T+ 6b: (t) w(t) Sen 9 (8) * t | 
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The distance between these points can be bounded as 


§ he (t 
5 | Re (t) | rep |e | 


t t ——__ 7 rT rr rare 
Ac = || Me Me ||< 1—6 | dé (é) | = 1— 6 sup |d,(£)| 
tt, 


(7.204) 


This bound coincides with that of (6.188) for the S, system. 
Consequently, static operator feedback leaves the parametrically 
dissipative response of S, systems unchanged, the bounds for 
the magnitude of dissipative behavior for S, and S,, systems coin- 
ciding. This conclusion remains valid even under the conditions 
(6.182) and (6.183), the difference being that under these conditions 
the bound (6.188) is replaced with (6.189), and the estimate (7.204) 
with 
Aex 8 | Be | 1.200 

eS T6696 | (7.205) 
where the constants he and b,/cb® arecomputed by expressions given 
in (6.144) upon substitution of expressions (6.182) and (6.183). We 
see again that the bounds for Ac and for Ag from (6.189) coincide. 
The situation differs somewhat for some fixed, or even unknown, 
values of S system parameters A (t) = A and 6 (t) = 86. In this case 
for A, (t) = hk, =constant the bound (6.188) holds for the S, 
system. 

Let us derive a bound for the magnitude of parametrically 
dissipative response for S,,) systems in the stated conditions. For 
this purpose we resolve the equation oa’ (t) = o (t) + Ou (t) X 
| xz, (t) | =O for u(t) — this is legitimate as | zx, (f) | > 0 — to 
obtain 


u(t) = —o (f)/O | 2, (@) |, tot, (7.206) 
Now the control is given as 

u(t) = —k®o (t)/6 = —k8ex (t)/6, tt, (7.207) 
Again we check that in this case all the properties of operator feed- 
back discussed in 7.1 are present. Substituting (7.2U7) into (7.186) 


yields a linear differential equation with constant but generally 
unknown parameters 


a (t) = (A — k8be/8) x (t), t>t (7.208) 


where 4 = kj?/6 >O plays the role of a large gain parameter at a 
sufficiently small value of 4. 
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All the properties of solution to equation (7.208) are completely 
determined by the roots s¥ and s} of the characteristic equation 


det [sJ] — A + kbc] = 0 (7.209) 


where s is the Laplace variable, and / the 2 * 2 unit matrix. 

It can be demonstrated [26, 28] that if a pair (A, 6) is controllable 
then there exists a row vector ¢ such that the matrix A, = A — kbe 
possesses any specified spectrum (sj, s3) and additionally with 
k growing without bound one of the roots, say s3, tends to —oo 
while the other, s7, possesses a limit value coinciding with a, cor- 
responding to the equation of ideal motion (6.179). 

With the relations for the coefficient k; given above in The- 
orems 7.6-1 and 7.6-2, the asymptote corresponding to s} in the phase 
plane (z,, z,) always lies beyond the domain Gz, and since | sj |< 
| s3 |, all processes x (t) € Gs as t—> wo asymptotically approach 
a straight line 7, + c*z, = O, where c* is a constant consistent with 
the “slow” root sj}. This constant is proportional to the ratio of the 
components of the eigenvector of A; corresponding to its eigenvalue 
s;. What should be stressed is that lim c* = c’. 


k-+oo 
This argument indicates that the variable wu (¢) of (7.206) as t + oo 
tends to a limit w* defined as 


rs Ak 
wt —¢ c 
9) 


son x, (t,) (7.210) 


where it is observed that zx, (t) experiences no sign reversals for 

With this u* we can evaluate in the parameter space II, the limit 
point m¢ that characterizes the ultimate differential equation to 
whose solution all controlled processes of S,, system converge. This 


point will be found from the expression for 24 upon substitution 
of (7.210), viz. 


oe (c'—c*) he 
mi =| de aR t | (7.211) 


The distance from this limit (fixed) point to 1, = [d,, 1] corres- 
ponding to the ideal motion is given by 


c —c*) he 
AB | (c° — c*) by, 


(7.212) 


Note that A% depends on specific values of A and 6 in the S system 
and so do c*, h,, and hg. Given (6.182) and (6.183) the expression 
for error Ag becomes 
(c’ —c*) ho 


* 
Ao = |qae= b°/cb° 


(7.213) 
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The dependence of this quantity of S system parameters is deter- 
mined by the extent to which c* depends on these parameters. 

Comparing the constants (7.112), (7.113) with that of (6.188), 
(6.189) we see that the first always less than the last. This leads to 
the following qualitative conclusion. For any values of S system 
parameters fixed within their respective ranges of admissible vari- 
ation, the incorporation of an operator feedback loop secures for 
the S system parametrically static behavior with a magnitude always 
below that of parametrically dissipative behavior for binary systems 
without OFB, which means a better control performance in control 
in such systems under constant A and Bb. 

The magnitude of parametrically static behavior in S,, systems 
falls off to zero when the circuit parameter 6 tends to zero. This 
means that the process dynamics in such closed-loop systems can be 
made as close as desirable to the specified dynamic performance for 
an S system with A and 6 of general form. 

It should be recognized, however, that the ultimate properties, 
i.e. attainment of the desired dynamic performance or independence 
of S system parameters, is inachievable for the examined type of 
Sip systems over the class of admissible controls because for 6 — 0 
the gain @ in the COFB loop grows without bound and the S,,, sys- 
tem (7.185)-(7.187) degenerates to a VS, system. 

In summary, the disclosed class of binary control algorithms with 
three types of feedback, CFB, COFB, and OFB, is capable of ensur- 
ing the required weak dependence on variable parameters. For con- 
stant or jumpwise-variant parameters, parametrical static error is 
achievable whose magnitude is smaller than any specified number, 
however small. In some situations this can signify an approach 
of feedback system properties to those desired, in others a weak de- 
pendence on S system parameters. Asymptotic independence of pa- 
rameters astatic behavior cannot be warranted in all cases, hence 
a complete solution of the control problem as formulated in Chapter 6 
is again inachievable. Therefore in the ensuing chapter we turn to 
a fourth type of feedback, operator coordinate feedback, and the 
respective closed-loop control systems. 
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The object of our investigation in this chapter will be 
binary control systems with various COFB laws of Chapters 6 and 7 
supplemented with an operator-coordinate feedback loop (OCFB). 
We shall aim at evaluating the capabilities supplied to the system 
by OCFB on the way to complete solution of the control problem for 
parametrically uncertain #,-processes or S systems. 
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The foregoing development has revealed that in binary control 
systems without OCFB no complete solution is achievable subject 
to confined controller gains. There have always been controlled 
processes in such systems whose dynamics may considerably depend 
on parameters of the controlled process or system. For other con- 
trolled processes it can be ensured that either their dynamics will 
become close to the desired performance specifications, or in some 
specific cases their dynamics will depend on plant parameters only 
insignificantly. For these latter cases, one may hope for a weak 
dependence on parameters or even parametrical static error, but 
the system can never be made asymptotically independent of para- 
meters as is required for complete solution of the control problem. 
Incorporation of operator-coordinate feedback is aimed at achieving 
an asymptotically independent response for all controlled processes 
rather than for a portion of them. 

The block diagrams of binary control systems with OCFB to be 
examined in this chapter are depicted in Figs. 8.1 and 8.2. Figure 8.1 
represents a first type of binary control systems which results from 
augmenting S, systems of Chapter 6 with an operator-coordinate 
feedback loop, reflected by the feedback operator C,,. This operator 
represents an OCFB law devised to generate a control v (t) from 
an error signal v (ft) in this feedback loop. This error signal charac- 


terizes the deviation of parameters c (t) of the dynamic reference 
input element R* from the reference law c’ (t) specified by the 
reference input element A,. Accordingly, v (¢) is an operator type 
variable, this being graphically reflected by double arrows in 
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Figure 8.2 


Figs. 8.1 and 8.2. The output signal of this loop v (t) is added to the 
output signal wu (t) of the CFB loop to produce the total control 


u (t) = u (t) + v (2) (8.1) 


Because v (t) is an additive control — in contrast to, say, the 
multiplicative signal wu (t) — it naturally relates to the class of 
coordinate actions. Therefore, operator C,, transforms the operator 
variable v (¢t) into the coordinate variable v (¢); this was the reason 
behind calling this loop the operator-coordinate feedback. 

Inspection of Fig. 8.2 readily indicates that in addition to the 
structure of Fig. 8.1 it contains an OFB loop with operator C5. 
It reflects a type of binary control system resulted from incorporating 
an operator-coordinate feedback into the S,, system of Chapter 7. 

In agreement with the notation introduced in Chapter 4 we shall 
refer to control systems generalized in Fig. 8.1 as S,,,, systems, where- 
as those in Fig. 8.2 as S,,, systems. The respective control algo- 
rithm will be called 4£,, algorithms and #ypy algorithms. Schem- 
atically, these are represented by the portions depicted beyond the 
dashed box P,. The box P, in these figures represents the generalized 


plant with the vector output variable e¢ (t), scalar control v (t), 
and the vector external disturbance a (t) which is arbitrarily variable 
and separately bounded for every component. 

This generalized plant P, is feedback controlled (feedback oper- 
ator P,) with no information available on exterior disturbances 
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a (t), the control using only some prior bounds of the disturbance. 

With this system conception, the incorporation of OCFB is aimed 

at achieving an astatic behavior with respect to the controlled vari- 

able c(t), i.e. ensuring equality in the limit, viz. lim || c’(t) — 
t- oc 


¢ (t) || = lim || v (¢) || = 0. For linear control systems such a goal 
t 


would be unattainable. At best, one could hope for building a dis- 
sipative control system, i.e. such a problem statement has no sense 
for linear systems. For nonlinear systems, on the other hand, such 
problems are meaningful and can have a variety of solutions. 

To complete this introductory section we note that as before the 
figure following an algorithm symbol in parentheses as qg in Any (9) 
or Aupv (q) denotes that g components of the state vector zx (¢) are 
explicitly involved in the CFB law. The case of g = 1 means that 
the first component is in use. 


8.1 OCFB Generation Concepts 


In order to construct a binary control system with opera- 
tor-coordinate feedback along the conceptual lines depicted in 
Figs. 8.1 or 8.2 we need to define the rules of design for the reference 
input element R, which forms c’ (t) and the methods of selecting 
vector ¢ (t) which is thecontrolled variable of the plant P,. Having 
tackled these problems enables determining the error of the OCFB 
loop v (t). The next to handle is the problem of choosing operator C,,. 
We shall be concerned here with two types of C,, one realizing static 
(proportional) control laws, while the other dynamic (integral and 
inertial) laws. 

There exists, of course, a variety of ways to form the error v (t), 
we are going to realize one based on the following argument. Con- 
sider for definiteness the S, (1) system of Section 6.7. In the state 
space for every V solution [z (¢), u (t)] of this system for ¢t >t, 
we can construct at every x (t) other than O, the “tracking” surface 


o* (x (t)) =o (x (t)) —SA (Zt) |e (| =90, tty (8.2) 


where o (x) = —cxr = —(cx + x). 


At every x (¢) with || zx (¢) || >0O, this surface defines on a V 
solution the continuous function of time 
A(t) =o (w(t)/Sl x(t) |, tte (8.3) 


This function is bounded, | A (¢) |< 1, when zx (t) € Gs, equals zero 
for o (x (t)) =O and can grow arbitrarily large when «x (t) € Gs. 
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Geometrically, A (¢) describes for each ¢ the distance in angular units 
to the domain G, = {x: o (x) = O}. It seems intuitively appealing 
therefore to relate the error v (¢) to this function. 

To establish such a relation we write the equation of the surface 


o* (t) in the form o% (¢) = —c4 (t) x (t) = 0, where vector c% (t) 
is defined as 
c* (t) = c + 6A (t) R* (2) (8.4) 


and where R* = [sgn z, Ol. 

Recall that the IJ, parameter space is defined as the space of coef- 
ficients of the respective scalar differential equation. The vector 
function c’ (t) = Tos (t), cf (t)] is by definition such that c4 (t) x 
x (t) = 0. Since for the S, system examined x = Iz, z]", this equ- 
ation reads ci (t) x (t) + cy (t) z (t) = 0. Hence, point c’ (t) € IU, 
characterizes the coefficients of the differential equation at every 
time instant. The distance from this point to a desirable point ec 
is treated as the OCFB loop error v (t). 

This argument leads us to take the function c* (t) given by (8.4) 
as the reference signal of the element R,. However, this function is 
unbounded which prevents its using as a reference variable. A more 
reasonable choice then seems to be the bounded function 


c’ (t) = ec + 8 sat [A (£)] R* (t) (8.5) 


where sat (-) is the saturation function defined in (6.12). 

Now x (t) € Gs means c* (t) = c+ (t), and x (f) ¢ Gs means ec” (t) = 
c + 6 R*(t) sgn A (é). 

Finally, we turn to define vector c in Fig. 8.4. Observing that the 
parameters of the reference input element A, are constant for the 


S,, system it would be natural to choose ¢ also constant. Letting 
c =c =[41, c] we obtain for the OCFB loop error 
v (t) = 6 sat [A (2)] RX (2) (8.6) 


or observing that the second component of vector v (t) is zero in the 
considered case, the scalar function 


v (t) = 6 sat IA (¢)] sgn z (¢) (8.7) 


This expression for the OCFB loop error is fairly convenient in 
S,,, system analysis, therefore we shall exploit it in our further dis- 
cussion for this purpose. However, practical implementation of S,, 
systems with wv (¢) generated in this way is rather difficult. This 
stems from the fact that A (¢) can take arbitrarily large values. We 
point therefore to another method of generating v (t), which gives 
the same values as (8.7) but relies on bounded functions only. 
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We observe the fact that o (¢) and A (¢) are of the same sign. It is 
not hard to see then that the function 


v (t)=6A(t) sgn x(t) for |o(t)| < d]z(t)| 
=6sgn [o(t) x(t)] for |o(t)|>6 |z(Z)| 


coincides with the function of (8.7). A similar method of building 
the reference input element A, will be in use in constructing S,,o, 
systems, where, however, the equality o° (¢) = o (t) + 6u (ft) xX 
| x (t) | = O may hold under certain conditions for all ¢ beginning 
from a time 7, > ?t,. Comparing this equality with (8.2) we see that 
dX (¢t) = —p (tf), therefore from ¢, the error v (¢) in S,5, systems takes 
the form 


v (t) = —éu (t) sgnz(t), t>t (8.9) 


It should be emphasized that whenever o’ (t) = O fails, v (¢) is 
defined by (8.7) in Sy, py systems as well. 

A similar argument may be used for deriving the error in OCFB 
loops of Sy, (2) and S,,, (2) systems, though the error will always 
have vector form there. 

Let us consider now what control law in OCFB loops would be 
reasonable to examine in order to achieve a complete solution of the 
control problem. In the block diagram of Fig. 8.1, this corresponds 
to selecting a suitable type of operator C,. First of all we note that 
the OCFB loop error v (¢) changes sign along with z (t). This means 
that for OCFB laws with constant parameters the feedback signal 
in this loop will be sign variable and the ultimate goal of this feed- 
back (v (t) > 0 as t— oo) cannot be achieved in such setting. Con- 
sequently, OCFB is bounded to change sign, as COFB and OFB do, 
i.e. sign variability is a principal feature of all the new types of 
feedback introduced in Chapter 4. 

In this chapter, as before, we shall focus on examining static 
(bang-bang and proportional) and dynamic (integral and inertial) 
OCFB control laws bearing in mind the salient features of this case 
as found above. 


Bang-bang operator-coordinate feedback 
For a bang-bang OCFB law, the output variable, i.e. the 

manipulated variable issued by this control loop, is detined as 
v (t) = —y sgn [v (t) x (Z)] (8.10) 
where y is a constant. This expression rewrites in view of (8.7) and 
the fact that sgnA = sgno as 
v (t) = —y sgn o (f) (8.11) 

This expression defines the discontinuous component of the con- 
trol wu (t) defined in (8.1). This component is discontinuous on the 


(8.8) 
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domain G, = {x: o (x) = 0} which is exactly the domain to be 
made invariant for the controlled processes in the binary systems 
under examination. Therefore, if with the OCFB control law (8.10) 
the control problem is completely solvable, the solution will be 
achieved with a sliding mode occurring on Gy. In this case wu (t) 
no longer belongs to the class of continuous functions of time required 
in the control problem formulation, and the feedback law u [z, t¢] 
itself is outside the feasible class [see (6.1)] of feedback laws. Con- 
sequently, under the stated conditions the bang-bang OCFB law 
does not suit solution of the control problem in much the same way 
as the bang-bang COFB law. 

Note for comparison that additional control v (t) such as (8.11) 
has been used earlier, for example, in variable structure systems. 
It has been incorporated for formal reasons without due meaningful 
reasoning. In the conceptual framework of the new types of feedback 
presented in this book, adding bang-bang actions can be inter- 
preted in standard terms of automatic control. They represent a 
particular type (bang-bang) of control laws in OCFB loops devised 
to fulfill accurately or asymptotically the specifications on system’s 
dynamic performance. 

In terms employed in this book, variable structure systems relate 
to S,, (respectively S,,,) systems with bang-bang control in COFB 
and OCFB loops. When other than a relay law is used in the COFB 
loop, then such control systems are no longer VS systems even with 
a bang-bang OCFB law, rather they are binary systems governed by 
the type of control in COFB and OFB loops. Binary systems with 
bang-bang OCFB are interesting objects for a separate study. In- 
deed, every component of control in VS systems with bang-bang 
action is discontinuous, which, as has been already noted above, 
may present certain difficulties for system’s actuators. 

In binary control systems with bang-bang OCFB, control is also 
discontinuous, but with a sufficiently small parameter y in the law 
(8.11) the magnitudes of these discontinuities will be insignificant 
while the main component of control will be continuous. This method 
of organizing sliding modes on a desired manifold may seem preferable 
from a number of aspects. Specifically, it may cause more favorable 
operating conditions for actuators as in this case they do not have 
to handle reverse commands. We are not going to dwell on binary 
control systems with bang-bang OCFB any longer as the controls 
they generate lie outside the class of admissible control laws. 


Proportional operator-coordinate feedback 


Consider two methods of constructing such feedback. One 
has the output variable of the loop, v (t), proportional to the error 
v (t) and the coordinate z (t), i.e. 


v (t) = —yv (f) z (t) (8.12) 
15 * 
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or upon substitution of v (¢) from (8.7) 
v (t) = —y6 | x (t) | sat (A (@)) (8.13) 


This method of OCFB conceptualization transforms the block dia- 
gram of Fig. 7.3 into the block diagram of the S,,,, system presented 
in Fig. 8.3. This figure does not disclose the structure of the reference 
input elements R,. It is assumed that this operator realizes the func- 
tion following from equations (8.5)-(8.8), namely, 


c(t) =e + dA (t) sgnz(t) for lo) |<d| 2 j 
=c+ dsgnlo (t)(t)] for |o (t)|>6]2@) | 


This representation is connected with the fact that there is no need 
for a reference input element A, in a practical realization of such 
an S\,5, system. In this case we need to exclude all internal variable 
to simplify the expression for the error v (t) and to implement thus 
derived relationship. 

The incorporation of the element A, into the system is worthwhile 
at the stage of structural synthesis of the control system when con- 
ceptual considerations are overriding. 
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Figure 8.4 


Let us now examine whether such OCFB conceptualization is 
helpful in achieving our control objective. For this purpose it will 
sulfice to establish the values of control, defined by 8.1, at various 
stages of motion in the S,,,, system. Indeed, if the controlled process 
x (t) does not belong to Gs = {z: |o (x) |<(.6|2z |} on a time 
interval 2/a long, then, as can be immediately seen from (8.13), 
(3.1), (7.16), and (7.17), the control uw (t) takes the form 


wu (t) = —(k® + vd) | x (¢) | sgn o (Z) (8.14) 
If now x (t) CG, and o’ (t) = o (t) + bu (t) | x (t) | = O, then, 
as can be seen from the foregoing development, A (¢) = —u (2) 


so that v (¢t) = yO | z(t) | wu (¢). Substituting this expression into 
(8.1) leads to 


w(t) = (k° + 8) nt) 12) | (8.15) 
Comparison of equations (8.14) and (8.15) with the respective equ- 
ations for control in the S,, system (7.16) at 1 = —sgn o indicates 


that the OCFB (8.13) causes a change in CFB loop gains which means 
that the properties of the S,,, system, corresponding to the block 
diagram of Fig. 8.3, are equivalent to those of S,, systems of Sec- 
tion 7.1. Accordingly, with the findings of Section 7.1 we areina 
position to state that the use of OCFB such as (8.13) cannot secure 
complete solution of the control problem, i.e. again we cannot 
answer this question in affirmative. 
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Figure 8.5 


The second method of building proportional operator-coordinate 
feedback resorts to the following control law: 


v (t) = —yv (¢) sgn x (ft) (8.16) 
which after incorporation of (8.7) rewrites as 
v (t) = —vy6 sat (A (t)) (3.17) 


Figures 8.4 and 8.5 present the block diagrams of S,, and Sypy 
systems, respectively, which occur by augmenting the S, system of 
Section 6.7 and the S,,, system of Section 7.1 by OFCB as outlined 
above. Note that the sign of x (¢) has been introduced into the OCFB 
law (8.16) to make this feedback sign-constant. Below we shall give 
such systems a thorough consideration. Brief comments will be given 
also on other binary control systems with other COFB and OCFB 
laws. Specifically binary control systems with dynamic OCFB laws 
will be examined. 


Dynamic operator-coordinate feedback laws 
It will be recalled that the objective of OCFB is making 


the error v (tf) vanish in the presence of unbounded external distur- 
bances a (t). In this respect, the use of dynamic rather than static 
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control laws in the OCFB loop is a more sound proposition as sug- 
gested by traditional techniques of control theory. In particular, 
with stepwise variation of #, parameters, the problem may hope- 
fully be solved with resort to an integral control law. 

Two versions of integral OCFB design are possible. By one method 
we assume that the OCFB loop error is formulated as above and con- 
sider the S,, and S,,, systems which result from supplementing 


S, and S,,) systems with integral COFB by integral OCFB of the 
form 


v(t) = ya (t) L(t) 
L(t) = —y,v(t) for |L(t)| <1 (8.18) 
= —,l(t) for |l(t)|>1, [l(t)|}<1, t>t 


where y and y, are some constants augmenting the algorithm para- 
meter set, w, a positive constant, and / (¢) a new variable constrained 
with | 2 (¢t)|<1 for t > fy. 
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Figure 8.7 


Substituting (8.7) into (8.8) produces a COFB law in the form 
v(t) = yx (t) L (#) 

l(t) = —7, sat (A (t)) sgn x(t) for |/(f)| <1 (8.19) 
= —,! (t) for [2()(>1, IL). <1, tat 

The block diagrams of the S,, and S,,, systems equipped with 
this OCFB law are depicted in Figs. 8.6 and 8.7. 

The second version of building integral OCFB differs from the 
above in the way of accounting for the sign-variable nature of error 
v (t). Whereas in the former method the constant sign of OCFB was 
ensured by multiplying the function yl (¢) by z (t), now this pro- 
perty is fixed by multiplying v (t) by the sign of x (¢). The associated 
OCFB control laws have the form 
v(t) = yx (¢)| 2 (4) 

l(t) = —vy,v(t) sgna(t) for |1(t)| <1 (8.20) 
= — 0! (ft) for [2 (é)[>1, [l()l< 1, tot 
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or after incorporating v (t) from (8.7) 

v(t) = |x (é)| L(t) 

1(t)— —y, sat (A(t) for |l(t)| <1 (8.21) 
= —, (t) for [l(é)|>1, |l(%)| <1, tSh 


The block diagrams for the S,, (1) and Sypy (1) systems with 
integral COFB incorporating the above OCFB are presented in 
Figs. 8.8 and 8.9, respectively. 

The OCFB laws (8.9) and (8.11) differ though insignificantly in 
the following. It is straightforward to show that if z (¢) retains its 
sign on a time interval, then signals v (¢) formed in accord with 
these laws coincide. In particular, x (¢) remains sign-constant when 
x (t) € Gs. Consequently, the properties of processes in these sys- 
tems coincide once they belong to Gs. A distinct behavior of zx (¢) 
takes place outside Gs. It appears when the controlled process crosses 
the axis x = OQ. Under the law (8.19) xz (¢) changes sign at this instant. 
and the output quantity of the integral / (t) in Figs. 8.5 and 8.6 
reverses sign within the time interval 2/y, long. This effect does 
not occur in control systems with the law (8.21). Besides, this method 
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of integral OCFB design is more convenient for analytical studies. 
Therefore in what follows we shall stick to this type of control 
systems. 

Finally, some attention will be given to binary control systems 
with inertial OCFB and COFB laws. In this direction, only S 


systems will be considered with OCFB laws such as ney 
v(t) = yb (t) | x (é) | 
L(t) = —y, [0 (@) + sgn (v (t) x), tS ty (8.22) 


where y and y, are constant circuit parameters of the control algo- 
rithm. Substituting the equation for v (¢) carries this law to 


v(t) = yl (t) | 2) | 
I (t) = —y, [1 (t) + sgno (t)], tS>t, 


With this OCFB law, the block diagram of S,,, system with inertial 
COFB looks like that in Fig. 8.10. 
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One remark is in order with respect to the relation of the total 
control w (8.21), if employed in binary systems with the types of 
OCFB outlined above, to the class of admissible controls (6.1). For 
control systems with integral and inertial OCFB, equations (8.20), 
(8.22) and the CFB loop control u (z, t) = u (t) k° | x | yield the 
total control in the form wu (x, t) = [u (t) k® + L(t) yl | x | which, 
clearly, satisfies the conditions (6.1). For the static OCFB (8.17), 
the total control has the form uw (x, t) = uw (t) k° | x | — yo sat A (x). 
This control law, in general, does not belong to the admissible 
class. Nevertheless we take up this type of control system into con- 
sideration because, first, the associated control wu (¢) in these sys- 
tems is continuous and, second, this method of OCFB organization 
ensures for all controlled processes a weak (vanishing as ¢ — oo) 
dependence of their dynamics on #, parameters. 
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8.2 Sv (1) Systems with Proportional 
and Integral Coordinate-Operator Feedback 


Consider an S,,, (1) system with the block diagram shown in Fig. 8.4. 
The associated 4,, (1) control algorithm is given by the following 
set: 


w(t) =u (t) +0 (2) 
u(t) = p(t) k° |x (t)| 
v (t) = — yd sat A(z) 


u (t) = —asgnoa (t) for |u(z)| < 1 (8.23) 
= — op (t) for |w(t)| > 1, ui) <1. tat 


o (t) = —czx (t) = —(cx+2) 
i (t) = 0 (t)/8]z (£)] 
Taken together with the &,-process equation 


x (t) + dy (t) @ (t) + a, (t) z(t) = —u (2) (8.24) 


where a, (¢) and a, (ft) are subject to (4.2), equations (8.23) define 
the equations of motion for the S,,, (1) system under investigation. 
This is a third order dynamic system whose solutions are pairs of 
functions [x (¢), p (¢)] among which the initial conditions in uw (2) 
single out V solutions. Those V solutions for which z (t,) = O, 
will be examined separately. 

First of all determine the conditions stearing a controlled process 
x (t), which is a component of a V solution to the S,,,, system (8.13)- 
(8.24), in a final time into the domain Gs = {x: | o (x) |<. 6 |z }}. 

Problem C. Consider for t >t) a V solution [z (t), wu (t)] of the 
Sy system (8.23)-(8.24) assuming that for ¢ € [t), t, + 2/a] x (t) 4 


Gs. Then for ¢ >t, = t) + 2/a wp (t) = —sgno (t) and sat A (t) = 
sen o (t). Under r these conditions for ¢ >t, 
c= — ant 5 — (= —ca,) x—(ck®|x|—cy5) sgno (8.25) 


With a positive y the sign of the last term is always opposite to 
that of o (z), therefore given the condition inf ca, (¢) > 1 of (6.67) 


and k° > k®, where k® = sup | a, (t) — a,/c + 1/c* |, the function 


o (t) is monotonously decreasing with | o (¢) | < | o (t,) | — eyd x 
({ — t,). This implies that there is a finite time f, when z (¢) € 0Gs5. 

Let us demonstrate now that under some additional conditions 
every controlled process x (¢) starting at ¢ = ¢, on the boundary 
0G,5 reaches in finite time the domain Gy if wu (¢,) = —sgno (,). 
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We have to prove this fact because in binary control systems with- 
out OFB the property of x (t) € Gs is valid for only those processes 
which start from G,. 

To derive the respective sufficient conditions we write the integral 
equation describing the variation of A (t) for ¢ >t, as follows: 


t o—6Alz\° 
d(t)=2 (t)+ |) SSS" as 


=A (te) +5 \) a —anb+ 2) sen a 
— k® son 1— (y6/|x]|) sat (A)] dt (8.26) 


where C = (1 + &)/c, & (t) = 6A (¢) sgn zx (t), and it is allowed for 
sen o = soni. 
Analysis of the integrand in this equation indicates that given 


k® > k®, with k° defined by (6.72), the function | A (t) | monotonously 
decreases at a finite rate so that there exists a time ¢, when A (¢;) = 0. 
This identity is equivalent to o (t;) = 0 which implies that x (t,) € 
G,. The above argument leads us to formulate the following state- 
ment. 

Theorem 8.2-1. Suppose with some positive constants c and 6 
the conditions (6.67) are met and 


ko > fo (8.27) 


where the constant k° is defined by (6.72), then for any positive con- 
stant all controlled processes x (¢) in the S,, system (8.23)-(8.24) 
reach the domain G, in a finite time. 

Comparing this result with similar findings for binary control 
systems without OCFB we note that in S,, systems with static 
OCFB, z!! processes (i.e. those which asymptotically tend to zero 
as t—> oo so that x!!1 ¢G,;) no longer exist and there remain only x! 
processes. This result means that all controlled processes can be 
provided with the desired dynamics and dependence on plant para- 
meters. Indeed, once a process appears in G, and for t > t, remains 
in Gs, the bound (6.58) holds, viz. || x (é) || <.[(14 + c¢ + 6)/c] x 
|| z (ts) || exp [—(1 — 6) (¢ — ¢,)/c], sothat for 6 €[0, 41] all con- 
trolled processes of the S,,, system converge to the origin of the 
state space. In addition, for a sufficiently small 6 the dynamics of 
zx’s is close to the specified and their dependence on plant parameters 
is insignificant. 

Let us establish relationships ensuring z (t) CG, for ¢ >t, if 
x (ty) € Go. 

Problem B. This problem is solved by the following theorem. 
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Theorem 8.2-2. Suppose with some positive constants c and 6, 
O< 6< 1 the condition (6.67) is met and 


k° > max (k®, k°) (8.28) 
a >> (2c/5) (k° + k°) (8.29) 


where the constants k°, k°, and k® are defined by (6.94), (6.86), 
and (6.72). Then for any y > O the domain G, is Gy invariant for the 
Sy system (8.23)-(8.24). 

Prior to proving this theorem we wish to formulate an auxiliary 
statement disclosing some peculiarities in the behavior of V_ solu- 
tions to the S,, system (8.23)-(8.24). 

Lemma 8.2-1. Under the conditions of Theorem 8.2-2 every V 
solution (x (t), u (é)) of the Sy, system (8.23)-(8.24) such that 
(x (t,) = O,, for all t >t, has the form (O,, uw (¢)) with | wu (¢) | < 1. 

Proof. Consider for ¢ > t, a V solution of the S,,,, system examined 
assuming that x (t,) = O, and |p (¢é)) |<. 1. For || a || =O the 
function A (x) = o (x)/6 | x | is indefinite and hence so is the control 
v = —vy6 sat A. Therefore we have to prove that the V solution in 
this case has the form (O,, wu (t)). Let us assume the contrary, i.e. 
for ¢ posterior and close to Z¢, || x (f) || > 0. Consider two cases: 
| o (¢) | > 6 | z (t) | for the said ¢, and | o (¢) |<. 6 | 2 (¢) | for the 
same f. 

Case 1. Assume for definiteness that in this case o (¢t) >O (the 
line of argument for o (¢) < O is similar). Let us write the equation 
for the variation of o (¢) on the V solution under investigation. With 
account of 


o(t,) = 0, satA (tf) = sgno(t) = 1, and z = —(o-+2x)/c we get 
5 (t) = \, SOO ar 


to 
t —4 1 
—e¢ \,.b- cae o - (a,—-2. +} z+ wh® |x| —y6 | dt 
(8.30) 
Estimating this integral with account of (8.28) and (8.29) yields 
o(t)h< — \, et dt +e \\. [(kO +k) |r] —y6] dt 
< — i; Sant odt+ec \, (= Iz|—y6 | dt 


t — ao — 276 
< — \ a odt--te | a dt 


For t close to ¢, the first component of the sum is negative in view 
of (6.67), and the second term is negative owing to the continuity of 


to e to 
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o (t), therefore at the considered to (¢) < O contrary to our assump- 
tion. Thus, if a controlled process starts from O, then |o |< 6 | <x |, 
i.e. the situation corresponds to the second case. 

Case 2. Given | o (t) | <6 | x (t) | fort close tot), by Theorem 6.7-1 
the norm of the process satisfies the bound (6.58). Consequently, 
the considered process remains in an arbitrary neighborhood of O,., 
however small, hence || x (¢) || = 0. The lemma is proved. 

Comments on the proof of the theorem. The elaborated proof, omitted 
here, can be readily restored from the proof of Theorem 6.7-2. In our 
analysis it suffices by virtue of Lemma 8.2-1 to considera V_ solu- 
tion (x (t), w (£)) such that | x (¢) | > O for? > fy. Recall that under 
these conditions and A (¢,) = O we can write for A (¢) an equation 
similar to (6.63) and unlike it having the term —vy6d (t)/| x (¢) | 
due to the control v (¢), viz. 


(=F |) Ua —agb +6) sen c+ kp — yOA/|x]] de 


where © == (1 -+ &)/c, and & (¢) = 6A (¢) sgn z (2). 

Neglecting the last term in the integrand we obtain with the 
argument of the proof of Theorem 6.7-2 that if at t = t, the process 
attains the boundary of the domain Gs then u (t,) = —sgno (t,) 
subject to (8.29). Next assume for definiteness that o (t,) > O and 
put down the equation for o- (t) =o (t)—6|a2(t)| for t>t, 
with account of o7 (¢,) = 0 


o (t) = \. c [(a,— a6 -+ C?) e—k® |x] —y6 sat AJ dt 


where € = (1 + 6)/c. 

Because for ¢ posterior and close toZ,A (t) > 0, then given (8.28) 
o~ (t) <O for ¢ close to ¢,. This, however, implies that | o (t) |< 
6 | x (t) | and therefore for all tf >t, zx (t) € Gs. Q.E.D. 

Thus, under the conditions of Theorems &.2-1 and 8.2-2 from some 
time instant ¢, every process x (¢f) in the S,, system belongs to Gs 
and, consequently, converges to O, subject to the exponential 
bound (6.58). 

Because all relationships, except (8.67), stated in these theorems 
can be satisfied by a suitable choice of control algorithm parameters, 
under the assumption of inf ca, (t) > 1 what we have proved means 

t>1to 

that the parametrically indefinite #,-process is £,, controlled 
for the control algorithm (8.23). Below we wish to demonstrate that 
in fact the #,-process is exponentially .4,, controlled. To achieve 
this goal it suffices to establish the validity of the bound (4.4a) 
since the fact of exponential convergence of controlled processes 
to O, has been proved above. The proof of this fact makes up the 
subject of Problem E. 
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Problem E. Note that the presence of the second component vu (?) 
in the control wu (f) prevents our using of the argument employed 
earlier in similar situations, in particular the estimate derived in 
Lemma 6.7-2 fails for the type of S,, systems examined. 

We consider for ¢ > t, a V solution (z (¢), w (¢)) of the S,, system 
(8.23)-(8.24) to derive a sufficient estimate from above for || z (¢) || 
for t=t, =t, + 2/a. To this end, we write the integral equation 
for o (t) = o [x (t)] as follows: 


5 (t) =0 (to) + \,b- cat o+e (a,-++—) x 
+ ck°u|x|—cy6 sat r | dt (8.31) 


Under the assumption (6.67) the first term in the integrand is 
opposite in sign to o (ft) and so is the last term in view of the de- 
finition of X(t), therefore from (8.30) we get 

{ 
Jo (t) <o(te)+ |) ef | (a—2 +) |+ A] Jel ae (8.32) 

l'o estimate the right-hand side of this inequality we resort to 


(8.29) and observe that always k° > k® as can be seen from (6.96) 
and (6.76). As a result we get 


Io (t)| < Jo(t)| (5 Jal ac (8.33) 


a! to 
This inequality can be utilized in the proof of the following auxi- 
liary statement. 
Lemma 8.2-2. Let the conditions of Theorem 8.2-2 be satisfied 


and for a V solution (x (¢), uw (é)) of the S,, system (8.23)-(8.24) 
we have |o (t) | >6|2(t)| for all ¢ €[t,, ¢t.], then 


Na (2)1] <em HE IIa (ty)I| exp [F(t 4) | (8.34) 


where Cy = max (c, 1), for the said f. 
Proof. Under the conditions of the lemma for every ¢ € [t,, f,] 
we may write 


>t § 
Io (t)| <Jo(tl+ | > lel ac 
which upon account of | o (¢) | > 6 | (¢) | leads us to 


lot) |<|o(tl+ $ |) lola 


or with the Gronwall-Bellman lemma 
lo (t)| < Jo(*,)| exp [a (é—%,)/2], tet, t] (8.30) 
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Now we resort to the differential constraint cz + z= —o to 
obtain lz|<(|o|+ | |)/c, or, with account of |o | >d6 | zl, 
| x |< (6 + 1) | o |/cé. Because || x |] = | x | + |x|, substituting 


into the last inequality the bound (8.35) yields 
1 6 ' 
x (I< |o(t)| exp [Sty |, t€ 14, 


Observing the ever valid inequality | o |< cy || x || produces the 
desired bound (8.34). The lemma is proved. 

With this lemma on hand let us continue our evaluation of a V 
solution on the time interval [t,, ¢,], where t, = ¢t, + 2/a. The 
respective process z (t) breaks this interval into two systems of 
alternating time intervals, namely, tT = {t;} and 7 = {7,;}, where 
the subscripts i and j vary through some sets of integers J, and I 7, 
respectively, and where |o(t)|<c(6|z2z(¢)| for t€vt, and 
lo (t) | > 6 |2() | for te T. 

Denote by | t; | and | 7; | the length of elementary time intervals, 
and | t | and | 7 | the respective totals, then it is clear that 


It] + 171+ >: IT ;| =2/e 
1€ Ly T 


Let also |\z||*i and zl lx, (Thal and \|e||7,) stand respectively for 
the norms of 2#(¢t) taken at the right and left ends, respectively, 
of these time intervals. Then for adjacent intervals || a|["t = |[al|7r. 
and ||x||7i= \Iz\|x,,,- Denote also for convenience N,=(1+e+ d)/e 
and N,=c, (1+¢+5)/c6. By Theorem 6.7-1 for each i€/, : 
allt < Ny |latlle, (8.36) 
and by Lemma 8.2-2 for each j € I, 

lw I-51 < Ng ll @ Ilr, exp (%7/2) (8.37) 


Let n, and ny; indicate the number of each type of time interval 
(obviously finite), then in view of (8.36) and (8.37) we get the follow- 
ing bound for || x (¢,) ||: 


ll @ (ty) I] < NGtN'9T |] x (to) || exp (@T/2) 
which in view of | T | < 2/a boils down to 


| x (é,) ||] < Ns || x (£p) II (3.38) 
where 
N, = NitNatT e (8.39) 


16—01213 
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Now we note that if for some ¢, € [¢,, ¢,] o (t) vanishes, then sub- 
ject to relationships of Theorem 8.2-2 for all ¢t > t,x (t) CG, and 
hence by Theorem 6.7-1 the bound (6.58) holds. Therefore the 
inequality || x (¢) || < N, || x (¢,) || holds for all ¢ >7,, but since 
for all ¢ €[t,, t,] we have the bound (8.38) we obtain finally 


|x (t) ||L< NAN; || © (fo) IL = t ty (8.40) 


Let now o (¢) retain its sign in [¢), ¢,]. Then at ¢ = ¢,u (t,) = 
—sgn o (¢t,). Substituting this expression into (8.31) we convince 
ourselves that under the above conditions | o (¢) |< |o (¢,) | = 
Cm || x (t,) || for all ¢ 27, until the process appears in the domain 
G,. If x (t,) € Gs then for allt >t, x (t) € Gs and the bound (8.40): 
is valid again. If x (t,) ¢ Gs then in a finite time the process achieves. 
the boundary 0G, of the domain Gs,. At this time instant ft, 


| 2 (t,) Il = | o (@,) |/6 < || x (@,) |] em/6. Since for all ¢ >, x (t) € 
G;, then in this case the desired bound has the form 
I] 2 (é) [| < (Cm/O) NN |] © (eo) I], Fe bo (8.41) 


Thus we have demonstrated that in all cases there exists a con- 
stant depending on the control system characteristics only and 
such that the bound (4.4a) holds. Consequently, the &#.,-process: 
concerned is steady 4,, controlled subject to the assumption (6.67). 
We summarize the above development in the following statement. 

Theorem 8.2-3. Under the conditions of Theorems 8.2-1 and 
8.2-2 the #,-process is exponentially .4,, controlled with the algo- 
rithm (8.23) and the bound (6.58) holds for every controlled process. 
starting from a finite time instant. 

In shorthand this result can be presented as follows: given (6.67): 


Pee SF 4. (Fer Ios Ny (1 — 8)/e} (8.42) 


where the constant NV is computed as given above. 

Now we turn to Problem F concerned with the evaluation of the 
dependence of controlled process dynamics on &, parameters in 
the Sy, system being examined. 

Problem F. The major result we are going to establish here is as: 
follows: whatever the &, parameters, the function A [x (t)] = 
o [x (t)]/5 | x (t) | exponentially decays on V solutions of the S,, 
system (8.23), (8.24) after some time instant. 

We have already noted that the behavior of controlled processes: 


can be described by the equation cx + x = —6d (Zt) | x (t) (. In the 
II, parameter space this equation is described by the point xn’ = 
[1 + 6A (t) sgn x (t), cJ]. Hence, exponential decay of A (t) means: 
that lim nm’ = n° = [1, c], where point m® corresponds to ideal 


t—0o 


motion. In terms of the Russian original of the book, this fact is inter- 
preted as “parametric astatism”. It is essential that it takes place- 


8 Operator-Coordinate Feedback 243 


irrespectively of how &, parameters vary. In traditional terms, 
this property means that with ¢ at infinity the controlled process 
dynamics is independent of #, parameters. 

In establishing the major result of this problem we shall proceed 
in two stages. First we wish to obtain the largest value which 
| 4 (t) | = | o (é) |/6 | x () | can reach on V solutions of the Siy 
system examined. Next we establish the relation between successive 
maxima of the function which will yield its decay rate. To begin 
with, we prove the following statement. 

Lemma 8.2-3. Let all conditions of Theorems 8.2-1 and 8.2-2 
be met and (# (¢), wu (t)) be a V solution of the S,,, system (8.23)- 
(8.24) such that x (t,) € G) and || z (¢,) || > 0, then for all t¢ >t, 
the following bound is valid for the function A (t) = o (¢)/8 | x (t) | 


JA(t)| < amr, (1 —e72Me/@) <1 (8.43) 


where the constant MM, has the form 


M, = yel| x (to) | (8.44) 


Proof. By Theorem 8.2-2 the V solution pinpointed by the lemma 
provides for all ¢ >t, |4 (¢) | <1, therefore the variation of A (t) 
for t >t, can be described by an integral equation derived as equ- 
ation (8.26), namely, 


h(t) = i. [(a,—aob-+ £2) sgn z+ k°p—y6A/|x|] dt (8.45) 


where © = (1 + &)/c, & = 6A, and it is observed that A (t,) = 0. 

By Theorem 8.2-1 there exists a finite time ¢, 7, such that 
A (t,) = 0 and A (¢) #0 for all ¢ € (to, ¢,). It is clear that | A (¢) | 
has a maximum in [f,, ¢,]. We wish to estimate it from above. 

First we note that ih (t) | can be a maximum in [fy, t, + 2/a] 
as at ¢ = t, + 2/a wu (t) = —sgn A (t) and the integrand in (8.45) 
is opposite in sign to A (tf). Assume for definiteness A (¢t) > O for 
t € (to, to + 2/a). Using (8.45) we obtain with (8.29) and | z(t) |< 
| x (t,) | following from (6.31) that 


V(t)< \, © at— \ 


t 


Adt, t€[ty, ty 2/a] (8.46) 
to Tettat 


Denoting 0=t—t,, 1(0)=2(t,+ 9) carries (8.46) to 
i (0)<4 0—M, , Ad8, BE [0, 2/a] (8.47) 


where /, is given in (8.44). 
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Introduce the comparison function A, (8) as the solution of 
i. (0) = +0-—M, \. 4.40, @€[0, 2/a] (8.48) 


It is quite obvious that 4 (0) < A, (8) for 8 €[0, 2/a]. The solu- 
tion of this equation is A, (0) = - (a/2M,) [14 — exp (—M,8)] which 
is a maximum at 0 = 2/a, therefore 


max A(8)= #£max i (t) <= — ({—e~* Moll) 
CELLO, 2/a] tE([to, to +2a] 
It is straightforward to show that with a finite value of | x (f,) | 
the right-hand side of this inequality is always under unity. 

To conclude the proof of the lemma we notice that for all ¢ € 
(tp + 2/a, t,) | (t) | < (a/2M,) 1 — e772"). For time following 
t, the argument can be repeated with account of | x (f) | << | x (é,) |. 
The lemma is proved. 

According to this lemma for every zx (é,) there exists a Aj <1 
such that for all ¢ >t) x (t) €Gs,, once x (t5) € Go. Since | zx (é) | 
decreases under these conditions, then evaluating the successive 
instants where Ad (¢) vanishes we can establish that the sequence of 
maxima of | A (t) | falls off exponentially. To realize this plan we 
first perform some model groundwork. Our model will be the function 
p(y) = (1 — e-¥)/y. For y>O the derivative of the function 
dg/dy = (1 + y — e”)/y’e” is negative, hence @ (y) monotonously 
decreases as y increases. This property carries over to the function 

See aye { 
Po (r) = Sr | 1—exp (— > 2) | (8.49) 
which nonotonously decreases as r—> 0 and 1p, (O) = 0. Therefore 
for any number 0, 0 <p < 1, there is a unique solution r, to the 
equation 


Po (ro) = prp (L) (8.50) 
Let us estimate the root r, of this equation from above and below. 
Substituting (8.49) into (8. 50) yields 


(1—e-2Mo/a) pn< <p (8.51) 


Denote 7 ={t,}c—0 the set of time instants where A(t) vanishes, 
and also rq = |x (tg)|, Mg = ye/rtq, and % (r) = (a/2M,) r (1— 


e” *Mg/ar) for all q=0O, 1, ..., ©. 

Finally, in similarity with (8.50) we can define the root rj, q = 
1, 2, ..., co with the respective bounds as follows: 
Wg (75) = PVq (1) (8.52) 


(1—e "p< ri<p (8.53) 
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Recall now that for x (t)€ Gs, = {x: |o | <6 | az |} we have 
the bound | z(t) |<2x,exp[—(1 — 6) (¢—t,)/c], t2t,, that 
is, x (t) decreases for 6 € (0, 1). 

Let us require that 


(8.54) 


Lq4+yS rpLy 
For this purpose ¢,4, — ¢, should be such that 


c 1 c 1 
1—6 ai 1-—6 In o[1—exp (—2M)/a) (8.99) 


tqiy— bg 2 
Here we have observed the above bounds for |. (¢) | and r?. 
Of course, the interval ¢,,1, — ¢, between adjacent zeroes of i (¢) 
may not satisfy the lower bound (8.55). Then from the set 7 — 
{t,}g-0 we may always take a subsequence of time instants 7’ = 
{to}q=0 for which (8.55) holds and apply the argument to this sub- 
sequence. 

Assume for simplicity that (8.55) holds. Then it is easy to verify 
that for all g>0 w+, (1) <q (74) = PY, (4) and, since by 
Lemma 8.2-3 |A (t)|<y, (1), for t27%, we have the bound 


|A(é)| Seo (1), toetg, qoe0 (8.06) 
Letting now p=%, (1)<( 1 we get from (8.56) 

] 1 \ 
A (t)|<exp [3 (et) |, tt, (8.57) 


where 7) = [c/(1—5)] In [1/.p, (1) (1—e-2™0/«)} is determined from 
(8.90). 

After this reasoning we are in a position to formulate the following 
statement. 


Theorem 8.2-4. Let all conditions of Theorems 8.2-1 and 8.2-2 
be satisfied and (x (¢), pu (t)) be a V solution of the S,,, system (8.23)- 
(8.24). If x (t,) € G, then for all ¢ >t, we have for the function 
dV (t) = o [x (t)]/6 | x (t) | the exponential bound 


A(t) <exp S72. (tt) (8.58) 
where 

Po (1) = (@ |x (49) |/2ye) [1 — exp (— 2ye/a |x (to) |)] <1 (8.59) 
Ly = [e/(1 —98)] In {1/15 (1) [1 — exp (— 2yc/a |x (t)|)]} (8.60) 


By way of comment on this result we note that the damping factor 
in the exponential decay of | A (t) | grows with the number y > 0 
and for a sufficiently large y can be increased to not under a specified 
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Figure 8.11 


number. This can be explained as follows. For x (t) € Gs the second 
component of control (8.19) is 


v (t) = —y6 sat A (t) = —yo (t)/| x (£) | 
= (y/| x (t) |) [ex (t) + x (2)] 


Here the function y/| x (t) | can be viewed as a variable gain para- 
meter. As t— co | x (t) | 0, that is, this gain parameter grows 


without bound securing ever more accurate equality for cx (t) + 
x(t) = 0. 

So, we have demonstrated that the incorporation of a static OCFB 
loop into an S,, system results in two important properties. For one 
thing, the #,-process becomes exponentially controlled, for the 
other, the system enjoys “parametric astatism” irrespective of how #, 
parameters may vary, i.e. as tf — oo the dynamic properties of the 
controlled processes are independent of these parameters. Moreover, 
this asymptotic behavior can be made of any desired nature. Con- 
sequently, such .4,, algorithms enable complete solution of the 
control problem to be achieved. 

A general insight into the nature of transients in the S,, system 
examined is provided by the projections of its V solutions onto 


the phase plane (z, x). Figure 8.11 depicts trajectories plotted for 
some fixed #, parameters. The hatched area represents the domain 
where the controlled processes remain after some time instant. The 
lines ot = O are the boundaries of the domain G,j. 
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8.3 Supv (1) Systems with Proportional 
Operator-Coordinate 
and Integral Coordinate-Operator Feedback 


The block diagram of S,,, (1) systems considered in this 
section is given in Fig. 8.5. The equations of motion for these sys- 
tems are given by the equation of the #,-process being controlled 


z(t) +a, (t)z(t) +a, (i) a(t) =u(t), t >t, (3.64) 

and the set constituting the 4, (1) algorithm 

u(t) = u(t} + v (f) 

u(t) =p@k iz | 

v (t) == —vyo sat d (bt) 

u(t) = —asgno’ (t) for |u(t)|<1 (8.62) 
= —op(é) for [vy (é)|>1, |ud@)|<1, tat, 

0’ (t) = 6 (t) + 6p () | 2 (t) | 

o (t) = —[ex (t) + 2 (I 

A(t) d |x) | =o (2) 


The investigation of such an S,,, system exactly parallels the 
development for the S,,, system performed in the previous section, 
therefore here we shall content ourselves to brief comments. 

First of all we note that if x (t) € Gs then sgn o’ (t) = sgno (t) 
and consequently the equations of motion for the S,,,, system coin- 
cide with the equations of the S,, system. Therefore, for the Sypy 
system a direct analog of Theorem 8.2-1 applies, i.e. the condition 
(6.67) and relationship (8.27) ensure for every controlled process 
in the S,,,5y system (8.61)-(8.62) getting into the set [ (7.18) in finite 
time. The following problem presents conditions for this set to be 
invariant of the S,,., system. 

Problem B. Consider for ft >t, a V solution (@ (¢), wu (t)) of the 
Supy System (8.61)-(8.62). Let atti =t?,VET = {(x, p): o (a, p)= 
0, |u |< 1}. Under these conditions for ¢ posterior and close to ¢, 


o’ (t)= \,, io -+ du |z|° +6 |z] LW] dt=c Vi | (aa. +) x 


t 


+ Aw |x]—~y6 sat p— At a] dt (8.63) 


C 


where & =1-+6A sgn xz, and &=1—d6u sgn z. 
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For |p (t))|=1 and wu (t)= —sgno’ (t) this equation becomes 
for t>1, 
peo _ 5a& 
OG (t) =Cc \o[ (ae + Bag x 
—k® |x| sgn o’ —y6 sat i | dt (8.64) 


Whereas for |u (é)|<c1 or |u(é)|=1 but [uw (¢)|<(1 for ¢>41, 
it reads 


o’ (t)=c \ | (aa, 2 + 2) X 
+h |x|—y6A—(ad |x]|/c) sgn 0’ | dt (8.69) 


The analysis of equations (8.64) and (8.65) will be carried out 
along the lines elaborated in Section 7.1 in the investigation of 
invariance for the set I’. It can be verified that if || x (£9) || 49, 


then with ad > c (y6 + k® + k°), ko > k° the identity o’ (t) =O 
remains valid for ¢ close to ¢,. For this system, the fact analogous 
to Lemma 8.2-1 can be proved, so that the following theorem takes 
place. 

Theorem 8.3-1. Suppose with some positive constants c and 4, 
O0O< 6< 1, the condition (6.67) is met and 


k >> max (k°, k°) (8.66) 
ar = (pS + ko + ko) (8.67) 


where the constants k°, k°, and k°® are defined in (6.94), (6.86), and 
(6.72). Then for any positive constant y the set [ (7.18) is invariant 
on the V solutions of the S,,, system (8.61)-(8.62). 

We note again that incorporation of OFB in binary control sys- 
tems enables decreasing gain values in the CFB and COFB loops. In 
addition, with the relations stated in Theorem 8.3-1 all the con- 
trolled processes reach the set I in finite time, and because in the 
circumstances o (t) + dp (¢) | x (¢) | = 0 such controlled processes 
x (t) € Gs. Therefore Theorem 6.7-1 and the bound (6.58) hold, 
i.e. all processes in the S,,, system converge exponentially to O,. 

The proof of the fact that controlled processes satisfy (4.4a) under 
the above conditions may be achieved along the lines delineated in 
the previous section. Therefore we go directly to formulating the 
associated shorthand expression 


PCC 4, (M) {Fer Ios N, (1—8)le} (8.68) 


implying that the &#,-process is exponentially 4ypy (1) controlled 
with the algorithm (8.62). The constant V is computed in Section 8.2. 
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Let us derive differential equations satisfied by controlled pro- 
cesses in the S,,, system when V €I for ¢ >7#,. Resolving o (¢) + 
Su (t) | x (¢) | = O for pw (t) to substitute it into the expression for 
the first component of wu (t), we get w(t) = —o (t) k°/6. Observe 
further that in this case | uw (¢t) |<. 1 and uw (t) = —A (ft), therefore 
the second component of wu (¢) can be given as v (t) = —yo (t)/| =z |. 
Substitution into the equation for %,-process (8.61) yields 


t+ (a2 + oe 4 6 r+(a+—+—_) x=0, trot, (8.69) 


|x| | x | 


This equation leads us to draw the following conclusions. First, 
in systems with static OCFL an operator feedback is not linearizing 
although produces some forcing effect. Second, the effect of large 
gain, whose part is not played by the sum k0/8 - v/| x (t) |, also 
takes place in such systems. The effect is variable : and increases in 
significance as the transient decays out. This quality ensures expo- 
nential damping of wu (¢), consequently such control systems will 
exhibit parametrically astatic behavior. Finally, at constant #, 
parameters operator feedback eliminates oscillations of controlled 
processes about the domain Gy, which have always occurred in S,,, 
systems. The following problem proves the last two statements. 

Problem I. We write the equation describing variation of A (t) = 
o (t)/6 | x (t) | along the V solution (a (¢’), pw (t)) of the Sy, system 
(8.61)-(8.62) from a time ¢, when o° (t) = 0. In this case, as noted 
above, the first component of the V solution satisfies equation (8.69), 
while the second component satisfies w (ft) = —A (t), t >t,. Denote 
A, =A(t,), then the desired equation becomes for ¢ >t, 


M(t) = t— \, {| a,—a, = + (=)"] sen x 


ty Cc Cc 
— (oY - | rb de (8.70) 


where § (¢) = 1 + 6A (¢) sgn =z (f). 

To determine whether controlled processes x (t) in the examined 
system cross the domain G, = {x: o (x) = 0} when A = 0 it will 
suffice to compute the integrand in (8.70) for 4 = VU. This expres- 
sion is readily derived to be (a, — a,/c + 1/c") sgn x (t). At fixed 
plant parameters the sum in parentheses has a constant sign, and 
the second factor is also constant for zx (¢) € Gs. Consequently, for 
V solutions considered the function A (¢) changes sign at most once 
for t >t,. This means that static OFB does eliminate oscillations 
of controlled processes about the domain Gp. 

Now we wish to demonstrate that an exponentially decreasing 
majorant function can be ensured for A (¢). Suppose for definiteness. 
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that A, = A (t,) >> 0 and for ¢t > ¢, A (¢) has no sign reversals. Then 
using (6.72) and the bound (6.31) in (8.70) leads for ¢ > ft, to 


ce t 7 0: 020) 
A (L)<Ay+ 5 \\, {i LE r |z (1) | 


o (tt) | n} dt, tr>t, (8.71) 


4 — 


hs 


x exp 


Denote for convenience 6, = (1 — S8)/c, k' = y6/| x (é,) |, 9 = 
t—t,, 71(0) =A(@0+7,). Now (8.71) rewrites 


i (8)< y+ < \ . {i —[k°+ ktexp (6,1) A}dt, 820 (8.72) 
Introducing the comparison function i, (9) as 

ie (0) =A +-E |” {h — [9+ kt exp (8,1)] Ach dt, 00 (3.73) 
and subtracting it from (8.72) we get the inequality 

K (0) he (O) SE J" [eo-+ exp (6,1)] (A—2,),dt, O50 


which yields 4, (6)>>A (8) for all 6>>0. 
The comparison function A, (8) satisfies the differential equation 
‘that follows from (8.73) 


he (0) = =k — © [k9 + kt exp (8,6)] Ac (8) (8.74) 


for all 8 > O and A, (0) = A,. The solution to this equation written 
in explicit form indicates that for A, (9), and hence for A (¢), there 
exists an exponentially decreasing majorant function. This expres- 
sion, however, is extremely unwieldy and since the exact value of 
the majorant’s exponent is not significant for our latter discussion 
we confine ourselves to establishing the majorant existence indirect- 
ly. To this end, we change the variable in (8.74) as follows: 


1. (8) exp (5,0) == z (8) + k0/k! (8.75) 


Straightforward calculations (details suppressed) show that for 
0 > 0 the function z (8) satisfies the differential equation 


aed 


_—— as edcOz (<= —6,] (2+) (8.76) 


subject to the initial condition z (0) =A, — k%/k'. 
Assume now that 


(c/5) k® > 6 = (1 — S)/e (8.77) 
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Then the addend on the right-hand side of equation (8.76) is always 
nonpositive. Therefore, if x (0) > 0 then z (8) < z (0) for all 0 > 0; 
if on the other hand z (0) < 0 then z (9) < 0 for all 6 > O. Recalling 
that z (0) = A, — kk! and 4, > 1 the inequality in z (0) can be 
rewritten as 


z(0)<max[0, 1—k/k!], O>>0 (8.78) 
Substituting this inequality into (8.76) with account of 0 = ¢t — ft, 
produces the desired bound 

| (t)| <max (ko/kt, 1)exp[—8, (t¢—t))], tt (3.79) 


Theorem 8.3-2. Let all the conditions of Theorem 8.3-1 and (8.77) 
be satisfied, then for every V solution (z (¢), wu (é)) of the S,,, sys- 
tem (8.61)-(8.62) there exists a finite time ¢, > ?¢, such that for all 
i>, 


— 1- 
where k° is defined in (6.72), and 
kt = 6/|2x (£4) | (8.81) 


Thus we have demonstrated that in S,,, systems (8.61)-(8.62), 
when the conditions (8.67) are satisfied all controlled processes x (ft) 
converge to the origin exponentially, and their dynamic behavior 
becomes ever less dependent on &, parameters with time. In the 
limit as ¢ is at infinity such control systems exhibit parametrically 
astatic behavior. It is essential that this fact takes place for any 
variation of , parameters (admissible by problem statement) over 
a wide range. Also the control action is continuous and all controller 
gains are limited. 

A qualitative insight into the character of transients in such S,,, 
systems can be provided by Fig. 8.12. It shows the projections of 
V solutions (zx (¢), w (¢)) on the phase plane obtained with some 
fixed values of #, parameters. The hatched area represents the 
domain with the boundary | o (x) | = kz? for some k > 0. The lines 
o~ =O and o* = O define the boundaries of G5. 

It should be noted that feedback in the considered type of control 
systems never goes beyond the class of admissible feedback and all 
requirements contained in the definition of complete solution of the 
control problem can be satisfied by a suitable choice of circuit para- 
meters. 

To conclude our evaluation of various binary control systems with 
proportional OCFB a few remarks are in order on the applicability 
of other COFB laws in controlling #, processes or S systems. Recall 
that S, systems considered in Chapter 6 have been augmented by 
inertial COFB, integral COFB with variable integration rate, and 
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Figure 8.12 


proportional OCFB. In all resultant systems, the properties of con- 
trolled processes alter as has been demonstrated in Section 8.2 for 
S,y systems with integral COFB. More specifically, from a certain 
time instant (individual for each process) all controlled processes 
exponentially converge to zero subject to the estimate (6.58); their 
dynamic behavior at infinite t is independent of #, parameters, 
i.e. all such binary control systems exhibit parametrically astatic 
behavior when the conditions (6.67) are met. Changing from ... ,, (1) 
to 4,y, (2) control algorithms retains the key properties of S,,, (4) 
system for resultant systems, the difference being that the S,,, (2) 
systems no longer need satisfying the condition (6.67) thus expanding 
the class of &,-processes controlled in this manner. 

An interesting effect can be observed in S,., systems with quasi- 
continuous generation of control function. Whereas in S,, systems. 
with quasicontinuous control algorithms the control problem is 
solved only A-accurately, the incorporation of a proportional OCFB 
loop enables this problem to be solved asymptotically and ensure 
asymptotic control with respect to parametric disturbances. All 
these properties can be verified with the analytical methodology 
developed above for binary control systems. 

The findings of this section in full measure apply to the case of 
S system control with the difference that here parametrically astatic 
behavior is inachievable unless the conditions (6.182)-(6.183) are 
satisfied. At infinite time, in such binary control systems, the de- 
pendence of process dynamics upon S system parameters asvmptot- 
ically approaches the specified function defined by equation (6.180). 

To summarize, in all cases proportional OCFB proved helpful in 
achieving the required control performance. 
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3.4 Sy (1) Systems with Integral Laws 
of Coordinate-Operator 
and Operator-Coordinate Feedback 


This section presents a qualitative investigation of the 

uv (1) system schematized by the block diagram in Fig. 8.38. This 

aay employs integral control laws in COFB and OCFB loops. The 
Ayy (1) control algorithm used is described by 


u(x, t)=u(a, t)+v(t) 
u(x, t)=p(t) Ke |x| 
v (t) y |x (£)| 2 (t) 
u(t) =—asgna(t) for |y(t)| <1 
=—op(t) for |u(f)|>1, |u()l<1, tty 
1(t)= —y,satA (t) for |/(f)|<1 
= —@,l(t) for [J(t)| > 1, |l(%)|<1, tot (8.82) 


o (t) = —cx (t)—2(t) 
h(t) =o (£)/6 |x (£)| 


! 


This set along with the #,-process equation 
x (t) +a, (t) z(t) +a, (t) z(t) = —ul[ax(t), t], tDt, (8.83) 


where a, (t) and a, (t) satisfy (4.2), represent the equations of motion 
for the S,, system under investigation. 

The major goal of this study is to test .4,, algorithms (8.82) for 
attainability of the complete solution to the control problem for 
ill-defined %.,-processes. Note that in such control systems the feed- 
back u (x, t) relates to the class of admissible feedback at finite valu- 
es of coefficients a and jj. 

The dynamic S,, system under consideration is a fourth order 
system. For ¢ > f, its solutions are functional sets (x (t), p (t), L (é)). 
The initial conditions for pw (¢) and ZI (t) select among all possible 
S,,, system solutions those belonging to the set 


Vy = {((@, pw, Dr w ER*%, [ul<it, !l|< 1} (8.84) 


Henceforth we shall refer to such solutions as V, solutions. At 
y = 0 the operator-coordinate feedback circuit is open and V, 
solutions become ordinary V solutions of S, system. 

The principal properties of V, solutions, including the definition 
of solution, its existence and continuity onto the entire semiaxis 
t >t,, have been treated in Ref. 93. Some comments will be in 
order for those V. solutions where z (t,) = 0. With this initial con- 
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dition imposed on z (¢) the value A (¢,) is either indefinite or infinite. 


In the first case x (to) = 0 and then, as can be readily seen from 
(8.82) and (8.83), the respective V. solution has the form (O,., w (t), 
l (t)) for all ¢ > t,, where wu (¢) and / (t) are some absolutely continu- 


ous functions such that |u(¢t)|<a, | I (t) |< y,; this type of 
solutions corresponds to the definition of Ref. 93. In the second case 


| x (£9) | > O and by virtue of (8.82) and (8.83) for ¢ posterior and 
close to f, such solution is an ordinary V, solution at a finite value 
of A (t). After these remarks in our further elaboration we confine 
ourselves to analysis of those V, solutions for which 2x (t)) ~ Ox. 
As before, the qualitative investigation will proceed along the lines 
of solving Problems A to F. 

Consider first conditions ensuring that the domain G,; = 
{x: |o (x) |<.6|2z]|} is a domain of attraction. 

Problem C. Let (x (t), wu (t), 2 (t)) be some V, solution of the sys- 
tem under investigation. Assume z (t) @ Gs, on this solution for all 
t >t,. Then, as can be seen from the equation of variation of wu (¢) 
and l(t), for y, >O and t >t, + At with At < max (2/a, 2/y,), 


u (t) = —sgno (t) and l(t) = —sgno (Zt) 


Substituting these expressions into the S,, system’s dynamic 
equation we find that for ¢ >t, + At the respective process satisfies 
the differential equation 


x (t) + ay (t) x (t) + a, (t) x (t) = (k° + y) | x () | sgn o Ie (2) 
(8.85) 


This equation describes a VS system similar to that of (6.65) 
therefore in this case we may establish direct analogs of The- 
orems 6.7-3 and 6.7-4. The respective result is formulated below as 
a corollary. 

Corollary 8.4-1. Suppose with some positive constants c and 6 
the condition (6.67) is satisfied, y, is a positive constant, and 


ko + y > ke (8.86) 


where &° is defined in (6.72). Then all controlled processes in the 
Siuy system (8.82)-(8.83) divide themselves into two families of x! (¢) 
and x!'(t) processes. For x! processes there exists a finite time in- 
stant ¢, when x (t,) € Go, whereas for x!! processes lim [| xtt(¢) || = 0 


and from some time instant x!!(¢) ¢ Gs. 

Thus the incorporation of integral operator-coordinate feedback 
(8.21) instead of proportional one again has brought about controlled 
processes asymptotically tending to the origin O, as ¢ goes to in- 
finity. The properties of such controlled processes have been ela- 
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borated earlier. The distinctive features of this type of OCFB may 
manifest themselves in the properties of xz' processes. Below we are: 
going to reveal conditions ensuring «x (t) € Gs for such controlled 
processes (henceforth we omit the superscript). 

Problem B. Consider a V, solution (zx (¢), p (t), J (¢)) of the S,,, 
system (8.82)-(8.83) for ¢ > ft, in the assumption of x (t,) € G, and 
|| x (¢9) || = O. Under these conditions the variation of A (¢) for 
t >t, can be described as 


d (t)= = \\. [(a,—a,0 + ©) sen x who + ly] dt (8.87) 
t 


where € = (1 + &)/c and E (t) = 6A (1) sgn x (2). 

This equation can be analyzed along the lines of the argument 
elaborated in the proofs of Theorems 6.7-2 and 6.9-1 to establish 
the following statement for solving Problem B. 

Theorem 8.4-1. Let at some positive constants c and 6 one of the 
following sets be satisfied 


for any y 

k> |y| +h (5.88) 
a> (|p| +h + io) (8.89) 
for any k® and a>O 

v> |ko| + k° (8.90) 
yale (y+ [ko] + F) (8.94) 
or any positive y 

fo + y's> ko (8.92) 
aS (yh + ho) (8.93) 
y= 40 (8.94) 


where the constants /° and k® are defined in (6.86) and (6.72). Then 
the domain G5, is Gy invariant for the S,,, system (8.82)-(8.83). 

It will be noticed that the last set in the theorem conditions allows 
lower controller gain parameters than the other sets do. 

Under the conditions of Corollary 8.4-1 and Theorem 8.4-1 two 
types of behavior are feasible for the controlled process, namely, 
it either converges to O, or belongs to Gs from some time instant. 
If in addition the conditions of Theorem 6.7-1 and Corollary 6.7-1 
are met, then all controlled processes in the S,, system (8.82)-(8.83) 
converge to O,, i.e., the &,-process is 4, controlled subject to (6.67). 

For this control system we can readily obtain an analog of Lem- 
ma 6.7-2 with the bound (6.74) incorporating, however, other 
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‘constants P and a. Specifically, ~@ must satisfy one of the conditions 
in Theorem 8.4-1, while P is now defined as 
P = max {sup |a@, (¢) + €4°+ y|, sup [1+ |a, (¢)|]} 

[Si1 toto tT 
where k° must also be chosen in accord with Theorem 8.4-1. Therefore 
we are in a position to declare that the #,-process is steady 4Ayp 


‘controlled with the algorithm (8.82) subject to the condition (6.67). 
In shorthand this statement reads 


PrEC 4 tF or I,; N} (8.95) 
where NV =(c,,/6) [(1+6-+c)/c]? exp (2P/a). 


Now we turn to the investigation of the dependence of process 
dynamics in such a system on &#,-parameters. 

Problem F. We wish to determine conditions ensuring that | A (¢) | 
asymptotically goes to the origin. In terms of this book, the respe- 
‘ctive control system exhibits parametrically astatic behavior. 

Consider a V, solution (x (¢), uw (¢), 1 (¢)) of the S,, system (8.82)- 
(8.83) for t >t, and assume that x (t,) € G, and || x (t) || > 0. Then 
under the conditions of Theorem 8.4-1 the function A (¢) is defined 
for all ¢ >tf,, satisfies | A (¢) |< 1 there, and its variation with 
time is described by the integral equation (8.87) with wu (t) and 
l(t) satisfying (8.82). From (8.87) we go over to the differential 


equation. Observing that x (¢) has no sign reversal for zx (¢t) € G5 
we get for ¢t > ft, 


A= = (a,—a,% + x7) sen a+ wk? + Ly (3.96) 


where x= (1+ 6A sgn z)/c. 


In addition to this equation we write with account of sgn o (¢) = 
‘sgn i (t) the equations for variations of wu (t) and J (é), viz., 


p(t)= —asgnd for |p| <1 


= — OU for juJ<c1, |p(t)[<1, tt (8.97) 
1(t)=—vy,d for |l|<1 
=—@,! for [JJ >1, |[2()|<1, tat (5.98) 


Equations (8.96)-(8.98) define a closed-loop dynamic system which 
will be examined to establish that 4 (¢) converges to the origin. In 
what follows we assume y and y, are positive. 

Three remarks are worth making about equation (8.96). Firstly, 
under some conditions A (¢) is a sign variable function. To illustrate, 
assume it does not change sign, then in a time 2/a there should be 


u(t) = —sgn A(t). If k, > ko + y, where k° is given in (6.72), 
then for all stated ¢ A (t) sgn A (t) < O and hence | A (é) | decrease 
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at a finite rate. Consequently, 4 (t) is sign variable. 
Secondly, if | p(t) | =1 on a time interval It,, t.], t, >, 


and | uw (t) |< 1 for ¢< f¢,, then with k°® > Jo + » for all? i. to] 


we have i (t) sgn A (t) < O. This fact immediately follows from (8.96) 
and (8.97). 


Finally, under the above conditions and with 2/a + 1/(k° — k® — 
vy) < 2/y, we have | / (t) |<< 1 at least for all ¢ following a second 
zero of A (t). Let t, denote the closest to ¢, time instant when A = 0. 
Assuming that all the aforestated relationships hold true and &, 
parameters a, and a, are fixed within (4.2) we differentiate equation 
(8.96) with respect to time. For ¢ > 7%, we ther obtain (recall that 
sen x (t) = constant) 


wei 2 26 
i + (ag—+— sgn z)A+5 yy—F p= 0 (8.99) 
To — this equation we invoke the Lyapunov function 
n 
v (A, = = (R44 vy? ] ++ ake \ sen ny dn (8.100) 


The derivative of this function with account of (8.99) is as follows: 


——e (a,-+——" sen x) A+ ahd sgn A+ ko (8.104) 


L 


If within some time interval |[u (¢)|=1, then u=0 and 
or (a,—-2—=" sgn r) M4 = ak”, send (8.102) 


where i sen 4 < 0 as has been proved above. 
If |p (t) |< 1 on some time interval, then 


' =—(a,—2—* sen x) 12 (8.103) 
Therefore, given 
Ca, > 2(1+58) (8.104) 


the derivative V (A, 4) is nonpositive for all t > t,. Since the set 
7 = 0 contains no bounded trajectories except the point (A = 0, 


7 = 0), then by Theorem 5.2 of Ref. 96 the origin of the (A, 4) 
space is asymptotically stable in the large. It is worth noting that 
equilibrium values u* and /* of the variables p (t) and / (t) are related 
by the equation (a, — a,/c + 1/c?) sgn x (t,) + u*k® + l¥y = 0, 
suggesting that these values are independent of &, parameters and 
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cannot be explicitly expressed through system parameters. This 
finding leads us to the following lemma. 

Lemma 8.4-1. Let at some positive constants c, 6, y, and y, 
there hold the following relations 0 << 6 <1, 


ko > y + k° (8.105) 
with £9 from (6.72), 
2 2 { 
— > — + PoRSy (8.106) 
min ca, >2(1+5) (8.107) 
ag 


Then for every V, solution (x (é), w(t), 2 (¢)) of the S,, system 
(8.82)-(8.83) such that x (t,)€G, at #, parameters a, and a, fixed 
within (4.2) 


lim 4 (t) = lim o [x (¢)]/6 |x (t)| =0 
t—0o {—> 0c 
and always lim || x (¢)||=0. 

t—>00 


Thus we have demonstrated that under some additional conditions 
a portion of controlled processes (#! processes) in the S,,,, system 
(8.82)-(8.83) can be made asymptotically independent of #, para- 
meters when these take up fixed values. The principal constraint 
in this case is inequality (8.107) which can be treated as a stronger 
modification of (6.67). This inequality defines the rate of decay for 
X(t) therefore this index of the control system cannot be chosen at 
will. From this aspect, proportional OCFB seems a preferable pro- 
position. 

A qualitative insight into the behavior of controlled processes in 
this S,, system can be obtained from Fig. 8.13. 


3.0 S uy (1) Systems with Integral Laws 
of Coordinate-Operator 
and Operator-Coordinate Feedback 


The block diagram of the control system to be evaluated 
in this section is presented in Fig. 8.9. The respective 4,,, (41) 
control algorithm is as follows: 


u (x, t)=u(zx, t)+v(f) 
u(x, t)= p(t) A [2 
v(t) =y |x (t)| L(t) (8.108) 
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u(t)= —asgno’(t) for |p(t)|<1 
= — oy (£) for |p (t)[>1, [p(d)|<t, tot, 


1(t) = —y,sat%(t) for |1(t)|<1 
=—ol(t) for [I (t)|>1, |U()I<1,  t<ty 


of =o+6p|2], = —(cx-+2), =o |2| 


This set along with the #,-process equation (8.83) constitutes the 
equation of motion for the S,,, (1) system under examination. 

The differential equations in (8.108) indicate that here we content 
ourselves with evaluating S,,, (1) system’s solutions (x (¢), p (é), 
L (t)) subject to initial conditions from the set (8.84), i.e. V, solu- 
tions. An elaborate investigation into V., solution properties in the 
case of the S,,, system (8.83), (8.109) could be carried out in much 
the same way as we did for other types of control system. To save 
space we limit ourselves here to elucidating some key statements 
and giving the associated brief comments. 

Consider the set [ = {(z, uw): o' (7, wp) = 0, |u| <ci}. The 
conditions for this set to be a domain of attraction for the V solutions 
are formulated below. 

Corollary 8.5-1. Let with some positive constants c, 6, and y, 
the condition (6.67) be met and 


k0 + y >> ke (8.109) 


where k° is given in (6.84). Then the set [F of (7.18) is attracting for 

Vy solutions (@ (¢), p (¢), 2 (¢)) of the S,,, system (8.83), (8.108); 

all controlled processes divide themselves into two families: 2! (t) 

and x1!/(¢) processes. For x! processes there exists a finite time ?¢, 

such that (x! (¢,), w (¢,)) € TP, whereas for x! processes lim || x11!(¢) ||= 
t— oo 


O and from some finite ¢, x!!(t) 6 G,. 

Conditions for the set I’ of (7.18) to be invariant for V. solutions 
of the S,,, system are given in the following theorem. 

Theorem 8.5-1. Let the conditions of Corollary 8.5-1 be satisfied 
and 


a> (c/8) (y +k + #) (8.110) 


where k? is given in (6.72). Then for any positive constant y the set T 
of (7.18) is invariant for V., solutions of the S,,. system (8.83), 
(8.109). 
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x: (t) 


Figure 8.13 


To prove this theorem it is sufficient to analyze the expression 
for o’ (t) which for ¢ >¢, has the form 


0’ (t) =c eins Fa 4 SSH) of Op || 


+ fc] — 2!" sono ; dt (8.141) 


where & =1+6A sgn z, &,=1-+6p sgn z. 

Under the conditions of Theorem 8.95-1 the set I is attracting and 
invariant, therefore for x! processes from some time instant o’ [x (f), 
lu (t)] = o [x (t)] + Ou (t) | x (t) | = 0. Since for V,, solutions there 
is always | u (¢) | <1, this equation is equivalent to x (t) € Gg, 
hence the conditions of convergence for such processes to the origin 
subject to the bound (6.538) are given by Theorem 6.7-1 and Co- 
rollary 6.7-1. 

The fact that the S,., system (8.83), (8.109) is stable in the phase 
variables (x, x) can be established in the standard manner. The 


resultant shorthand expression summarizing the findings of this 
development is as follows: 


PEC Apt) {For 12; N} (8.112) 


subject to the constraint (6.67), with the constant NM = (c,/6) X 


(1 + 6 + c)/c]? exp (2P/a), satisfying (8.110), and P the same as 
in (8.95). 
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To complete our qualitative investigation of the S,,), system 
(8.83), (8.109) we are to evaluate those features in its behavior that 
appear after the incorporation of operator feedback. It is quite obvi- 
ous that in this case only those V, solutions should be examined 
for which o’ (t) = 0. Assume for convenience that this equality holds 
beginning from f,. Then resolving this equation for pw (¢) and sub-~ 
stituting the result in the equation for u (x, t) in (8.109) we obtain 
for ¢> tf, 


u [x (t), t] = — (k9/8) o [x (t)] 
(k9/5) lex (t) + 2 (t)] (8.113) 


| 


Eliminating | z(t) | between the equation o [x (t)] -- 6p (t) X 
| x (t) | = O and the equation for v (¢) in (8.109) we obtain for OCFB 
loop control 


v (t)= —F A ola] =F [ex (t) +2 (0) (8.114) 


having sense for w(¢)=40, which here was tacitly assumed. Adding 
up (8.113) and (8.114) we get 


u(t)=|4-+ +1 ay | lee +2(0), t>t, (8.115) 


Approaching the expression in the first brackets as a sort of gain 
for the linear combination of the phase variables we see that in this 
case OFB produces a forcing effect, but, in general, is no longer 
a linearizing feedback as the equality / (¢) = u (¢) may not hold. 
In addition, 6 can be taken far less than unity, therefore OFB may be 
said to produce a large gain effect. 


It should be noted that given J (t) = u(t), u = L(k® + y)/d] x 


(cx + x) and the processes considered are described by a linear 
differential equation. As has been already mnentioned, in this case 
there is no asymptotic independence of controlled processes of &, 
parameters, but with constant plant parameters (see Section 7.1) 
parametrically independent convergence to the origin takes place. 
Consequently, asymptotic independence of parametric disturbances 
will take place for the considered x (t) when the ratio J (¢)/u (¢) 
grows to infinity with ¢, and this is the case only if fim u(t) = 


—lim W(t) = 0. This statement will be proved below. 


Let us write a differential equation describing the variation of 
A(t) = o (t)/6 | x (t) | on the V, solution being considered (x (é), 
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uw (é), 2 (¢)). Since in this case for t >t, o' (t) = 0, then wu (t) = 
—i (t) so that 
, 1+ 6A 
i= = { | a — As aot sent 
2 
$+ (SR) "| sen 2— Ae + ly (8.116) 

Similar to the development of the previous section assume that P,. 
parameters a, and a, are arbitrary but fixed. Then time differenti- 
ation of (8.116) yields the differential equation of second order valid: 
almost for all ¢ >t,, viz., 


V+ [a,—— (14 6asgn2)+-—— 2°] A= yl=0 (8.117): 


where J is defined in (8.109). 

The fact that equation (8.117) is valid almost everywhere on: 
[t,, co) follows from the function pw (t) = —A (t) being absolutely 
continuous and its derivative coinciding with the continuous deriv- 


ative N only almost everywhere on lt,, ©). 


Analysis of equation (8.117) will be carried out with the Lyapu- 
nov function 


vii, y= (22+ -vV% <2) [2 (8. 118): 


By virtue of (8.117) the derivative of v (A, r) can be given (also- 
almost everywhere on [t,, o)) as 


p= — A+ yydh te yl (8.119) 
where for convenience 

A =a, — (2/c) (1 + 6A sgn x) + ck®°/6 (8.120). 

With | 7 (¢)| <1 equation (8.119) becomes 

y= —A (8.124) 
If, on the other hand, | J (¢) | = 1 on some interval [¢,, ¢,], t2 > ty 
then 

y= — A+ & yyy (8.122) 
Now we notice that if | 2 (t) | = 1 on I¢,, ¢,] then / (t) = —sgn A (tp 


for t € lt,, t,], therefore when y > k° we have on [#,, ¢,] after multi- 
plying (8.116) by A (é): 


WN == (c/8) [(ay— agx + %*) A sgn r— Mk9— y JAI], 
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‘where x = (1 + 6A sgn z)/c. From this equation we immediately 
obtain that for all t €[t,, t.] 4’ <0. This implies that under the 
stated conditions for A being a positive constant, the derivative v 


is negative everywhere except the set X = 0. This set does not con- 
tain bounded trajectories, hence by Theorem 5.2 of Ref. 96 the point 


(A = 0, 4 = 0) is asymptotically stable. Thus we have proved the 
following lemma. 

Lemma 8.5-1. Let all the conditions of Theorems 6.7-1, 8.5-1 
and Corollary 6.7-1 be satisfied and 


y > ke (8.123) 


where k° is given in (6.72), and 
1+26 6 


‘Then for every V, solution (x (¢), w (¢), 2 (t)) of the S,,, system 
(8.83), (8.109) belonging to the set [ when ¢ = ¢, and for any values 
of &, parameters a, and a, fixed within (4.2) we ‘have lim u (t) = O, 


lim || w (t) || = 0, and Lim l(t) = (1/y) (a, — a/c — Lie 2) sen x (f,). 


“The last equality of the. theorem immediately follows from (8.116) 
by letting 4 — 0. Therefore we only need to comment the inequality 
(8.124). It is not hard to see that given (6. 67) this inequality ensures 
that the function A (¢) in (8. 120) is positive which in turn warrants 


that Lyapunov’s function v (A, > in (8.118) is decreasing. The rate 
at which it decreases is governed thus by A (t) dependent on k®. 
‘Choosing this coefficient in an appropriate manner a required damp- 
ing of A(t) may be secured. 

In addition, for a sufficiently large 4°, from some time instant we 
obtain | 1 (t) |<c 1, and for all posterior ?¢A (¢) almost everywhere 


‘satisfies the equation A + AA + (c/d) yy,A = 0 and changes sign 
at most once. With this choice of S,,., system parameters, under the 
aforestated conditions, the projections of V, solutions on the phase 
plane look as those in Fig. 8.14. 

Summarily, we have demonstrated in this section that in the 
Suy system augmented by a static OFB loop at sufficiently large ¢ 
‘the x! process behavior can be made independent of stepwise vari- 
ations in S&, parameters and the function A (t) = o (t)/6 | x (é) | 
decaying at a desired rate. The presence of x!'! processes in such 


Soy systems denies, however, the complete solution of the control 
‘problem. 
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Figure 8.14 


Similar conclusions can be drawn for S,,, (2) systems in &,-pro- 
cess control. In this case the constraint (6.67) on the class of #,-pro- 
cesses controlled in this way can be lifted and the respective design 
formulae are simplified substantially. 


8.6 Spy (1) Systems with Inertial Laws 
of Coordinate-Operator 
and Operator-Coordinate Feedback 


This concluding section studies S,,, (1) systems with 
inertial COFB and OCFB laws. The rationale behind changing in 
some cases from integral control laws to inertial laws in binary con- 
trol systems has been covered in detail in Section 6.8. The present 
section will handle inertial COFB and OCFB laws corresponding 
to the block diagram presented in Fig. 8.10. The associated Ayo, (4) 
control algorithm is as follows: 

u (t) = u (t) + v (t) 

u(t) = p(t) | x (0) | 

v(t) = 1 (t) y | 2 (f) | 

u (t) = —a lp (t) + sgno’ (t)], tty (8.125) 
(t) = —y, (l(t) + sgno (t)], tS ty 

s(t) =o (t) + Se @I 2)! 

o (t) = —Icx (t) + 2 (t)] 
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Accompanied by the #,-process equation (8.83) this set describes 
motions in the S,, system. Among all solutions (@ (¢) w (é) J (¢)) 
to this system we shall consider only so-called V. solutions for which 


(x (Eo), Me (fo), l (¢o)) C Vy — (x, LL, l): XL € R?, | Md (to) | <= 1, 
[2 (to)| < 1} 


The major properties of V. solutions are outlined in Ref. 93. 

A qualitative investigation for this $,,, system can be carried 
out along the lines numerously described in this book. In short, 
we establish conditions for the set [ (7.18) to be attracting and inva- 
riant, then the asymptotic behavior of controlled processes is eva- 
luated subject to Vy € I’, and finally, analysis of asymptotic behavior 
of 4 (t) = o (£)/6 | x (t) | is performed. The first two of these pro- 
blems are easily solvable with the argument of Sections 6.8 and 7.3, 
therefore here we content ourselves with formulating the principal 
result and issuing brief comments. 


Theorem 8.6-1. Suppose at some positive constants y, y,, c, and 
6,0<6< 1, and some h, 0< h< 1, the condition (6.67) is met 


and 


(1 —h) (ko + y) = ko (8.126) 
a > (c/8) (py + k® + #°) (8.127) 


where k° is defined in (6.72). Then the set I (7.18) is attracting and 
invariant on V, solutions (z# (¢), pw (é), J (¢)) of the S,,, system 
(8.83) and (8.125). In addition, all controlled processes x (t) divide 
themselves into two families, x! (¢) and z!!(t) processes. For zx! 
processes there exists a time instant from which z! (t) € Gs and the 
bound (6.58) holds, whereas for x!! processes lim || x!(t) || = 0 


t 00 
and beginning from a finite time instant a!!(t) 6 G,. 
We omit the proof of this theorem confining ourselves only to out- 
lining two relationships essential for its proof. One is the differential 
equation satisfied by o (t) subject to x (t) € Gs, namely, 


o= — o— (8 * —ca,) x+ck°p |x| + cyl |x] (8.128) 

For any number h, 0< h< 1, there is a time instant beginning 
from which |u (t)|>1—A, |l(t)|>1—h, and both 1 (t) 
and uw (f) are of other sign than o (t). This substantiates the validity 
of the condition (8.126) and the fact that the set I of (7.18) is a do- 
main of attraction. 
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The second expression describes the function o’ (¢) for ¢ >t, 
with o' (t,) = 0, namely, 


of (t)= |) (6+ 8p [z]+6 |x| p) de 


=< f(a Be)» 


+ kp |x] + yl 2|—(ab/o |z| (u-++ sgn o’)] dt (8.129) 
where & = 1 + 6A sgnz, and & = 1 -+ 6p sgn z. 

This equation immediately yields that o’ (¢t) = 0 for all t >t, 
when (8.127) is met, implying that the set I’ is invariant. For V, € T, 
|o (t) |< 6|]a2(¢) | and by Theorem 6.7-1 and Corollary 6.7-4 
such controlled processes converge to O,. Consequently, the #.-pro- 
cess 1S 4, 9, controlled with the algorithm (8.125). The fact that it is 
steady Aupy controlled can be established in the usual manner after 
devising an analog of Lemma 6.7-2. The result may be formulated 
as follows: given the condition (6.67) is satisfied 


FEC A yirtF er 23 N} (8.130) 
where N = (c,,/6)[(1 + ¢ t 5)/c]? exp (2P/a), a satisfies (8.127), 
and P is the same as in (8.112). 

Let us now examine the asymptotic behavior of A (t) = o (#)/ 
6 | a(t) |. For V, € TU and ¢ >t), this function can be represented 


as equation (8. 126). Assuming again that #, parameters a, and a, 
are fixed within (4.2), we differentiate this equation with respect 


to time and upon accounting of wu (t) :-= —A (t) and J (t) = —y, X 
{2 (¢) + sgn A (t\l obtain that for almost all ¢ > 0, 
1+ [a, — (2/c) (A + 6A sgn x) + (c/6) bk] 1 

+ (c/8) yy, sgn A + (c/d) yy,l = 0 (8.131) 


Eliminating I (t) between (8.116) and (8.131) we obtain finally that 
almost everywhere on the semiaxis ¢t > f, 


N+ AA + (c/6) yk + (c/6) py, sen A 


where 
A, =a, — (2/c) (1 + 6A sgn zx) + (c/6) k° + y, (8.133) 
ky = | a4 — ay AO" Se “a (Aton sent "] sgn © (8.134) 


Assuming (8.123) is satisfied, we carry out stability analysis for 
equation (8.133) with the Lyapunov function 


° e yy 
v(A, A)= > (42+ = vik?) + = v4 \ y sen 1y-—k,) dy (8.135) 
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It is an easy matter to see that for y > /° this function is positive. 
Its time derivative is 


v= —A,)? (8.136) 
where A, is borrowed from (8.133). 
Here again as in Sections 8.4 and 8.5 we see that under the afore- 


stated conditions the point (A = 0, h = OQ) is asymptotically stable 
if: A, is a positive constant, lim u(t) = —lim X(t) =O and 


lim L(t) = vy"! lim ky with ky, defined in (8.154). ‘We therefore arriv- 
+0 


ed at the following statement. 
Lemma 8.6-1. Let all the conditions of Theorem 8.6-1 are met and 


y>k (8.137) 
(c/6) k° + y, > (1 + 26)/e (8.138) 


Then for every Vy solution (zx (¢), w (é), / (¢)) of the S,,y system 

(8.83), (8.125) such that at ¢ =t, V,¢€T, and for any #, para- 

meters a, and a, fixed within (4.2), limp (#)=0, lim ]| 2(Z)||=0 
t—>0oo t—0o 


and lim Il (t)= 7! (a,—a,/ce-+ 1/c?) sgn x (#,). 
t—0o 


Comparing equation (8.132) with equation (8.117) we see that as 
compared with the integral control laws the use of inertial lawsin 
COFB and OCFB loops simplifies control system structure and 
provides additional potentialities for affecting asymptotic behavior 
of A (t). For example, its decay can be made aperiodic and consistent 
with a given exponential bound. 

In other words Lemma 8.6-1 presents the conditions to make the 
dynamic behavior of x! processes independent of specific #, para- 
meters at infinite times. 

To conclude this section we note that all the findings and conclu- 
sions of this section apply also to 4,, (2) algorithms or to S system 
control. The respective relationships for control system parameters 
are easily derivable with the general scheme of reasoning developed 
in this treatise. 


Conclusion 


A great deal of today’s control problems concern essenti- 
ally nonstationary and ill-defined dynamic systems operating under 
parametrical uncertainty. Traditional design techniques frequently 
fail to ensure the attainment of strict enough control objectives. 
Moreover, the choice of control has to be made under the ever increasing 
pressure of various constraints imposed on gain constants, informat- 
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ion, complexity of the mathematical model, etc. Therefore, a control 
theory is utterly desirable which would account for modern plant 
structure and the associated practical constraints. Such a theory 
should obviously rely on essentially nonlinear control algorithms. 
System design methods should therefore evolve capable of identifying 
the general configuration of algorithms and control systems in simple 
terms comprehensible to a control engineer. 

The theory of binary control systems is a solver for some of the 
aforementioned problems. More specifically, the aim of this study 
was to demonstrate that essentially nonlinear control systems desig- 
ned with the classical feedback principle can be a useful approach 
forhandling anumber of applications operating under formidable con- 
straints. The results of this study inspire a great deal of optimiszn 
concerning binary control systems. These are, of course, but the first 
steps towards efficient and adaptable automatic systems guided by 
some principles of algorithm generation rather than by one, though 
sophisticated control algorithm. A control system conceptualized 
in this way forms the control algorithms proper on-line in response 
to the situation at hand. Instead of simple primary loop algorithms, 
binary control systems employ complicated nonlinear control algo- 
rithms in this feedback loop with simple algorithms operable in 
other control loops forming a hierarchical superstructure for the pri- 
mary loop. 

For more involved control problems or a lower amount of infor- 
mation on the controlled process, the system acquires ever more 
hierarchical loops with simple control laws, providing together 
a complicated nonlinear solver. This hierarchical buildup seems 
to reflect some general concepts of sophisticated control algorithm 
construction deserving a separate study. 
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Extreme diversity and structural complexity of large 
systems deny a straightforward analytical formalizm 
and a uniformly valid methodology that could be 
used in large system design. In handling large-scale 
models of such systems, the existent computational 
techniques are cumbersome, computer time intensive, 
and fail to guarantee optimal solutions. This multi- 
author volume is devoted to some of the recent addi- 
tions in the field of large-system evaluation and opti- 
mal design developed to alleviate the scale problem. 
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— graph ordering techniques based on the semantic 
theory of automata design (characterization and auto - 
mata control) 

— a cutset method of graph decomposition into 
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— decision making theory in control system design 
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Edited by V. S. Avduyevsky 


The book has been written by leading Soviet authori- 
ties on cosmonautics and the industrialization of outer 
space. 

The object of the book is to familiarize the foreign 
reader with the advances of Soviet science and tech- 
nology in tackling the problem of making new mate- 
rials and medicinal preparations on board spacecraft. 
Started on the Soyuz-6 space vehicle, work in this 
direction is being widely practised in the Soviet 
Union. 

The topics examined in the book include the physical 
aspects of manufacturing processes in microgravity 
and their design and theoretical models. The matters 
taken up in the book have been given an all-round 
consideration at three All-Union seminars on fluid 
mechanics and heat and mass transfer in microgravity 
conducted under the guidance and with the partici- 
pation of the authors, and also at the Gagarin and 
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